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VI I
A B S T R A C T
We m ode l  th e  s t ru c tu re ,  k inemat ics ,  a n d  d y n a m ic s  of n e u t r a l  h y d rogen  gas  
in galaxies.  O u r  a t t e n t io n  is focused on specific fea tures  tha t  a re  com m only  
observed  main ly  in th e  21-cm line, such as twis ts,  warps  and  po la r  rings. T h e  
in t imai  e connec t ion  be tween  t hese feat ures and  t he p re su m ed  dark  halos of g a lax ­
ies is ana lyzed  w i th  th e  in ten t ion  to  discover  ways  to  p ro b e  the  d a rk  m a t t e r  of 
ind iv idua l  galaxies  by s im ply  observ ing  th e  d i s t r ib u t io n  and  k inem at ics  of the  
lum in o u s  m a t t e r .  An im p o r t a n t .  i iUermedia te  s tep in th is  analys is  is to  d e m o n ­
s t r a t e  t h a t  the  twis ts  th a t  a p p e a r  in the  isovelocity m a p s  of m an y  spira l  galaxies 
( a n d  th a t  a re  rep ro d u c ed  by the  co r re spond ing  k inem at ica l  m ode ls )  have  a d y ­
n am ica l  origin,  owing the i r  exis tence to the  differential precession  of gas-par t ic le  
orb it s .
T h e  m a in  conclusions  from th is  work are  : (a)  T h e  k inem at ics  of no rm a l  
spi ra l  ga laxies  r a n  be  m ode led  sati sfac tori ly  by a t i l t ed - r ing  model.  If, in 
ad d i t ion ,  th e  observed  velocity field of a ga laxy  shows a s trong ly  tw is ted  s t r u c ­
tu re .  th e n  u n a m b ig u o u s  result s  can be  derived ab o u t  the  s t r u c tu r e  of  the  i m ­
plied w a rp  a n d  th e  geo m et ry  of the  s u p e r im p o se d  d a rk  halo.  (b ) T h e  galaxies 
N G C  5033 a n d  N G C  5055 show the  s ig n a tu re  of a p ro la te  ha lo  in the i r  k ine ­
m at ics .  T h i s  result  s u p p o r t s  the  'LD ark  M a t t e r  H ypothes is"  while it seems 
to  have  no  e x p lan a t io n  in the  f r am ew ork  of dy n am ica l  theories  t h a t  modify  the  
N ew to n ian  g ra v i ta t io n a l  force in o rder  to  r e p ro d u c e  th e  observed  flat ro ta t io n  
curves  of spira l  galaxies.  (c) S trongly  tw is ted  warps  form n a tu r a l l y  when  a 
gaseous  disk a t t e m p t s  to  sett le tow ard  a preferred  o r ie n ta t io n  in th e  ex te rna l  
p o te n t i a l  well of  a weakly  d i s to r ted  halo,  bu t  only if the  disks s ta r t  from low or 
m o d e r a t e  inc lina tions  re la tive  to  the  preferred  o r ien ta t ion ,  (d) Highly  an d  m o d ­
em
e ra te ly  m d m e d  disks. as well as disks at all inc lina tions  midci th e  influence of a 
s t ion idv  non -sphe r ica l ly - sym m etr ic  halo,  slum' significant m a t t e r  inflow. This  
result sugges ts  th a t  w arps  should  only develop at rela tively  low inc l ina t ions  a n d  
in weakly d i s to r t e d  halos.  (e) Po la r  t i t les and  highly inclined disks can  only 
surv ive  for a Hul>l>]e t im e  if the  s u p e r im p o se d  halo is near ly  spher ical .  Th is  
conclus ion i- in agreement  with the  result s  of lecent o l iservat ions  of p o la r  r ing 
galaxies.
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C H A P T E R  1 
I N T R O D U C T I O N
A t  the q u a n tu m  level our universe  can he , ' fn i  as an in d e te rm in a te  place , 
predictable in a statist ical way only when you employ  large enough n u m ­
bers. Be tween  that un iverse  and a relatively predictable, one where the  
passage of  a single p lanet can be tuned  to a picosecond. other  forces  
come in to  play. For the in-between universe  where we f in d  our daily 
lives, that which you believe is a d o m in a n t  force. Your beliefs order  
the unfo ld ing of  daily events.  I f  enough o f  us believe, a new thing can 
be m ade  to exist. B e l ie f  s tructure  creates a f i l ter  through v ’hich chaos  
is si fted into order.
from “Heretics of Dune"  by F rank  Herber t
W h e n  people  th ink  ab o u t  spi ra l  ga laxies,  images  of th in ,  flat,  roughly  
c ircu la r ly  sy m m e t r i c  disks readily  come to mind .  T h e  spira l  a r m s  seem to be 
very lu m in o u s  (wave) p a t t e r n s  th a t  move th r o u g h  the  m a te r ia l  of a n  o the rw ise  
fairly s y m m e t r i c  disk.  Recent op t ica l  a n d  rad io  observa t ions  have  de livered  
two decisive b lows to  th is  s implis t ic  p ic tu re  ; (a)  th e  d o m in a n t  c o n t r ib u t io n  
to  th e  g ra v i ta t io n a l  field of all spira l  galaxies comes  f rom a n  unseen  co m p o n en t  
( t h e  “d a r k  h a lo " )  tha t  is 3-10 t im es  m ore  mass ive  t h a n  th e  lu m in o u s  disk an d  
th e  bulge  com bined ;  a n d  (b )  by e x ten d in g  fu r th e r  away f rom  th e  op t ica l  disks,  
HI observa t ions  have  p rov ided  ev idence  th a t  large-sca le  a sy m m e t r i e s  ( “w a rp s " )  
d o m i n a t e  t h e  o u t e r  regions  of the  disks. Because  tin* HI disks  a re  usua l ly  m uch  
la rger  t h a n  th e  op t ica l  disks,  th e  warps  a re  th e  d o m in a n t  a sy m m e t r i e s  r a th e r  
t h a n  t h e  sp i ra l  a rm s .
T h e  work in th is  d i s se r ta t io n  takes  the  reader  well b ey o n d  th e  above  s imple  
p i c tu re  an d  in to  the  co m p l ica ted  s u b je c t  of d a rk  ha los  a n d  w a rp e d  gaseous  layers 
in galaxies.  We ana lyze  th e  s t r u c tu r e  an d  k inem at ics  of  w a rps  w i th  th e  in ten t ion  
to  d iscover ways to  p ro b e  t h e  geom et r ica l  sh ap e s  of th e  da rk  ha los  a n d  we s tu d y
1
2
tin* d y n a m ic a l  evolu t ion  of model-d isks  m o rd e r  to  observe  th e  fo rm a t io n  of warps  
a n d  e x am in e  th e  physica l  m e ch a n ism s  tha t  a re  responsib le  for it.
T h e  I n t r o d u c t io n  is d iv ided  in to  3 pa r t s .  F i r s t ,  we clarify th e  d is t inc t ion  
b e tw een  k inem at ica l  a n d  dy n am ica l  m ode l ing  of gaseous ga laxy  disks. T h e n ,  we 
desc r ibe  th e  deve lopm ent  of the  en t i re  sub jec t  of this d i s se r ta t io n  in a ch ro n o lo g ­
ical o rder ,  em p h as iz in g  previous  key papers .  Finally,  we s u m m a r i z e  the  re su l ts  
p re sen te d  in th is  d is se r ta t ion .  A dd i t iona l  references to the  work of  n u m e ro u s  
o th e r  a u th o r s  can  lie found  in th e  Appendices .
Because  a la rge  f rac t ion  of th is  work has  a l ready  been p u b l i shed ,  we suggest  
th a t  th e  r e a d e r  begin  by s tu d y in g  not the  r e m a in d e r  of th is  In t ro d u c t io n ,  bu t  
th e  in t r o d u c to r y  an d  conc lud ing  sec tions  of th e  p ap e r s  in A ppend ices  A, B, an d  
C. T h e n ,  the  r ead e r  has  th e  o p t io n  to  con t inue  with th is  In t r o d u c t io n  o r  even 
j u m p  a h ea d  to  any  o th e r  c h a p te r  of th e  d isser ta t ion .
1.1  K i n e m a t i c a l  v e r s u s  D y n a m i c a l  M o d e l i n g
T h e  physica l  scales involved in p ro b lem s  of galactic  k inem at ics  an d  g a la c ­
tic d y n a m ic s  a re  e n o rm o u s  c o m p a r e d  to every -day  h u m a n  exper ience .  (T h is  
fact a lone  m akes  the  s tu d y  of ga laxies  look like an aw esom e a n d ,  at  the  sam e 
t im e ,  ex t rem e ly  in te re s t ing  task , )  O u r  own Galaxy, the  Milky Way, can  
serve as a r e p re se n ta t iv e  e x am p le  of no rm a l  spi ra l  galaxies.  T h e  lu m in o u s  disk 
h a s  a  typica l  rad iu s  of ab o u t  10 kpc but the  HI disk e x te n d s  to  m o re  t h a n  30 
kpc .  T h e  m ass  in th e  disk is e s t i m a te d  to  be  1 0 11 solar masses  a n d  th e  m ass  of 
th e  d a rk  ha lo  is a t  least 10 t im es  larger.  T h e  Sun o rb i t s  the  ga lac t ic  cen te r  at 
a b o u t  S kpc w i th  an  average* speetl  of 250 k m / s .  It takes  250 mill ion years  to 
com ple te  a full revolu t ion ,  bu t  th is  t ime-scale  is short  c o m p a r e d  to  th e  age of the
G alax y  tha t  is e s t im a te d  to  be  roughly  1010 years (a H ubb le  t ime).  W i th in  th is  
t im e, the  Sun  has  co m p le ted  a m a x im u m  of 40 revo lu t ions  a r o u n d  the  galactic  
center.  U n d e r  the  c i rcum stances ,  the  only efficient p ro b e  of such sys tem s  is 
ex tens ive  theore t ica l  model ing ,  coupled w i th  e a r t h - b o u n d  observa t ions  of the  
p ro je c ted  images  of galaxies,  in 2-D on the  sky.
K in e m a t ica l  m ode l ing  of HI disks in galaxies is based on the  fact t h a t  th e  ve ­
locity field a n d  the  m a t t e r  density  d i s t r ib u t io n  can  be observed  for m o s t  galaxies 
in th e  p lane  of  th e  sky and ,  then ,  they  can be  d e p ro jec ted  theore t ica l ly  in full 3- 
D space.  T h e  geometr ica l  m ode ls  tha t  pe r fo rm  this dep ro jec t io n  w i th  a cer ta in  
n u m b e r  of s impli fy ing a s s u m p t io n s  are usual ly  called t i l ted - r ing  m o d e l s . Since 
t i l ted - r ing  m ode ls  p rov ide  in fo rm at ion  abou t  only the  geom et ry  a n d  the  velocity 
field of ga laxies ,  they  a re  useful in ana lyz ing  th e  st m e t  m e  and  k in e m a t i c s , r e ­
spectively.  of  the  h y d rogen  gas  of which the i r  disks a re  p r im ar i ly  composed.
O bserva t  ions of ga laxies  art'  pe r fo rm ed  at a cer ta in  t im e  ( " n o w " )  and .  t h e r e ­
fore,  they  canno t  alone provide  in fo rm at ion  abou t  the  long- t ime evolu t ion  of the  
observed  sys tems .  T h eo re t ic a l  dynam ica l  m ode l ing  is clearly needed  to  com ple te  
the  p ic tu re  of evolving  gaseous d i sk s . D ur in g  th is  ty p e  of mode l ing ,  one s t a r t s  
f rom a set of init ial  cond i t ions  a n d  utilizes the  d y n a m ic a l  eq u a t io n s  of  m o t io n  
to  p red ic t  th e  b ehav io r  of  ga laxy  disks over as t rophysicnl ly  re levant t ime-scales  
( in o u r  case, one  H ubb le  t ime).  U nfor tuna te ly ,  th e  eq u a t io n s  of  m o t io n  for 
a  gaseous  m e d iu m  ( th e  eq u a t io n s  of h y d ro d y n a m ic s )  fo rm a coup led ,  non l inea r  
s y s te m  tha t  can  only be  solved numerica l ly  in th e  most in te re s t ing  cast's. T h i s  is 
nett a tr iv ia l  ta sk  to  u n d e r ta k e ,  b u t  it is necessary  in o rd e r  to  follow th e  de ta i led  
changes  t h a t  gaseous  disks  u n d e rg o  d u r in g  the i r  evolu tion.
In th is  d i s se r ta t io n ,  we have  tr ied  to put the  e m p h as i s  on t h e  physica l  a s ­
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pects of the  s tudied problems. As a consequence,  deta i led  descript ions  of 
numerical  techniques  th a t  we employ have been omit ted .  A detailed m a t h e ­
matical  descrip tion of o u r  t i l ted-r ing model  can be found, however, in the  paper  
of A ppendix  C. O n  the  o ther  hand ,  we suggest  the  d isser ta t ions  of Toliline 
(19TS) and  Will iams (1  OSS} to those in te rested in the de 'a i l s  of 3-D numerical  
hydrodynam ics .
We should  also clarify the  following point.  In C h a p t e r  2, the word “r ings’' 
is m ean t  to describe the  ammli  of our kinematica l .  t i l ted-r ing model.  These  
annul i  can be moved independent ly  from one a no the r  and  they have no  vertical 
thickness.  If the}’ are  forced to be coplanar,  they form a circular disk. In C h a p ­
ter 3. the  word "rings" refers to the  adop ted  initial dynamical  models.  These  
models  are  truly tori and  not full disks. Finally, in C h a p te r  3. the  t e rm  “polar 
rings" is used to describe,  in general,  rings observed a ro u n d  galaxies tha t  are 
at high inclinat ions  rela tive to the  sym m etry  p la in ’ of the m ain  galaxy.
1 .2  H i s t o r i c a l  O u t l i n e  o f  R e l a t e d  W o r k
R ogstad ,  Lockhar t ,  and  Wright (1974) observed the galaxy MS3 in the  21 
cm line of neu t ra l  hydrogen  and were the first to model the ir  observat ions  by 
using a kinematica l ,  t i l ted-r ing model.  T he  model,  composed  of twisted and  
t i l ted  rings, rep roduced  the  s t rong  twist observed  in the  isovelocity m a p  a n d  
d e m o n s t r a t e d  th a t  th e  gaseous disk of M83 is also st rongly warped. This  type  
of modeling  of rad io  observations  has  become com m on ever since and ,  combined  
with observations  of near ly  edge-on galaxies, has  demolished  the  premise  tha t  
the  disks of most no rm a l  spiral galaxies are flat.
Bosnia (1981) pub l ished  bo th  high-resolu tion  observations  an d  the  corre-
s p o n d in g  t i l ted - r ing  models  for 5 galaxies:  N G C 2 S 4 1 .  319S. 5033. 5055. a n d
7331. Tlie models  showed th a t  only  N G C  319S is u n w a r p e d  a n d  u n tw is ted .  U n ­
for tuna te ly ,  th e  tw is t ing  a n d  w arp in g  angles  for the  o th e r  4 galaxies  a re  inconve­
n ien t ly  p re sen ted  re la tive  to the  p lane  of the  sky in Bosn ia 's  paper .  C o m p l ica ted  
t r ig o n o m et r ic  t r a n s fo rm a t io n s  a re  requ ired  to uncover  the  t rue  size a n d  the  3-D 
s t r u c t u r e  of th e  w a rp s  a n d  twists of these  galaxies.  As a result ,  th e  fact tha t  
♦he w a r p  a n d  the  twist of N G C  5055 a re  as s t ro n g  as those  of MS3 has  not been 
a p p re c ia te d  unti l  recently  (set1 A p p e n d ix  B).
T h e  s t a r t i n g  poin t of gas d y n a m ic s  in galaxies is the  acqu is i t ion  of large 
a m o u n t s  of gas hy  a ga laxy  tha t  p a r t i c ip a te s  in som e type  of ga laxy-ga laxy  in ­
te rac t ion  (collision,  merg ing ,  c ann iba l i sm ,  or  accre tion).  T h e  infall ing gas 
in it ia l ly  r e sp o n d s  to th e  zero th  o rd e r  te rm  of th e  ga lac tic  po ten t ia l  and  is quickly 
r e d i s t r i b u t e d  to  form an  a lmos t flat,  d isk-hke  s t ru c tu re .  T h e n ,  it realizes any  
ex is t ing  d is to r t io n  of th e  p o ten t ia l  a n d  a t t e m p t s  to  read jus t  again.  Tohline .  Si­
m o n so n ,  a n d  Caldwell  (19S2) b ro u g h t  back th e  idea th a t  a gaseous  disk tha t  
is inclined re la t ive  to th e  s y m m e t r y  p lane  of an  imposed ,  ex te rn a l ,  sphero idal ,  
g r a v i ta t io n a l  p o ten t ia l  well will a t t e m p t  to  change  its o r ie n ta t io n  a n d  se tt le  to 
w a r d  th a t  plane.  Based  on  the  precession frequencies of te s t -par t ic les  derived by 
Garf inkel (1959),  they p re sen ted  e s t im a te s  of th e  se t t l ing  t ime-scales  for inclined 
gaseous  disks  in typical  galaxies.
A scries of m os t ly  analy t ica l  ca lcu la t ions  soon a p p e a re d  (Tohl ine  a n d  D ur isen  
19S2; D ur isen .  Tohl ine,  B urns ,  a n d  Dobrovolskis  19S3; S im onson  a n d  Tohl ine  
19S3; S t e im a n - C a m e r o n  a n d  D ur isen  19S4: David .  S te im a n - C a m e r o n ,  an d  
D ur isen  19S4), d e te r m in in g  which or ien ta t io n s  were p re fe r red  to th e  se t t l ing  disks 
u n d e r  a  va rie ty  of condit ions :  sphero ida l  or  tr iax ia l  e x te rna l  po ten t ia l ,  tu m b l in g  
po ten t ia l  a b o u t  a p r inc ipa l  or a non -p r inc ipa l  axis. In the  f r am ew ork  of  the
<;
“pre fe r red  o r ien ta t ion  theory," the  differential precession of o rb i t s  111 the  inner  
p a r t  of the  se t t l ing  disk is fas te r t h a n  tha t  of the  o u te r  regions.  Therefore ,  
th e  inner region sett les  f irst,  l ead ing  to  th e  a p p e a r a n c e  of a sm o o th ly  w a rp ed  
s t ru c tu re .  T h e  w arp  i tself  can be  t rans ien t  (se t t l ing )  or in a s tead y  s ta t e  ( se t ­
t led),  d e p e n d in g  on tin* a s s u m p t io n s  abou t  th e  d y n a m ic a l  s ta t e  of th e  ex te rna l  
po ten t ia l  (halo).  However,  the  o u te r  w a rp ed  regions  shou ld  be  tw is ted  d u r in g  
se t t l ing  if th e  disk is not mass ive  enough  to  c o u n te r -b a lan c e  the  dif ferent ia l  p r e ­
cession induced  by the  ha lo  or if the  ex te rn a l  p o ten t ia l  of an  a l ready  se t t led  disk 
tu m b le s  a b o u t  a non-p r inc ipa l  axis.
Spa rke  ( 19S4 ) p resen ted  an a l t e rn a t  ive th eo ry  of fo rm at  1011 of  warps .  \ \  a rps  
can  be  the  result  of d iscrete  vert ical  m odes  of  osci l lat ion in ga laxy  disks. Dis ­
c re te  inodes  a re  favored over th e  c o n t in u u m  ill the  presence  of an  ex te rna l  p o ­
tentia l .  (W a r p s  fo rmed by  th is  process  must have  a c o m m o n  line of nodes .  111 
d isag reem en t  w i th  the  resu l ts  from observa t ions  a n d  k inem a t ica l  modeling.  We. 
there fore ,  favor the  “pre fe r red  o r ie n ta t io n  th eo ry "  in th e  r e m a in d e r  of  th is  work.)
Schwarz  ( 19S5) observed  an d  m ode led  th e  k inem at ics  of X G C  371S. This  
work ( a n o th e r  one  in a long series of works  p re sen t ing  obse rva t ions  a n d  t i l ted-r ing  
models  see A p p e n d ix  C) is p a r t i c u la r ly  im p o r t a n t .  If (dearly d e m o n s t r a t e s  
th a t  th e  s t ro n g  w arp  of XGC’ 371S is close to  a s teady  s t a t e  w i th  no  differential  
precess ion  be tw een  o rb i t s  because  th e  tw is t ing  of  the  rings  is a lmost  zero. O th e r  
ga laxies  w i th  a lmost  zero twist  a re  not necessari ly  p r e s u m e d  to be  in s teady  s ta t e  
b ecau se  the i r  w a rps  a re  also  very smal l ,  e n cou rag ing  th e  belief t h a t  the i r  disks  
a re  essentia l ly  fiat.  G a lax y  disks a p p e a r  to  be  fiat if they  have  co m p le ted  the  
p rocess  of s e t t l ing  or  if th e  reso lu tion  of the  observa t ion  is poo r  (see A p p en d ix
C).
Sw i tch ing  from k inem a t ic s  a n d  se t t l ing  disks to num er ica l  h y d ro d y n a m ic s .
the  works of Habe  a n d  Ikeuchi (19S5. 19SS), Yarnas  (19SGa,b), and  S te iman
C am ero n  and  Durisen (19SS, 19S9a,b|  signal tlit' first a t t e m p t s  to s imula te  n u ­
merically the  se tt l ing  process by using sm oo thed  part ic le  hyd ro d y n am ics  ( two 
m e th o d s  }, and  the  cloud-fluid ap p ro a rh ,  respectively. A l though  Habe  &: 
Ikeuchi and  S te im an -C am ero n  Y Durisen used fundam enta l ly  different m e t h ­
ods, the ir  results  are  in general  agreement to each o ther  and  to the  predic tions  
of the  analy t ica l  single-part ic le  orbit  calculations.  T h e  results  of Varnas  are 
not in agreement  with the  o ther  two groups and .  therefore,  the ir  validity is 
quest ionable .
Having out l ined  the  basic development of this field pr io r to 19S5, it is re l ­
atively s imple  to descr ibe  our  own work. C 'hr istodoulou and  Tohline (19SG 
A ppendix  A ) poin ted  out tha t  t he direct inn of t wist ing of t he observed isovelocity 
con tours  in a m a p  of a ga laxy 's  disk can be effectively used to provide  the  d i ­
rection of precession of the  o rb i t s  and , as a consequence,  the  gross geometric  
s hape  of  the  da rk  halo. T h e y  proved tha t  a twist tha t  tu rn s  in the  sam e  d i ­
rection as the  spiral  a rm s  of a galaxy (a re t rog rade  twist to the  disk ro ta t ion )  
develops from p ro g rad e  precession of part ic le  orb it s  and , therefore,  signals ihe  
existence of a pro la te -sphero idal  ha lo  with a negat ive value of the  quad rupo le  
coefficient. Christ .odoulou, Tohline.  and S te im an -C am ero n  ( 19SS-Appendix  
D). c o n s t ru c ted  t i l ted-r ing models  for NG C 5033 and N G C  5055. They  con­
c luded tha t  the  above idea can be followed iq> to the end because  the  twis ts  
of these  galaxies are  relatively s trong, e l iminating  inconclusive (am biguous)  re ­
sults.  T h e  da rk  m a t t e r  in the  halos of N G C 5033 and  N G C  5055 was found 
to be d i s t r ib u te d  in a “prola te-l ike '’ shape,  i.e., the  longest  axis of the  halo is 
a l igned with the  ro ta t ion  axis of the  disk. Th is  p a r t icu la r  result is im p o r tan t  
because  it seems to set t le the  issue between the Dark  M a t t e r  Hypothesis  and the-
ories of modif ied  grav i ty  in favor of th e  former:  theories  of  modif ied  gravi ty  are
inconsis ten t  w ith  overall  p ro la te  d i s t r ib u t io n s  of m a t t e r  in spira l  galaxies since 
th e  lu m in o u s  m a t t e r  a p p e a r s  to have  a disk-like s h ap e  a n d  da rk  halos  are  not in ­
c luded  at  all. C h r i s to d o u lo u ,  Tohl ine,  a n d  S te im a n - C a m e r o n  ( 19S9 A p p en d ix  
C) p re sen ted  add i t iona l  t i l ted - r ing  m ode ls  for 15 n o rm a l ,  no t-edge-on ,  sp i ­
ral galaxies.  All m ode ls  were ex am in ed  for un iqueness ,  hu t  th e  am bigu i t ie s  
were not resolved for m ore  t h a n  ha l f  of the  modeled  galaxies.  T h i s  s tu d y  
is, however,  sys tem a t ic ;  it b r ings  toge the r  a n u m b e r  of prev ious  a t t e m p t s  to 
cons t ruc t  k inem a t ica l  m ode ls  an d  includes  de ta i led  co m p ar i so n s  be tw een  models  
of  different workers  in th e  field. Finally .  C h r i s to d o u lo u  ( 1 0S0 > p resen ted  p r e ­
l im ina ry  resu l ts  f rom  dy n am ica l  m ode l ing  of po la r  r ings  and  rings se t t l ing  from 
high  inc lina tions .
In the  following two chap te rs ,  we conclude  the  p resen ta t  ion of our  k inem at ica l  
a n d  d y n a m ic a l  models .  In C h a p t e r  2 . th e  re su l ts  from k in em at ica l .  t i l ted- 
r ing  m ode l ing  a re  d iscussed for a sam ple  of ga laxies  th a t  inc ludes  th e  edge-on  
spira l  N G C  5907. th e  b a r r e d  spi ra l  NGC1 572S. ami  two HI disks  observed  in 
the  ell ipt ical  ga laxies  N G C  427S a n d  N G C  512S (C'en A).  In C h a p t e r  3, the  
resu l ts  f rom  h v d r o d y n a m ic a l  m ode ls  concern  only mass less  disks t h a t  se t t le  t o ­
w a rd  the  p re fe r red  o r ie n ta t io n  u n d e r  the  influence of n o n - tu m b l in g ,  sphero idal  
halos.  In C h a p t e r  4, a b r ie f  s u m m a r y  of th e  m a in  conclus ions  from th is  work  is 
prov ided .  F u r t h e r  work us ing  h y d ro d y n a m ic s  is now in progress.  A n t ic ip a ted  
f u tu r e  ex tens ions  of th is  work a re  l isted in th e  Epilogue.
1 .3  S u m m a r y  o f  T h i s  W o r k
For the  r e a d e r ’s convenience,  we briefly discuss  the  re su l ts  con ta ined  in the  
r e m a in d e r  of th is  work.  It is a p p r o p r i a t e  to  begin w i th  th e  Appendices .
<)
a) Append?? A : T h e  s t a n d a r d  m u l t ipo le  e xpans ions  of a N ew to n ian  an d
a loga r i thm ic  p o ten t ia l  a rc  derived. T h e  fo rmer  describes  th e  p resence  of a d a r k  
halo ,  while th e  l a t t e r  is valid if the  a s s u m p t io n  of a 1 / r  g r a v i ta t io n a l  force is 
a d o p t e d  at la rge  scales in s tead  of  th e  convent iona l  1 / r 2 N e w to n ian  force. T h e  
m a g n i tu d e s  a n d  signs of th e  coefficients of th e  q u a d r u p o le  t e rm s  d e te r m in e  the  
m a g n i t u d e  a n d  d i rec t ion  of  precession of te s t -pa r t i c le  o rb i t s  in each case. It is 
shown th a t ,  for b o th  po ten t ia ls ,  the  orb i t s  process in th e  sam e  direc tion: the
precession is r e t r o g r a d e / p r o g r a d e  to t he direct  ion of rot at ion of an  o rb i t in g  gas  el ­
em en t  if th e  g eo m e t ry  of  th e  po ten t ia l  is th a t  of  an  o b l a t e / p r o l a t e  sphero id .  It 
is a rgued  th a t ,  in th e  absence  of  a halo,  precession can  only be  r e t ro g rad e  
because  the  lum in o u s  m a t t e r  of  n o rm a l  spira ls  a p p e a r s  to  be d i s t r i b u t e d  in a 
f la t tened ,  disk-like, ob la te  conf igura tion .  R e t ro g ra d e  precession of o rb i t s  
r esu l ts  in the  deve lopm ent  of p ro g r a d e  twis ts  if, as is general ly  t h o u g h t ,  the  
precession f requency decreases  with  radius .  It is sugges ted  tha t  a search should  
be  c o n d u c te d  for spira l  ga laxies  whose  velocity con tou r  m a p s  show a twist  in the  
d i rec t ion  of th e  spiral  a r m s  because  th a t  w ould  signify th e  presence  of a p ro la te  
m ass  d i s t r ib u t io n ,  if all am b igu i t ie s  dur ing  k inem at ica l .  t i l t ed - r ing  m ode l ing  
can  be  resolved. O n  th e  o th e r  h a n d ,  the  resu l ts  of R o g s ta d .  L o c k h a r t ,  and  
W righ t  (1974) a re  cri t ical ly ex am in ed  and  it is concluded  tha t  t h e  d i rec t ion  of 
th e  observed  twist  reveals  th e  ex is tence  of an  o b la te  ha lo  p o ten t ia l  in M83. This  
result  is consis ten t w i th  b o t h  th e  D a rk  M a t t e r  H ypo thes is  an d  theor ies  of m o d ­
ified gravity.
b) Append ix  B  : New t i l ted - r ing  m ode ls  a re  l re sen ted  for N G C  5033 an d  
N G C  5055. T h e s e  two galaxies were chosen because  B o s n ia ’s (1981) observa t ions  
clearly  show t h a t  the  tw is ts  of th e  isovelocity con tou rs  a re  r e t ro g r ad e  to  th e  disk 
ro ta t io n .  T h e  t i l ted - r ing  m ode ls  d e m o n s t r a t e  t h a t  the  gross  g eom et r ic  s h ap e  of
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th e  p o ten t ia l  is unam b ig u o u s ly  p ro la te ,  a result  tha t  theories  of modif ied  gravi ty  
seem un ab le  to  explain.  In fa r t ,  this work fo rm ula tes  the  s t ronges t  objec t ion  
to  such theor ie s  to  da te .  A br ie f  e x p lan a t io n  of why  o th e r  theories  t h a t  
a t t e m p t  to  exp la in  ga lac tic  warps  as o r ig ina t ing  f rom  m ech a n ism s  o th e r  t h a n  
th e  se t t l ing  process  a n d  c o m p e te  with  the  “prefe rred  o r i e n t a t i o n ” theory  seem 
to  fail is p rovided .  T h e  e x p lan a t io n  is necessary  because  th e  re su l ts  of th is  
work  hold  only  if the  observed  twis ts  of the  isovelocity con tours  a re  p ro d u c e d  by 
dif ferential  precession of o rb i t s  in the  se t t l ing  disks.
c} th i  C : R esu l t s  from ti l ted- r ing  m ode l ing  are  p re sen ted  for lb
n o rm a l  spira l  galaxies.  T h e  fu n d a m e n ta l  m a th e m a t i c a l  eq u a t io n s  of ou r  til ted- 
rm g  model  a re  derived a n d  m any  d i s p a r a t e  observa t ions  and  k inem at ica l  models  
th a t  have  been  pub l i shed  by  o ther  workers  over the  p e r io d  1974-19S5 a re  b ro u g h t  
toge ther .  A sys tem of defini t ions  of all p a r a m e te r s  involved in m ode l ing  is d e ­
scr ibed .  111 a n  a t t e m p t  to  s t a n d a rd iz e  fu tu re  k inem at ica l  modeling .  P a r a m e te r s  
of o lder ,  different m ode ls  a re  conver ted  to  th is  new system. It is d e m o n s t r a t e d  
th a t  n o n -u n iq u en ess  p ro b le m s  arise in dep ro jec t ing  th e  models  f rom  2-D to  3-D 
if th e  twist of tin* isovelocity co n to u rs  is not very s t rong . In these  cases,  two 
m ode ls  of equa l  qua l i ty  can  be p ro d u c e d ,  one  with p ro g rad e  a n d  a n o th e r  w i th  
r e t ro g r a d e  tw is t ing  of th e  rings.  U n d e r  th e  a s s u m p t io n  tha t  sp i ra l  a rm s  are  
t ra i l ing  fea tu res ,  all a m b igu i t ie s  a re  resolved for 7 galaxies:  M33, MS3, N G C
2805, N G C  2841. a n d  N G C  3718 possess k inem at ics  d o m in a t e d  by an overall  
o b la te  m ass  d i s t r ib u t io n ,  while N G C  5033 a n d  N G C  5055 exh ib i t  th e  influence 
of an  overall  p ro la te  m ass  d i s t r ib u t io n  in their  k inemat ics .  N orm al  spiral  
ga laxies  a re  classified in to  3  types  accord ing  to the  size of the  tw is t ing  of  the  
rings  (m e a su r e d  in th e  p la n e  of th e  model-d isk) ;  la rge  tw is t ing  ( >  30°) u s u ­
ally m e an s  t h a t  all am b igu i t ie s  will be  resolved, whi le  smal l  tw is t ing  ( <  1 0 °)
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is r i t h e r  assoc ia ted  with  s teady  s t a t e  w a rps  or is just  a p ro d u c t  of low-quali ty 
observat ions .  Finally ,  a discussion is p re sen ted  on  in te rp re t in g  th e  re su l ts  from 
t i l ted - r ing  m ode l ing  in o rder  to deduce  conclusions  a b o u t  the  ongo ing  d y n a m i ­
cal b e h av io r  o f  n o rm a l  spi ra l  galaxies.  T h e  in te rp re ta t io n  of k inem a t ica l  d a t a  
is d o n e  in re la t ion  to  s t a n d a r d  resu lt s  derived from the  "preferred  o r ien ta t ion  
theory."
d) Chapter  2 : O u r  p re sen ta t io n  of resu lt s  from k inem a t ica l  m ode l ing  is
conc luded  with  a discussion of t i l ted- r ing  models  for an  edge-on spira l  (N G C  
5907). a b a r r e d  spira l  ( N G C  572S). and  two gaseous disks in ell ipticals (N G C  
4278 a n d  C'en A). T h e se  galaxies represent  a few ex; 1 *s of sys tem s  where  
e i the r  only  isodensity  con to u r  m a p s  can be p ro d u c e d  (edge-on sp ira ls )  or til ted- 
r ing  m ode ls  are  not very successful  in r e p ro d u c in g  the  observa t ions  because  of 
11ic' s t ro n g  inf luence of  non-c i rcu la r  m o t ions  (b a r r e d  spira ls  a n d  HI disks in e l l ip ­
t icals) .  In a d d i t io n ,  a different class of m ode ls  is p ro d u c e d  for N G C  5907: they
do  not exhib it  w a rp ed  rings,  bu t  the  i sodens i ty  m a p s  show a w a rp ed  s t ru c tu r e  
(see B y rd  1978). We d e m o n s t r a t e  th a t  these  i l lus ionary  warps  cannot  be m a d e  
s t ro n g  a n d  s h a r p  enough  to  m a tc h  the  ac tua l  rad io  observat ions .
c) Ch ay icr  ,v : N um er ica l  h y d ro d y n a m ic s  is used  to  follow tin* dynam ica l
evolu t ion  of se t t l ing  disks. T h e  disks are massless  a n d  th e  g rav i ta t iona l  field 
is supp l ied  by a n  ex te rn a l ,  s ta t ic ,  sphero ida l  po ten t ia l .  T h e  s y m m e t r y  plane  
of each  disk is inclined re la tive to  the  equa to r ia l  p lane  of th e  u n de r ly ing  p o te n ­
tial.  Typica l  m ode ls  a re  considered  at inc lina tions  i„ — 0°, 10°. 40°, 80°.
a n d  90°. T h e  se t t l ing  process  is different be tween h igh  an d  low inclinat ions,  
in agreement,  w i th  H a b e  a n d  Ikeuchi (1985). Disks se t t l ing  from m o d e ra te  
a n d  high inc l ina t ions  show significant inflow of m a t t e r  to w a rd  th e  centra l  re­
gion of  the  po ten t ia l ,  in ag reem en t  w i th  S t e im a n - C a m e r o n  an d  Durisen  (19SS.
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19S9a,b).  but they do not collapse en ti re ly  to  the  cen te r  at h igh  inc l ina t ions  
as th e  evo lu t ions  of  H abe  a n d  Ikeuchi would indicate .  Disks se t t l ing  from low 
or m o d e r a t e  inc l ina t ions  fo rm s m o o th ly  w arped  s t ru c tu r e s  after several  ro ta t io n  
periods .
If t h e  disks, however ,  s t a r t  init ial ly from high inc lina tions ,  they  do  not 
feel th e  effects of differential  precession or a n g u la r  m o m e n t u m  loss for several  
r o ta t io n s  a n d ,  w hen  they  do,  m a t t e r  inflow a n d  se t t l ing  p roceed  slowly. As 
a resu lt ,  fo rm a t io n  of nuc lea r  disks is favored at  m o d e r a t e  and  high  inc lina tions ,  
bu t  th e  t ime-scale  for nuc lear  disk fo rm at ion  at h igh inc l ina t ions  is very long 
c o m p a r a b le  to  a H u b b le  t ime. All w arps  a re  found to  be  t rans ien t  fea tures  
t h a t ,  given enough  t ime,  d i sap p ea r .  Rings  at th e  exact  po la r  o r ien ta t ions  
a re  ex t rem ely  long-lived s t ru c tu re s  because  the  dif ferent ia l  precession is zero 
at  >t, =  90°. N u m e ro u s  plots of the  c o m p u te d  m ode ls  depict  the i r  t ime
evolu t ion  a n d  th e  g lobal changes  in s t ru c tu r e  they  u n d e rg o  as they  sett le  to w ard  
t h e  “pre fe r red  o r ien ta t ion ."
As a side effect , two m odes  of the  P a pa lo izou -P r ing le  ( 19S4) ins tab i l i ty  can  be 
seen clearly in th e  plots .  T hese  ins tabil i t ie s  p ro b a b ly  do  not play an  im p o r ta n t  
role in the  evo lu t ion  of real HI disks t h a t  a re  m uch  colder  th a n  o u r  m ode ls ,  out 
the i r  v isua l iza t ion  is. by all m eans ,  in te res t ing  and  ed u ca t ing .  T h e  m =  1 
m o d e  is especially in te re s t ing  because  it c rea tes  s trong ly  a sy m m et r i c  s t ruc tu re s ,  
s im i la r  in some sense to  th e  a sy m m etr ie s  seen in lops ided  galaxies (e.g., M 1 0 1  in 
S a n d a g e  19C1).
C H A P T E R  2
K I N E M A T I C A L  M O D E L I N G
In all o f  m y  universe  I  have, seen no la.it> o f  nature,  unchanging  and i n ­
exorable. This universe  presents  only  changing relat ionships which arc 
s o m e t im e s  seen as laws by short- lwed awareness.  These f le shly  sensor ia  
which we call se l f  are ephemera withering  in the blaze o f  infini ty ,  fieet-  
mgly  aware o f  temporary  condi tions  which confine our act ivit ies and  
change as our at iivit.ics change. I f  you m u s t  label the absolute, use 
its proper name;  Temporary.
-■from l'G o d  E m p e r o r  of D une"  by F rank  Herber t
T h e  k inem at ica l  m ode l ing  of HI disks seen m edge-on sp ira ls ,  b a r r e d  sp i ­
ra ls,  an d  e ll iptica l  galaxies  is m ore  com pl ica ted  t h a n  th a t  p re sen ted  in A p p e n ­
dices B a n d  C' for ‘‘n o rm a l"  spirals.  For edge-on spira ls,  the  velocity field canno t  
be observed.  For b a r r e d  sp ira ls  a n d  HI gas in ell ipticals,  the  k inem at ics  is f re ­
quen t ly  d o m in a t e d  by non -c i rcu la r  m o t ions  a n d / o r  large-scale a sym m etr ie s .  We 
h ave  a t t e m p t e d  to  m ode l  these  sys tem s  by inc lud ing  m ore  free p a r a m e t e r s  in the  
t i l t ed - r ing  m ode ls  to deal with th e  oval d is to r t ions  of o rb i t s ,  bu t  th is  has  t u r n e d  
ou t  to  be  not a good idea.  T h e  ad v an ta g e  of  f i t t ing observa t ions  b e t t e r  is 
g rea t ly  overw helm ed  by  n o n-un iqueness  p rob lem s  and  th e  a p p e a r a n c e  of new 
am b igu i t ie s  th a t  arise because  of  th e  increas ing  n u m b e r  of free p a r a m e te r s .  We 
have,  consequently ,  chosen to  explore  the  capab i l i ty  of ou r  c ircu la r ly  sy m m e t r i c  
t i l t ed - r ing  m ode l  by app ly in g  it w i th o u t  modif ica t ions  to a few of these  ty p es  of 
sys tems .  Here,  we p re sen t  in de ta i l  only 4 rep re se n ta t iv e  exam ples :  N G C
5907, N G C  5728, N G C  4278. a n d  N G C  5128 < Cen  A).
2 .1  E d g e - o n  S p i r a l s
Several  edge-on  spira ls  have  been  observed  in th e  2 1  cm line: N G C  4244.
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45G5. an d  5007 (Sancisi  197G, 19S1 ). NGC’ SOI (Allen.  Baldwin ,  a n d  Sancisi 
1078). an d  th e  pa i r  of N G C  4G 31 /N G C  4G5G (Weliachew. Sancisi , an d  Guelin  
1978). In a review p a p e r ,  van YVoerden (1979) concluded  th a t ,  on  a s ta t i s t ica l  
basis ,  the  observed  w a rp s  are  not c rea ted  by in te rac t io n  w i th  co m pan ions .  In ­
deed. only N G C  891 possesses a flat disk a n d  only th e  k inem a t ic s  of N G C  4G31 
can  be  ad eq u a te ly  exp la ined  by a t ida l  in te rac t ion  m ode l  tha t  inc ludes  its two 
c o m p a n io n s  (C o m b e s  1978). So, what is th e  physica l  m e ch a n i s m  responsib le  
for th e  fo r m a t io n  of w arps  in isola ted,  n o n - in t e ra c t in g  galaxies?  Four  such 
m e c h a n i s m s  have  been proposed:
a) T h e  “pre fe r red  o r ie n ta t io n  th e o r y ” , accord ing  to  which  th e  tlisk is se t t l ing  
to  a new s t e a d y - s t a t e  o r ien ta t ion .  T h e  warp  is e i the r  t rans ien t  if the  
overall  p o ten t ia l  is s ta t ic  or the  ou t l ine  o f  the  s tead y  s t a t e  itself if tin* 
p o ten t ia l  is tu m bl ing .  In C h a p t e r  3. we will uti l ize th is  theory  in o rde r  
To in te rp re t  ou r  results .
b ) T h e  idea tha t  w a rp s  are  m o d es  of oscil lat ion of th e  disk (S parke  1984; 
Spa rke  a n d  C a s e r t a n o  19SS). As is exp la ined  in C h a p t e r  1 (an d  in A p ­
p end ix  C),  th is  m e ch a n i s m  has  difficulties in exp la in ing  tw is ted  warps .  N o­
tice.  however ,  t h a t  a  d a r k  ha lo  m us t  he  p resen t  for d iscre te  m o d e s  of oscil ­
la t ion  to  exist .  In  t h a t  respec t ,  th is  th eo ry  also a rgues  agains t  theor ie s  of 
modif ied  gravity.
e) T h e  idea t h a t  th e  sel f-gravity of  the  lu m in o u s  m a t t e r  de licate ly  c o u n te r ­
ba lances  th e  inf luence of th e  d a rk  m a t t e r  so tha t  th e  to ta l  differential  p r e ­
cession a t  all rad i i  is c o n s ta n t  ( P e t ro u  1980). T h e  result  is, again ,  a 
s t e a d y  s t a t e  w i th  th e  disk process ing as a solid body.  T h i s  m e ch a n ism  
is d iscussed  in A p p e n d ix  B. It involves un u su a l  a n d  highly  im p ro b ab le
a ssum pt ions :  th e  precession frequency due  to the  halo m us t  be  an i n ­
creas ing  func t ion  of rad ius  m o rder  for th e  halo  to  c oun te r  th e  precession 
induced  by  the  se l f -gravi ta t ing  m a t t e r .  P e t ro u  accom plished  a cons tan t  
precession over th e  en t i re  o u te r  disk by forcing the  isopoten t ia l  surfaces  of 
the  ha lo  to  becom e  f la t tened  only away from the  disk. As a  result ,  the  
o u te r  region would set t le  first in disks whose  d y n a m ic s  are d o m in a t e d  by 
m ass ive  halos. Moreover ,  mass ive disks u n d e r  th e  influence of m ass ive  
ha los  shou ld  necessari ly beg in  the ir  evolu tion with  constan t  precession as 
they w ould  not have  the  abil i ty  to ex t ingu ish  any  a m o u n t  of p re-ex is t ing  
dif ferent ia l  precession.
(1) B y rd  (197S) p roposed  tha t  th e  only di rec t ly  observed  warps  ( those  of edge- 
on  ga laxies) m ay  s im ply  be  i l lus ionary  a com bined  result  of the  a lmost  
edge-on  disk o r ie n ta t io n  and  the  s m o o th in g  of th e  m a p  by th e  t e le scope’s 
b e am .  At the  t im e  it was p roposed ,  th is  was a viable  a l t e rn a t iv e  b ecause  
t i l ted - r ing  m ode l ing  h a d  not yet shown th a t  warps  a re  prevalent, in n o rm a l  
spira ls  t h a t  are  not viewed edge on.
It is in te re s t in g  to  no te  th a t  th e  discovery of warps  in no t -ed g e -011 sp ira ls  is 
ind irec t .  There fo re .  B y r d ’s idea requires  fu r th e r  exam ina t ion .  In o rde r  
to  tes t  th is  idea,  we have  c o n s t r u c te d  models  of i llusionary w arps  for specific 
edge-on  spira ls.  F igu re  2.1 shows th e  c om par i son  be tween  two isodens i ty  m a p s  
of  N G C  5907. T h e  top  m a p  is p ro d u c e d  from the  s t a n d a r d  t i l ted - r ing  model  
{A ppend ix  C).  T h e  cen tra l ,  u n w a r p e d  disk is com posed  of 10 rings a n d  is 
inc lined to  th e  l ine of sight by ta — 80°. T h e  pos it ion  angle  of th e  b lue-sh if ted  
side  of t h e  m a j o r  axis is -y =  150°. T h e  so u th e rn  edge is d e te r m in e d  to  be closer 
to  th e  observer  t h a n  th e  cen te r  of th e  disk from th e  unequa l  divis ion of the  bulge
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by t i n 1 dus t  lane (A p p e n d ix  C). T h e  observed war]) is p ro d u c e d  by  th e  b e n d in g  
of th e  10 o u te r  r ings.  T h e  w a rp in g  angles  are  inc rem en ted  by  A i r  — 1 °
( s t a r t i n g  f rom  zero) a n d  th e  tw is ting  angles  a re  all zero. T h e  pos i t ion  angle  of 
th e  warj)  is /„ =  2 0 0 °.
T h e  b o t t o m  m a p  in F igu re  2.1 shows an i l lus ionary  warp .  Th is  m a p  is 
p r o d u c e d  from an u n w a rp ed ,  t i l ted - r ing  m ode l  by th e  following procedure :  a)
A sp ira l  dens i ty  p a t t e r n  is im posed  on  the  u n w a r p e d  disk,  with th e  form:
A R
0 = Oo +  — (n  —  . {2 . 1  )
"  R«
where  ( R . o )  a re  po la r  coo rd ina tes  on  the  p lane  of the  disk a n d  A .n . t f ’u, an d  
R„ are  free p a ra m e te r s .  We have chosen ti — 2 ( tw o -a rm ed  sp iral) .  A =  10 
a n d  R 0 = 5 r ing  radii.  T h e  re su l t ing  spira l  s t r u c tu r e  is similar to  tha t  of  ou r  
own Galaxy. T h e  dens i ty  contras t  be tw een  the  a rm  and  the  i n t e r a r m  regions
ranges  f rom  2 : 1 to  10 : 1 across  the  exponen t ia l  disk. b)  T h e  m ode l  is b rough t  
to  an  a lmos t edge-on  o r ien ta t ion  (?„ — SG°) and  is convolved w i th  a G auss ian  
b e a m  whose  effective w id th  is th a t  of the  ac tua l  obse rva t ion  (51" by Gl" on  the  
sky).  T i n 1 b o t t o m  m a p  of F igure  2.1 shows the  s tronges t  possib le  i l lusion­
a ry  w a rp  th a t  could be  co n s t ru c te d  for N G C  5007 ( 0 O — 30°), T h i s  w a r p  is 
clearly weaker t h a n  th e  observed  one  m a in ly  because  it lacks s h a r p  edges. T h e  
s a m e  conclus ion was reached  by m ode l ing  N G C  45G5 a n d  N G C  4G31 in a s i m ­
ilar fashion. T h e  i l lus ionary  w a rp  c o n s t r u c te d  by B y rd  (1078) a lso  shows no  
s h a r p  edges  because  convolu t ion  sp reads  it out at the  low density  regions.  It, 
there fore ,  seems not possib le  to  exp la in  the  observed  s h a r p  w a rp s  of  edge-on 
spira ls  as s im ply  i l lusions,  a l though  some i l lus ionary  w a rp in g  r a n  still affect the  
observa t ions  of edge-on spirals.
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2 .2  B a r r e d  S p i r a l s
W e have used the  c ircular ly  s y m m e tr ic  t i l ted- r ing  m ode l  to  s tu d y  only one  
b a r r e d  spira l ,  N G C  5728. We have  im p lem en ted  the  ro ta t io n  curves  of R u b in  
(1980) and  of  S c h o m m e r  e l  ah (1988) and  c o m p ared  our  m o d e l s ’ m a p s  to  the  
observed  m a p s  of S ch o m m er  e l  nl. (19SS) (F igure  2 .2 , top) .  A com par ison  
b e tw een  the  m a p s  of F igu re  2.2 shows th a t  th e  model  is not very successful  in 
r e p ro d u c in g  th e  observa t ions ,  p robab ly  because  the  k inem at ics  of th e  disk is 
d o m in a t e d  by oval d is to r t ions  dr iven  by th e  bar.  To test  th is  a s s u m p t io n ,  we 
in t r o d u c e d  ell iptical  o rb i t s  in our  m ode l  a n d  the  new m a p s  were im proved ,  but 
th e  new m ode ls  were no  longer unique  (different sets of free p a r a m e t e r s  p ro d u c e d  
very s imilar m a p s ).
T h e  values of the  p a r a m e te r s  of our  best  m ode l  (show n at the  b o t t o m  of 
F ig u r e  2.2) are: .V =  29 rings;  pos it ion  angle  of the  m a j o r  axis *, =  2°;
inc l ina t ion  of th e  u n w a r p e d  disk i„ - 4S°; the  so u th e rn  edge is fa r th e r  away
from tlu'  observer  t h a n  th e  central  region: pos it ion  angle  of the  w a rp  t v =  40°; 
no  tw is t ing  of th e  rings,  i.e.. A t  =  9°: the  first 5 r ings a re  u n w a rp e d :  then ,  the  
w a rp in g  angles  increase sm oo th ly  to  a value of 1 2 ° at the  1 2 th  r ing: ou ts ide  the  
12th  ring,  they  d ro p  smooth ly ,  reach ing  9° at 11 it' 18th ring  a n d  —19° at  the  
29 th  ring.
T h e  geom etr ic  s h a p e  of the  d a rk  ha lo  canno t  be d e te r m in e d  because  A t =  
9°. T h i s  is t e r m e d  th e  “S P  am bigu i ty ' '  and  is d iscussed extens ively  in A pp en d ix
C. We shou ld  also po in t  ou t  th a t  the  resu lt s  of ou r  m ode l ing  ind ica te  tha t  
th e  disk of N G C  5728 m ay  be in a s teady  s ta te ;  as in th e  ra se  of N G C  3718 
(A p p e n d ix  C"), the  tw is t ing  of th e  rings  is zero bu t  the  w arp in g  is su b s tan t ia l .
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2 .3  H I  D i s k s  in  E l l i p t i c a l s
T h e  s t a n d a r d  e x am p le  in th is  ca tegory  is th e  (hist lane of C en  A (N G C  
5128).  B lan d ,  Taylor,  an d  A th e r to n  (1987) have  recently  p resen ted  new. 
h igh -qua l i ty  H a  obse rva t ions  of th e  ionized gas in C'en A. Based  on the i r  
o bse rva t ions ,  we p ro d u c e d  isovelocity an d  isodens ity  m a p s  w i th  o u r  t i l ted - r ing  
model.  T h e y  a re  shown in F igu re  2.3, where  th e  top  figure is a magnif ied ,  black- 
a n d - w h i t e  copy of the  observed  isovelocity m a p .  ( T h e  observed  isoin tensi ty  
m a p  is not shown, because  it is com posed  of spo ts  of H a  emission  an d  does 
not sp re ad  out over the  en t i re  dust  lane. )  T i n 1 re levant p a r a m e te r s  of our  
best  m ode l  are: .V =  20 rings; th e  pos it ion  angle  of th e  p ro jec ted  m a jo r
axis -  125°; the  inc l ina t ion  of the  u n w a rp e d  region ir, = 73'J; the
s o u th e r n  edge is fu r th e r  away from the  observer  t h a n  the  centra l  region (S imonson  
19S2); the  d i rec t ion  of tw is t ing  is consis tent w ith  the  p resence  of a p ro la te  m ass  
d i s t r ib u t io n  ( th e  u n d e r ly in g  e l l ip t ica l ). but th e  m a p s  do  not change  significantly 
even if a n  ob la te  s h ap e  is used  (as Tab le  2.1 ind ica tes  A t  =  0° over most  of  the  
o u t e r  r ings ,  al lowing for the  SP  am b ig u i ty  to  arise):  th e  ro ta t io n  curve  reaches 
i ts m a x i m u m  F(, =  250 k m / s  at the  fou r th  r ing  a n d  s tays  flat thereaf ter :  an d  
th e  pos i t ion  angle of the  w a rp  t0 ~  50°. T h e  var ia t ion  of th e  w a rp in g  ( ir ) an d  
tw is t ing  (f) angles  is not sm o o th .  T h e i r  values are  l isted in T ab le  2.1. T h e  
c o n s ta n c y  of th e  tw is t ing  angles after th e  1 2 t h  r ing  sugges ts  t h a t  t h e  en t i re  dus t  
lane  m a y  be  in a  w a rp ed ,  s teady  s ta t e .  P re su m a b ly ,  th e  w a r p e d  gas layer 
h a s  se t t led  to  a p re fe r red  o r ie n ta t io n  tha t  is not p l a n a r  because  of  th e  figure 
r o t a t i o n  of th e  u n de r ly ing  elliptical . T h e re  is a c o n s t r a in t ,  however.  T h e  
figure ro t a t i o n  of the  ga laxy  m ust  be  op p o s i te  to  the  ro ta t io n  of th e  gas an d  
d u s t  for th is  s t e a d y - s t a t e  conf igura t ion  to  exist (Tohline  a n d  Dur isen  1982; van 
A lb a d a  et_ ah 1982; S te im a n - C a m e r o n  a n d  D ur isen  19S4).
I ' t
T h e  valuf's of T a h i r  2.1 show tha t  tin* (lust lane is roughly  com posed  of two 
disks. T l i r  i n n r r  disk e x ten d s  up  to  th e  12th ring.  T h e  a b r u p t  w arp ing  of  the  
rings  is im p le m e n te d  to  r e p ro d u c e  th e  curv ing  of  th e  velocity con tou rs  in the  inner  
region bu t  the  w arp in g  angles  are  u n c e r t a in  in th is  cen t ra l  region. T h e  o u te r  
disk  s t a r t s  at th e  13th r ing  an d  is o r ien ted  o r thogona l  to  t in '  inner  disk. T h e  
w a rp in g  is s m o o th  w i th  no  tw is t ing  of the  rings  g rea te r  t h a n  3°.
T h i s  result  is r a th e r  su rp r i s ing  because  th e  war]* of th e  dus t  lane in Cen A 
is cu r ren t ly  though t  to  be  t rans ien t  a n d  is t ry in g  to sett le  to  the  preferred  p lane  
(B lan d  e l  ah 19SC. 1DS7; Bayes  et. ah 19SG). Moreover ,  it is in te re s t ing  to  no te  
th a t  Sc l iwar /sch l ld  a d m i t t e d  openly  ( see the  discussion at th e  end  of the  review by 
Schweizer  19SG) t h a t , because  the  o u te r  regions of the  dust  lane a re  not considered  
to  be  se t t led  a n d  because  th e  elliptical tum ble s  in the  p ro g r a d e  sense, th e  f am ous  
idea th a t  the  dust  lane is s tab i l ized  by the  ro ta t io n  of th e  ell iptical  (van A lbada  
et ah 19S2) is not th e  p r o p e r  e x p lan a t io n  for C'en A! In view of the  above 
resul t  f rom  o u r  m ode l ing ,  we can p rov ide  an  a l t e rn a t iv e  e x p lan a t io n :  W i th in  the  
l im i ta t ions  of  o u r  model ,  th e  o u te r  region of the  dus t  lane of  Cen  A seems to  be 
in a w a rp ed ,  u n tw is ted ,  s teady  s ta t e  a result  t h a t  is in c o m p le te  suppor t  of the  
idea of van A lb a d a  ey ah (19S2).  We th ink  th a t  t in ’ obse rva t ions  of C’en A m ay  
have  been  m is in te rp re te d .  T h e  observed  twist of the  c on tou rs  in th e  isovelocity 
m a p s  is s im ply  a p ro je c t io n  effect a n d  can be re p ro d u c e d  by w a rp in g  w i thou t  
tw is t ing  of th e  rings.  A f te r  all, it is not very s t ro n g  a n d  it does  not seem to 
keep tw is t ing  at  the  o u t e r  regions.  Since,  however ,  th e  ell ipt ical  tu m b le s  in 
t h e  p r o g r a d e  d i rec t ion  re la tive  to the  ro ta t io n  of the  gas ( Schweizer 19SG and  
references  th e re in  ), a d a rk  hah* is needed to  p rov ide  th e  necessary  r e t ro g rad e  
figure ro ta t io n .
A sys tem  th a t  p re sen ts  fewer difficulties in m ode l ing  is the  HI disk  observed
20
in tin ell iptical  N G C  4278 ( R a im o n d  et ab 1 OS 1: K n a p p  1082). F igure  2.4 
slum's the  velocity m a p s  of the  ac tua l  observa t ions  ( top )  ami of o u r  best model  
( b o t t o m ) .  T h e  relevant model  p a r a m e te r s  are: .Y =  20 rings;  y =  225°;
j () — 4 5 °; th e  so u th e rn  edge is a s s u m e d  to be  closer to the  observer ;  tlie d i rec t ion  
of  tw is t ing  of the  rings assumes  an ob la te  po ten t ia l ;  th e  ro ta t io n  curve  is enti re ly  
Hat at C, =  290 k m /s ;  th e  first 8 r ings are  not w arped ;  the  pos i t ion  angle  of 
th e  w a rp  is /„ ^  1 1 0 °; a n d  the  tw is t ing  and  w arp in g  angles  are  in c re m en ted  by 
A /  — 4° and  Ate  =. 1°, respectively. Again,  a m ode l  w i th  ell iptical  o rb i t s
fits the  observa t ions  b e t t e r  but it c iea te s  non u n i q u e n e s s  problems,
2 .4  P e r m i s s i o n  t o  p u b l i s h  o b s e r v a t i o n s
We wish to  th a n k  Drs.  ,1. Bland, N. Caldwell ,  and  G. K n a p p  who have m a d e  
the  ta sk  of c o m p a r in g  models  with  observa t ions  easy by g ra n t in g  perm iss ion  to 
r e p ro d u c e  th e i r  observed  c o n to u r  m a p s  in F igures  2.2 2.4 of th is  c h ap te r .  Copies  
of the i r  le t te rs ,  g r a n t in g  pe rm iss ion  to  pub l ish  some of the i r  observa t ions ,  are  
l isted below.
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C H A P T E R  3
D Y N A M I C A L  M O D E L I N G
Of the laws we can deduce f r o m  the external world , one. stands above 
all: the Law of Transience. Noth ing  is intended, to last.
The trees fa ll  year by year, the m ou n ta in s  tumble,  the galaxies burn out  
like tall tallow candles . ... Against  the Law of Transience m a y  be
set  one. o f  its ancil lary  laws. The Law of Endurance.
- f rom “Galaxir-s like G ra in s  of Sand"  by B r ian  Aldiss
We have  c o n d u c te d  a p re l im ina ry  s tu d y  of gaseous  disks,  se t t l ing  tow ard  a 
p re fe r red  o r ie n ta t io n  u n d e r  the  s implest  possible init ial  condi tions :  the  disks
in reality,  tor i  or r ings a re  inassless and  the  ex te rna l  po ten t ia l  da rk  halo  
is ob la te - sp h e ro id a l  and  non - tu m b l in g .  Under  these  condi t ions ,  rill the  warps  
seen in the  d y n a m ic a l  models  a re  expec ted  to be  t r ans ien t  fea tu res  a n d  all the  
tw is ts  t h a t  will develop d u r in g  the  se t t l ing  process  m us t  be p ro g r a d e  to the  
disk ro ta t io n .  We p lan  to  ex ten d  th is  work in the  n ea r  fu ture ,  a n d  inc lude  
m o re  co m p l ica ted  condi t ions  ( t r iax ia l i ty  and  figure ro ta t io n  of th e  halo  an d ,  
m o re  im p o r ta n t ly ,  sel f-gravity of  the  disk).  H y d ro d y n a m ic a l  c o m p u ta t io n s  of 
s e t t l ing  disks  a t e  u n fo r tu n a te ly  very expens ive  to car ry  ou t .  We e s t i m a te  t h a t ,  
in th e  absence  of self-gravitv,  one m ode l  evolu tion takes  ab o u t  40 C P U  hours  on 
t h e  IBM  3090-000E vector p rocessor  of LSU. O n e  m ode l  evolu t ion  usually  ru n s  
for 10,000 t im e-s teps  with  14.4 C P U  seconds pe r  t im e -s tep  in a 3-D grid witli 
64 x 04 x 64 resolu tion.  In add i t ion ,  the  m e m o ry  an d  s to rage  requ i rem en ts  are  
14 M b  a n d  125 M b,  respectively.
:jo
3.1  I n t r o d u c t i o n
As we reviewed in C h a p t e r  1 . the  theore t ica l  s tud ies  of se t t l ing  disks  in 
e x te rn a l ,  g r a v i ta t io n a l  p o ten t ia l s  w ith  ap p l ica t ions  to  HI w a rp ed  disks  in sp i ­
ra ls,  disks of gas a n d  dus t  in ell ipticals,  and  rings a r o u n d  ga laxies  s t a r t e d  
w i th  ana ly t ica l  ca lcu la t ions  tha t  d e te r m in e d  th e  en t i re  s p e c t r u m  of possib le  o r i ­
e n ta t io n s  t h a t  a re  energetica lly  prefe rred to  th e  o rb i t in g  gas  or d us t .  Idealized 
ex te rn a l  po ten t ia l s  (sphero ida l  a n d  t r iaxial.  st at ic or t u m b l i n g ) were  ana lyzed  an d  
s t a n d a r d  m e t h o d s  of Celes tia l  Mechanics  were used  to  predic t  th e  avai lable  “p r e ­
fe rred  o r ie n ta t io n s "  an d  th e  o rb i t a l  precession  f requencies  of  set t l ing  te s t -par t ic les  
(Tohline  a n d  Dur isen  19S2; Tohline.  S imonson,  and  Caldwell  1982; Durisen ,  
Tohhne .  B u rn s ,  and  Dobrovolskis  19S3: S im onson  a n d  Tohl ine  1983: Ste iman-  
C a m e r o n  a n d  Dur isen  19S4: David .  S te im a n -C a m e r o n ,  and  Dur isen  1984). N u ­
mer ica l  in teg ra t ions  of o rb i t s  were used,  in ad d i t ion ,  to identify  families of closed 
o rb i t s  in sphero ida l  a n d  tr iax ia l  po ten t ia l s  a n d  to  ex am in e  the  r e su l t s  of f igure 
r o t a t i o n  (or “t u m b l in g " )  [Schwarzschild 1979: Heil igmau a n d  Schwarzschild  
1979; van A lb a d a ,  K o ta n y i .  a n d  Schwarzschild  19S2; S im onson  19S2; Heisler.  
M e r r i t t ,  a n d  Schwarzschild  19S2; M er r i t t  a n d  de Zeew 19S3; S im onson  a n d  
T oh l ine  1983], A com ple te  s u m m a r y  of all th e  work th a t  has  been  d one  in th is  
a rea  can  b e  fo und  :n th e  review of Schweizer (19SG).
A l th o u g h  t h e  above s tud ies  shed  new light on the  d y n a m ic s  of gaseous  disks,  
t h e y  did  not im prove  o u r  insight reg a rd in g  th e  de ta i ls  of the  evo lu t ion  of  these  
disks f rom  init ia l ,  a r b i t r a r y  o r ien ta t ions  t o w a rd  the  p re fe r red  o r ien ta t ions .  We 
begin  with a s u m m a r y  of  th e  basic  dynam ica l  p ro p e r t i e s  tha t  a  gaseous  ga lactic
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disk shou ld  exhib it  :
(a )  Se t t l ing  is dr iven  by  dif ferential  precession a n d  viscous d iss ipa t ion  of 
a n g u la r  m o m e n tu m .  T h e  co m p o n en t s  of  a n g u la r  m o m e n t u m  para llel  to  the  
p re fe r red  o r i e n ta t io n  a re  des t royed  by viscous forces. T h e  e n d -p ro d u c t  of s e t ­
t l ing  is a  disk  whose to ta l  a n g u la r  m o m e n t u m  is only the  vert ical  com ponen t  of 
th e  orig inal  a n g u la r  m o m e n t u m  of th e  disk a n d  the re  is no  differential  precession 
in th e  final, s t e a d y - s t a t e  conf igura tion.
(b) G iven  th e  s h ap e  o r  sy m m e tr ie s  of th e  ex te rna l  po ten t ia l ,  the  pre ferred  
o r ie n ta t io n s  can  be  identi fied.  F igu re  ro ta t io n  d ras t ica l ly  modifies th e  pre ferred  
o r ie n ta t io n s  deduced  for s ta t ic  p o ten t ia ls ,  a n d  genera tes  w a rp e d  and  tw is ted  
disks  in s t e a d y  sta te .
(c) T h e  precess ion  frequencies  of te s t -pa r t ic le  o rb i t s  d e p en d  on  the  s t r e n g th  of 
th e  q u a d r u p o le  d i s to r t io n  o f  the  p o ten t ia l  and  on  o a / , , ,  w here  i„ is th e  inc lina tion  
of t h e  disk re la t ive  to  th e  p re fe r red  o r ien ta t ion .  T h e  cha rac te r i s t i c  t ime-scales  
for se t t l ing  a re  e s t im a te d  to  he p ro p o r t io n a l  to  tin* differential  precession t imes  
be tw een  o rb i t s  which in te rac t  th r o u g h  viscous forces,  i.e.,
r ,  cx . (3.1)
T h i s  express ion  was given by Tohl ine,  S im onson ,  a n d  Caldwell  (1982). T h e  
different ia l  p recess ion  f requency Au.'j, includes  th e  d ep en d en ce  on  th e  range  of 
v iscous  t r a n s p o r t  as it d e p e n d s  on A?\ the  “epicyclic a m p l i t u d e "  of in te rac t ing  
pa r t i c le  o rb i t s .
(d )  T h e  final rad ius  of a se t t led  disk R f  shou ld  be smal ler  t h a n  the  initial
3 2
rad iu s  /?, by a factor of  co.<i() :
R f  = R, co*i0 . (3.2)
As th e  se t t l ing  disk shr inks ,  m a t t e r  will flow tow ard  th e  inner  region a n d  tr igger 
o r  e n h an c e  som e  ty p e  of observab le  nuc lear  activity.
(e) A var ie ty  of families of closed s tab le  o rb i t s  is found  in sphero ida l  a n d  tri- 
axial  e x te rn a l  po ten t ia l s .  F igure  ro t a t i o n  helps  in c rea t ing  even two dis t inc t ly  
different g ro u p s  of closer! o rb i t s  one  exists well in to  the  core  of the  p o t e n ­
tial .  while th e  o th e r  occupies  th e  o u te r  regions.  Gas  is expec ted  to  occupy 
those  o rb i t s  a n d .  there fore ,  present a mult  it ude  of  sh ap es  a n d  o r ien ta t ions ,  from 
s im ple  p l a n a r  disks to  com pl ica ted  in tegral  sign disks.
N um er ica l  calculat  ions were employed  next in o rder  to  s tu d y  th e  de ta i ls  of  s e t ­
t l ing  by following the  d y n a m ic a l  evo lu t ion  of gaseous disks  (for a b r ie f  s u m m a r y  
see C h r i s to d o u lo u  an d  Tohl ine  19SS). T h r e e  different num er ica l  techniques  
have  a p p e a r e d  in the  l i te ra tu re :  sm o o th e d  par tic le  h y d r o d y n a m ic s  (S P H ,  in
shor t ;  H a b e  a n d  Ikeuchi 1985, 1988; Y arnas  19SG a .b ) ,  a cloud-fluid a p p ro a ch  
( C F ,  in shor t ;  S t e im a n - C a m e r o n  a n d  Dur isen  19S8, 19S9a,b),  a n d  Eu ler ian
h y d r o d y n a m ic s  (EH, in short ;  C h r i s to d o u lo u  19S9 a n d  th is  work).
T h e  S P H  ca lcu la t ions  showed t h a t  only some of the  disks were se t t l ing  to  the  
p re d ic ted  p re fe r red  o r ie n ta t io n s  w i th in  t imes c o m p ar ab le  to  those  d e te r m in e d  
an a ly t ica l ly  [eq. (3.1)]. H abe  a n d  Ikeuchi (1985) also showed th a t  t h e  se t t l ing  
m e c h a n i s m  a t  h igh  inc l ina t ions  is different from th a t  at low inc lina tions .  In ­
s t e a d  of th e  famil ia r,  sm o o th ly  w a rp ed  se t t l ing  s t ru c tu re s ,  disks s t a r t i n g  at
high  inc l ina t ions  showed a ca ta s t ro p h ic  evolu tion ,  w ith  most par t ic les  f lowing 
di rec t ly  in to  th e  cen tra l  region of  the  p o ten t ia l  a n d  fo rm ing  nuc lear  disks.  T h e
S P H  ca lcu la t ions  of Y arnas  (19SGa,b) have p ro d u c e d  resu l ts  which,  at  least  at 
p re sen t ,  a re  r a th e r  unaccep tab le .  T h e y  do  not agree w i th  th e  p red ic t ions  of 
th e  ana ly t ica l  theory  or with  our  EH or the  C F  results .  Specifically.  V a n ia s  
finds  r ing s t ru c tu r e s  fo rm ing  at high inc l ina t ions  while gas  at the  inne r  regions  
se t t les  to  a  different p lane.  In ad d i t io n ,  en t i re ly  new pre fe r red  o r ien ta t io n s  are  
identified in those  c o m p u ta t io n s .  W i th o u t  ge t t in g  in to  de ta i ls ,  we will s imply  
a t t r i b u t e  all these  s t r an g e  result s  a n d  the  po in t s  of d isag reem ent  be tw een  SP H  
m e th o d s  to  th e  in ad eq u acy  of the  ad o p ted  num er ica l  schemes.
T h e  C'F ca lcu la t ions  have  led to  a useful ana ly t ic  desc r ip t ion  of th e  se t t l ing  
m ech an ism ,  valid for smal l  inc lina tions .  S t e im a n -C a m o ro n  and  Durisen  (198S) 
showed tha t  th e  inc l ina t ion  of a se t t l ing  disk decays  as a func t ion  of t im e  from 
the  orig inal  inc l ina t ion  i tJ :
inc lina tions .  T h i s  ag reem en t  w i th  Habe  a n d  Ikeuchi (19S5) is r a t h e r  s u r p r i s ­
ing,  because  in tin* C F  m e t h o d  a n g u la r  m o m e n t u m  is t r a n s p o r t e d  by  shear ing
,(/ )  ^  , ut j-p( —t I  rf j'1 , (3.3)
T h e  decay co n s tan t  is given by th e  equation:
i / :(
(3.4)
w here  v  is th e  a d o p te d  coefficient of k inem at ic  viscosity in th e  cloud-f luid  
m e d iu m .  E q u a t io n  (3.3) is only valid in th e  absence  of  inflow'. N u m e r i ­
cal  ca lcu la t ions  show'ed, however,  t h a t  inflow* could not be  neglec ted  at h igh
3*1
viscosity, a process to ta l ly  neglec ted in the  S P H  m e th o d .  We know th a t  viscous 
d is s ipa t ion  is i m p o r t a n t  in set t l ing ( the  N -hody  ca lcula t ions  of Miller et al. [1989] 
do  not show any se t t l ing  because  the  models  a re  d is s ipationless) ,  bu t  it seems 
tlint th e  p a r t i c u l a r  m e ch a n i s m  is not im p o r t a n t  as long as  th e re  is som e ty p e  of 
viscosity to  des t roy  th e  u n w a n te d  c o m p o n en t s  of a n g u la r  m o m e n t u m .  We i m a g ­
ine, however,  t h a t  o th e r  differences may still exist for different m e c h a n i s m s  in 
th e  rad ia l  d i s t r ib u t io n  of  th e  rem a in ing  m o m e n t u m  a n d  th e  se t t l ing  t ime-scales.
W e have  used yet a n o th e r  num er ica l  techn ique  (E H )  in o rde r  to  s tu d y  the  
deta i ls  of se t t l ing  and ,  hopefully,  b e t t e r  u n d e r s t a n d  th e  a fo rem en t ioned  re su l ts  
from hydi o d y n a m ic a l  co m p u ta t io n s .  We have  employed  a 3-D. f i r s t -o rder  a c ­
cu ra te ,  expl ic it ,  Eu le r ian ,  h y d ro d y n a m ic a l  c o m p u te r  code to  follow th e  d y n a m ­
ical evo lu t ion  of  mass less  disks u n d e r  the  influence of a N ew ton ian  sphero ida l  
po ten t ia l .  We have  used a special  class of init ial  “disk"  m ode ls  111 h y d r o ­
s ta t ic  equ i l ib r ium ,  the  P apa lo izou -Pr ing le  (19S4) tori , because  they  are  easy 
to  co n s t ru c t .  Because  they  have  inner  edges  and  a re  geom etr ica l ly  fat,  these  
tori  do  not rep resen t  real  HI disks in galaxies. In a d d i t io n ,  they  suffer the
P a p u lo izo u -P r in g le  (P P ,  in sho r t )  instabil i ty ,  which result s  in an  e x p o n e n ­
tial ly growing,  n o n -ax isy m m etr ie  wave b o u n c in g  be tw een  the  inne r  an d  o u te r  
edges.  T h e y  do, however,  inc lude  all the  phys ics  of se t t l ing  a n d  th e  P P  i n s t a ­
bil i ty  is quickly  d a m p e d  out by the  viscosity of th e  num er ica l  scheme. As a  b y ­
p ro d u c t  of th is  work,  th e  g ro w th  ra te s  and  p a t t e r n  speeds  of the  rn — 1 , m  =  2 , 
a n d  tii =  3 m o d e s  of the  P P  ins tab il i ty  art* d e te r m in e d  for the  c o m p u te d  m ode ls  
in th e  l inear regime.
In §3.2, we briefly present the  eq u a t io n s  of  h y d ro d y n a m ic s  a n d  discuss  the
s t r u c tu r e  of  the  init ial  models .  In §3.3, we e s t im a te  ( th e  o rd e r  of  m a g n i ­
tu d e  of )  th e  se t t l ing  t ime-scales  for ou r  m ode ls  us ing b o t h  eq u a t io n s  (3.1) an d
(3.4).  We also discuss  th e  im p o r t a n c e  of m a t t e r  inflow at m o d e r a t e  a n d  high
inc lina tions .  In §3.4, we present and  discuss  th e  evolu t ions  of th e  models .  In 
§3.5, we repor t  result s  of th e  non l inear deve lopm ent  of th e  P P  instabil i ty .  F i ­
nally, in §3.0, we su m m a r iz e  the  basic conclusions  r e g a rd in g  gaseous  disks  tha t  
se tt le  u n d e r  th e  influence of an  ex te rna l ,  sphero ida l  po ten t ia l .
3 .2 .  D y n a m i c a l  E q u a t i o n s  a n d  I n i t i a l  M o d e l s
We use a cylindr ical  gr id  with  coo rd ina tes  (/?, o~Z ) to  solve th e  e q u a t io n s  of 






^ + V ' (f*v) - 0. (3.G)
T h e se  eq u a t io n s  a re  s u p p lem en te d  by a po ly t rop ic  eq u a t io n  of  s ta te :
(3.7)
In equ a t io n s  (3.5) - (3.7),  p is th e  density,  P  th e  pressure .  $ fTt th e  e x te rn a l  p o ­
ten t ia l ,  A' th e  po ly t rop ic  co n s tan t ,  n th e  p o ly t rnp ic  index, v =  ( v p , e0 , v z  ) the
velocity vector,  an d  (5\  .4, T )  are  th e  radia l ,  angu la r ,  a n d  vert ical  c o m p o n en t s  of 
th e  m o m e n t u m  vector p e r  unit  vo lume, respectively,  i.e., S  =  />!’/(, -4 — p R v $ ,  
a n d  T  — p v z -  T h e  a lg o r i th m  uses  th e  donor-ce ll  scheme to  adveet t h e  d y n am ica l  
q u an t i t i e s  f rom  cell t o  cell in t ime.
For our  init ial  models ,  we choose  zero-mass  P P  tori  with j; =  3 /2 .  In these  
tori ,  the  specific a n g u la r  m o m e n t u m  /u is un ifo rm  in spare .  We choose the  
value In — 1 a n d ,  in a d d i t io n  we norm al ize  R 0 = 1 at the  p res su re  m a x i m u m
in each torus .  T h e n ,  the re  is one free p a r a m e t e r  th a t  essential ly  m o d u la te s  
th e  th ickness  of each to rus .  We choose,  equivalent ly,  to  specify th e  po ly t rop ic  
speed  of so u n d  c0 or ,  since r ^ ( / ? 0 ) =  1, the  Mach n u m b e r  m„ =  1 / c a t  the
pre 'ssurc m a x im u m .  T h e  radia l  th ickness  of the  to ru s  is uniquely  d e te r m in e d  
from th e  values  of n a n d  in,,. If 7?+ ( /?_ )  is th e  cy lindrica l  r a d iu s  of the  ou te r  
( i n n e r } edge,  then:
n ± =  ( 1  rp v/2 u / m (J} - ] . (3.S)
As a first a p p ro x im a t io n ,  we use the  s t a n d a r d  q u a d r u p o le  expans ion  of  a 
sph e ro id a l  po ten t ia l  for $ , , /  :
w h e re  7’ — \ /R ~  +  Z ~, a is th e  equa to r ia l  rad iu s  of  th e  sphero id ,  a n d  J 20 
is a  c o n s ta n t  t h a t  de te rm ines  t h e  s t r e n g th  of th e  q u a d r u p o le  t e rm .  I11 a d d i ­
t ion ,  the  g ra v i t a t io n a l  cons tan t  <7 =  1 a n d  the  m ass  of the  sp h e ro id  M  =  1
com ple te  th e  n o rm a l i z a t io n  of un i ts .  In th is  sy s tem  o f  uni ts ,  one  in it ia l  cen tra l  
r o t a t i o n  p e r io d  ( defined a t  r a d iu s  R„ ) co r re sponds  to  2 tt.
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3 . 3  S e t t l i n g  T i m e - S c a l e s  a n d  Infl  a w
We have followed in de ta i l  th e  evo lu t ion  of two models ,  a th in  to ru s  w i th  
rn 0 — 7.2 (/?+ — R -  =  0.5) a n d  a n  ex ten d e d  to ru s  w i th  m 0 — 4,2 (R +  —
/?_ -  1.0). init ial ly inclined by  i„ =  0 M 0 ° ,  40°, 80°, a n d  90° from the
equ a to r ia l  p lane  of a n  o b la te  p o ten t ia l  w i th  J ^ o 1 =  0.02. T h i s  rhoice  of the
q u a d r u p o le  coefficient is consis ten t  w i th  re su l ts  from recent obse rv a t io n s  of polar-  
r ing  galaxies ( W h i tm o r e .  McElroy.  an d  Schweizer 19S7) which suggest, t h a t  
th e  d a rk  halos  in th ree  observed  sys tem s  do not dev ia te  by m u ch  from spher ical  
sy m m etry .  Fully 3-D images  a n d  2 -D cross-sect ions  of th e  init ial  m ode ls  are  
sh o w n  at th e  top  panels  of F igures  3.1 an d  3.2. C ons ide r ing  te s t -pa r t i c le  o rb i t s  
in th e  g ra v i ta t io n a l  field of equa t ion  (3.9), the  precession f requencies  are;
3 a >
— ^ “  ) COSl,, , (3.10)
w h e re  is th e  ro ta t io n a l  frequency. Inse r t ing  the  n u m e r ic a l  coefficient in to  the  
r ig h t -h a n d  side of eq u a t io n  (3.1) [see. however ,  S t e im a n - C a m e r o n  a n d  Dur isen  
19SS for a d iscussion of th e  orig inal  express ion  p ro p o sed  by Tohl ine.  S i m o n ­
son, a n d  Caldwel l  1982]:
r ,  =  . (3.11)
S te im a n - C a m e r o n  a n d  Dur isen  (1988) have  d e m o n s t r a t e d  t h a t  e q u a t io n  (3.11) 
can  only  be  cons idered  as a n  u p p e r  l imit to  th e  se t t l ing  t ime-scales .  Now, Au.’p 
can  b e  d e t e r m in e d  from th e  equat ion:
=  ^ A r +  , (3.12)
Or Oi „
whore  A r  ~  r A ; D is the  effective r a n g e  of viscous forces in th e  gaseous  m e d iu m .  
To p roceed  w i th  the  ca lcu la tion ,  we have to adop t  an in te rac t ion  m ode l  of a n g u la r  
m o m e n t u m  t r a n s p o r t .  W e adop t  th e  simpl ifying  a s s u m p t io n  th a t  “r a n d o m  
m o t i o n s ” a re  r ep re sen ted  by r a n d o m  velocit ies of a  m e a n  a m p l i t u d e  At '  equal  to 
th e  m a x i m u m  speed of so und  m th e  m ed iu m .  (For our  models ,  th en .  A t '  is 
a b o u t  14-24% of the  ro ta t io n a l  speed  at p re ssu re  m a x im u m .)  T h e n ,  eq u a t io n  
(3 .1 2 ) can be  w r i t t e n  as:
=  l ^ r  +  ^  ) —  . (3.13)
\  o r  Oi„ /  r „ r (J
w here  ru — 1 , va — 1 in th e  a d o p te d  sys tem of un i ts  a n d  th e  p a r t i a l  derivatives  
a re  d e t e r m in e d  from e q u a t io n  (3.10).
Lower l imit s  for the  decay t im es  are  derived from eq u a t io n s  (3.3) an d  (3.4). 
O n c e  the  decay t imes  a re  known,  the  se t t l ing  tunes  a re  d e te r m in e d  f rom  the  
e q u a t i o n  of  S t e im a n - C a m e r o n  a n d  Durisen  (1 OSS):
r, = * ( 3 1 4 )
T h i s  eq u a t io n  a ssum es  that, the  effective se t t l ing  t im e  is t h a t  for th e  disk to  se t t le  
f rom  th e  o r ig inal  inc l ina t ion  t0 down to  1 ° away from  th e  preferred  plane.
In s u m m a ry ,  the  final e x p r e s s i o n s  for th e  se t t l ing  t imes ,  expressed  in c en t ra l  
in it ia l  r o ta t io n s  for our  m ode ls ,  are:
T 3 , m a z  ~  2 . 1  r n „  ^  —  J  ( c o m , ,  +  - s j u i o ) " 1 . (3 ,15a)
3<J
an d
] / : i
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rci.i ~ i „ \ r 0 /  1 ° (3.156)
N u m er ica l  values,  based  on equ a t io n s  (3.15).  a re  l isted in T ab le  3.1,
H abe  a n d  Ikeuchi (1DS5) have c o m m e n te d  on the  difference be tw een  se t t l ing  
from high a n d  low inc lina tions .  T h e i r  a r g u m e n t  is based  on  th e  dependenc ies  
o f  th e  different ia l  precession f requency : if th e  inc l ina t ion  of  the  disk is
low. A j .'ji d e p e n d s  p r im ar i ly  on th e  radia l  “epicyclic a m p l i tu d e "  A r  ( the  first 
t e r m  of  eq. [3.12]). bu t  if the  inc l ina t ion  is h igh.  A ~ ;, d e p en d s  p r im ar i ly  on 
th e  a n g u la r  a m p l i t u d e  A?(, ( the  second t e r m  of eq. [3.12]). Here,  we present 
yet a n o t h e r  a rg u m e n t  tha t  d e m o n s t r a t e s  not only the  difference be tw een  se t t l ing  
f rom  various  inc l ina t ions ,  bu t  th e  onset  of m a t t e r  inflow at  h igh inc l ina t ions  as 
well.
C o n s id e r  a n  equ i l ib r ium  orb it  on  th e  equ a to r ia l  p lane  of a  disk t h a t  is i n ­
clined from th e  equ a to r ia l  p lane  of an  ex te rna l  sphero ida l  p o ten t ia l  by Let
X Y Z  be  a sy s tem  of  coo rd in a te s  whose  Z axis aligns w i th  the  s y m m e t r y  axis of 
th e  p o ten t ia l  and  X 'Y 'Z '  be  a n o th e r  sy s tem  of c oo rd ina te s  whose  U  axis al igns 
w i th  th e  s y m m e t r y  axis of  the  disk an d  X' =  X. In w ha t  follows, we ad o p t  
th e  cy l indr ica l  coo rd in a te s  ( 7 ? , 0 , Z )  in the  inert ia l  f r am e  of th e  p o ten t ia l  an d  
th e  c o r re sp o n d in g  p r im e d  c oo rd ina te s  in th e  f r am e  of th e  inclined orb i t .  O u r  
d iscuss ion  is based  on th e  two  dif ferent physica l  p ic tu res  t h a t  em erge  w hen  La- 
g ra n g ia n  a n d ,  in t u r n ,  Eu le r ian  coo rd in a te s  are used  to  desc r ibe  the  sam e  
p h e n o m e n o n .  T es t -pa r t ic les  m ov ing  on th is  o rb i t  cross from sm a l le r  to la rger  
radii  a n d  vice versa,  seen from th e  f r am e  of the  po ten t ia l .  We assum e ,  then .
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t h a t  velocity p e r t u r b a t i o n s  At' / ;  will develop at least ear ly  in th e  evolu tion of 
th e  tli.sk th a t  will be  rad ia l  in th e  f r am e  of  the  po ten t ia l .  Moreover ,  if se tt l ing  
of t h e  o rb i t  occurs ,  t h e n  we expec t  th a t  a d d i t io n a l  velocity p e r t u r b a t i o n s  A n y  
will develop in th e  se t t l ing  d irec tion .  We im agine  th a t  A r / j  will en h an ce  o s ­
cil la t ions  ab o u t  the  e q u i l ib r ium  orb i t ,  successively b r ing ing  test par t ic les  from 
sm al le r  to la rger radii  a n d  vice versa or  even p roh ib i t  th is  a l t e rn a t io n  from oc- 
cu r in g  smooth ly .  Similarly,  we imagine  t h a t  A n y  e i th e r  enhances  se t t l ing  of 
th e  orbit  or works  agains t  it. In e i ther  case,  th e  velocity p e r tu r b a t io n s  force 
th e  orb i t  ou t of equ i l ib r ium  an d  a “k inem at ica l"  descr ip t ion  t h a t  inco rpo ra te s  
A r / f  a n d  A i ' /  c an  p rov ide  a useful i l lu s t ra t ion  of the  onset  of inflow at  different 
i n d i n a t  ions.
We begin  with  s t a n d a r d  co o rd in a te  t r a n s fo rm a t io n s  in order  to  find how 
th e  velocity c o m p o n en t s  A r / /  and  A r y  are  realized in the  f r am e  of the  disk 
itself. Obviously ,  A 17; a n d  A r y  are  not d i s t r i b u t e d  equally  be tw een  the  7?\<y, 
a n d  Z '  d irec tions .  For clari ty,  we exam ine  3 cases: (a) A t ’/; — 0, (b)
A r y  =  0, a n d  (c) A e / ;  — A e y .
(a) If on ly  A n y  ^  0 , t h e n  t r a n s fo rm in g  to  th e  f rame of  the  disk,  we find:
A t ’/; =  A n y  ^ —  fmii„ , (3.1Ga)
A t ’Jj, =  A r y  ^  — , snuv , (3.16M
a n d
A n y  — A r y  cos}a . (3.16c)
Since the  r a t io  =  tan4>/ cosia, th e  p e r t u r b a t i o n  does  not c o n t r ib u t e  at
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all in t h e  <p' d i rec t ion  if d ~  90°,  270°,  or in the  R ‘ d i rec t ion  if 0  ~  0°, 180°. T h e r e ­
fore, inflow is no t  favored at any  inc l ina t ion  if ~  0°, 1S0°. In add i t ion ,  
A r ^ / A r ^  t a n i 0 at 4> =  90°, 270°. It is exactly  t h e  d ep en d en ce  on the  tam „  
t e r m  t h a t  shows th e  p e r t u r b a t i o n  is exclusively funnelled  in to  the  R '  d irec tion 
at h igh  inc l ina t ions ,  b u t  is equally  d i s t r ib u te d  be tw een  th e  R'  a n d  Z ' di rections  
at m o d e r a t e  inc l ina t ions  ( i0 a; 45°).
(b) If on ly  A r / j  ^  0, t h e n  t r a n s fo rm in g  to  the  f r am e  of the  disk, we find:
A v 'J{ -  A vf{ [ —•(£) ■ (3 .17a)
and
A — A r / / sniO <<)s0 >
V W
tut,, i titn, (3.176)
A e ^  =  - A r / ;  sit io s in  i „ . (3.17c)
Th is  p e r t u r b a t i o n  is not funnelled  into  the  o'  d irec tion  e i the r  at o  ~  0°.  180° or 
at 0  =  90°, 270° because  A i ^  ~  smOcosO  , Since A i ^ / A t ^  ~  i a n i 0 at 0 -  
90°, 270°,  we conc lude  th a t ,  in th is  case, inflow is only  favored at low incl inations .
(c) C o m b in in g  th e  above  two cases a n d  le t t ing  A r / f  =  A t y  =  A c ,  we find:
A i ^  =  A i ( I ) {1 + si nO tutu, ,)  . (3.1 S c j )
R
A t u  =  Aim 7 5 7  1 ( 1  — sir><t> t m \ i 0 )cos(p s tnt^  R
(3.186)
an d
A<^ =  A i 1 CO,S70 (1 — St n o  t ( I T ) l 0 (3.18c)
4 1>
At <p — 0 °, we find th a t  — cos i0 anti  A t ' ^ / A i ' ^  =  At high
inc l ina t ions ,  A t 1̂  decreases  in im p o r t a n c e  re la t ive  to  Ai'J,. bu t  increases  in i m ­
p o r t a n c e  re la t ive  to  A i 1̂ . At <t> — 90°, we find: A r ^ / A c ^  =  t a n ( 45° — i0)
a n d  A i ’̂ / A i ’Jf =  0. In th is  case,  A r ^  is a lways  m ore  im p o r t a n t  t h a n  A i ’̂  b u t  
its re la t io n sh ip  to  AeV. is complica ted :  A i 1̂  peaks  re la t ive  to A i ^  at m o d e r a t e
inc l ina t ions  ( i0 ~  45°).
T h e  above  desc r ip t ion  of inflow at different inc l ina t ions  is only valid for the  
onset  of inflow a n d  cannot  follow the  fully n o n l inea r  effects t h a t  even tua l ly  d o m ­
in a t e  in the  se t t l ing  disks. It is, however ,  d i rec tly  c o m p a r a b le  to  th e  n o n l in ­
ear  d y n a m ic a l  b ehav io r  of our  m ode ls  in fj3.4. w here  inflow is in it ial ly observed  
m a in ly  at 4* ^  90°, 270° in the  R'  d irec tion  ( r f. the  velocity fields on  the  h o r ­
izonta l  slices t h r o u g h  th e  models ,  ear ly  in the i r  evolu t ions) .  We also  believe 
t h a t  t h e  above  d iscussion serves as an  a t t e m p t  to  desc r ibe  som e of th e  de ta i ls  of 
t h e  se t t l ing  p rocess  analytical ly .
3 . 4  M o d e l  E v o l u t i o n s
a) in =  0 °
B o th  th e  t h in  an d  th e  ex ten d e d  rings were evolved for a b o u t  40 cen tra l  r o ­
t a t i o n s  (i.e., rough ly  a H u b b le  t im e )  in a  spher ica lly  sy m m e t r i c  po ten t ia l  
<£er( =  —l / 7' [he., eq u a t io n  (9) w i th  Jjn — 0 ]. T h i s  test  d e m o n s t r a t e d  t h a t
th e  rings  s t ay  in s t e a d y  s t a t e  if the  p o ten t ia l  is n o t  d i s to r t e d  a n d  showed t h a t  
t h e  nu m er ica l  s chem e r e m a in s  s tab le  for m a n y  ro ta t io n s .  It is w o r th  po in t ing  
o u t  t h a t  th e  nu m er ica l  viscosity of  th e  fi r s t-order  ro d e  d a m p e d  cons ide rab ly  the
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r r  instabil i ty .  (T h is  ins tab i l i ty  grows out of num er ica l  noise in th e  second- 
o rd e r  a c c u ra te  scheme,  a n d  it comple te ly  d i s ru p t s  the  m ode ls  cf. Hawley 
[1987,1959]. For  th is  reason , the  m ore  a c c u ra t e  scheme is not su i tab le  for th e  
p resen t  c o m p u ta t io n s . )
T h e n ,  each ring was  p laced  on  th e  equa to r ia l  p lane  of an  o b la te  sphero idal  
p o te n t ia l ,  i.e., in its p re fe r red  o r ien ta t ion .  T h e  smal l  q u a d r u p o le  d is to r t io n  of 
th e  p o te n t i a l  excited  th e  P P  instabil i ty ,  bu t  th e  num er ica l  viscosity of the  code 
quickly d a m p e d  it out a n d  b o th  m ode ls  p reserved  the ir  s teady  s ta t e s  the rea f te r  
a n d  u p  to ab o u t  40 ro ta t ions .
b)  L o w  a n d  m o d  r rale. i v i ' l n i a t n n i x
In  all o u r  c o m p u ta t io n s ,  the  in it ial  models  s ta r t  out h o r izon ta l  in the  cy l in­
dr ica l  grid.  T h e n ,  th e  a n g u la r  m o m e n t u m  vector is a lways  init ia l ly a ligned 
w i th  t h e  pos i t ive  Z axis of  the  gr id  a n d  the  p re fe r red  o r i e n ta t io n  is a lways t i l ted  
by  i a re la tive  to  the  in it ial  o r i e n ta t io n  of t h e  model.  Before  we desc r ibe  specific 
evo lu t ions ,  we shou ld  point out t h a t  c o m p u ta t io n s  a re  not p e r fo rm ed  in the  
inne r  10 g r id  cells. M a t t e r  an d  m o m e n t u m  dens i ty  th a t  reaches  th is  b o u n d a r y  
is t a k e n  o u t  of  t h e  grid.  We will, hereaf ter ,  refer to  t in s  in n e r  region  of the  
gr id  as  t h e  “cen t ra l  reg io n .”
F igures  3 .1 a a n d  3.2a show 3-D isodens ity  s n a p s h o t s  f rom  th e  evo lu t ions  of 
th e  e x te n d e d  a n d  th in  rings,  respectively,  b o th  p laced  in it ia l ly  at  i 0  =  10°. S im ­
ilarly,  F igu res  3 .3a  a n d  3 .4a  show 3-D isodens i ty  s n a p s h o t s  o f  the  s a m e  rings ,  in i­
t ia l ly  p laced  a t  i0 — 40°. Se t t l ing  in these  p lo ts  co r re sp o n d s  to  a  ro t a t i o n  of 
th e  r ings  a b o u t  t h e  Y-axis.  F igures  3.1 3.4 w i th  indices b an d  c show the  c o r r e ­
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s p o n d in g  hor izon ta l  cross-sect  ions t h ro u g h  th e  gr id  on th e  X V  p lane  a n d  vortical 
cross-sections  t h r o u g h  the  negative  X-axis,  respectively.  B o th  dens i ty  con tou rs  
a n d  th e  velocity c o m p o n e n t s  are  p lo t te d  on  each cross-section.  T h e  pre ferred  
o r i e n ta t io n  is ind ica ted  by a  s t ra igh t  line at angle  i„ f rom th e  hor izonta l .
T h e  models  w i th  t0 ~  10° clearly show sm o o th ly  w a rp ed  s t ru c tu r e s  d u r in g
the i r  evolut ion. In ad d i t io n ,  no significant inflow of m at  te r  was observed. T h e  
w a rp s  of th e  m ode ls  w i th  i„ ~  40° also develop  smooth ly ,  bu t  la rge  inflow is
observed .  After t =  12.8 G ro ta t ions .  75% of the  mass  a n d  82% of th e  a n g u la r  
m o m e n t u m  lias flown in to  the  cen tra l  region a n d  is lost,  respect ive ly,  from the  
e x te n d e d  r ing  of F ig u re  3.3. T h e  effects of inflow and  differential  precession are  
m o re  d r a m a t i c  for the  th in  ring  of F igure  3.4: the  inflow is 98% a n d  the  specific
a n g u la r  m o m e n t u m  loss is 99% after only t ~  1 0  79 ro ta t ions .  For com par ison ,  
th e  a n g u la r  m o m e n t u m  loss is 8 % (f =  28.GS) a n d  15% (t =  34.12) for the  m ode ls  
of F igures  3.1 anti 3.2, respectively.
T h e  nuc lea r  disks t h a t  p r e s u m ab ly  form at the  cen tra l  region art* not shown 
in F igures  3.3 anti  3.4. T h e  fact t h a t  th e  re m a in in g  tlisk is very close to  the  
p re fe r red  plant* at  the  end  of each evolu t ion  sugges ts  th a t  any  nuc lea r  disk tha t  
does  fo rm  from inflow will have  the  sam e  inc l ina t ion  and .  there fore ,  fo rm  on the  
p re fe r red  plane.
c j  High mclnialioT!* and polar ring*
Figures  3 .5 -3 . 8  w i th  indices a, b or c a re  ana logous  to  F igures  3.1-3.4,  bu t  
for in it ia l  inc l ina t ions  of 10 =  S0° an d  90°. As Tab le  3.1 ind ica tes ,  these
r ings  d o  no t  have  the  t im e  to  sett le  s m o o th ly  w i th in  ~  40 or m o re  ro ta t ions .  In
4r>
p a r t ic u la r .  th e  m ode ls  w i th  ; (J =  90° do  not process differentii illy or set t le  at  all, 
as can  be seen in F igures  3,7 and  3 .S. T h e  difference be tween those  evolu tions  
a n d  th e  resu l t s  of  H abe  a n d  Ikeuchi (1985) is a t t r i b u t e d  to  the  pa r t i c le  n a t u r e  of 
th e  S P H  code  used  by  H a b e  an d  Ikeuchi.
Som e p a r t s  of the  above  evolu t ions  of highly  inclined rings have  been  p r e ­
sen ted  also in C h r i s to d o u lo u  {19S9). O u r  dy n am ica l  ca lcu la t ions  clearly  suggest  
th a t  po la r  r ings  are  e x t re m e ly  long-lived, a l th o u g h  t rans ien t  s t ru c tu re s ,  if they  
a re  placed at exactly  i„ — 90°. In reali ty,  however,  the  so-called polar  r ings 
seem to  exist  a t  h igh inc l ina t ions  bu t  not at 90° ( W h i t m o r e  19S4). In th is  
case,  se t t l ing  of  the  rings  in some fo rm to w a rd  a pre fe rred  o r ie n ta t io n  m us t  be 
expec ted .  We cer ta in ly  do  not expect s m o o th ly  w a rp ed  s t ru c tu re s  to develop 
because  the  differential  precession ra te s  be tween  the  edges  of a highly  inclined 
r ing  a re  very large,  leading  to th e  conclusion tha t  whenever  the  inner  region 
a t t e m p t s  to  sett le ,  th e  o u t e r  region still r em a in s  u n changed .  In ad d i t ion ,  the  
d iscussion of §3.3 ind ica tes  tha t  inflow will be  m ore  i m p o r t a n t  t h a n  se t t l ing  at 
h igh  inc lina tions .  Tohl ine  (19S9) specu la ted  th a t ,  since the  inner  region of a 
h igh ly  inclined r ing will t ry  to se tt le  first, th e  ring  will be  des t royed  slowly from 
th e  inside out a n d  th e  cen tra l  hole will b ro a d e n  with t ime.  T h a t  would  b e  a 
n a t u r a l  e x p lan a t io n  o f  th e  sh a rp  inne r  edges observed  in po la r  r ings  (Schweizer,  
W h i t m o r e ,  a n d  R u b in  1983) a n d  it can also serve to  identify t h e  pre ferred  
o r i e n ta t io n  from the  absence  of a  sm o o th  war]). O u r  result s ,  shown in F igures
3.5 a n d  3.G, do  no t  su p p o r t  th is  specu la t ion .  T h e y  r a th e r  ind ica te  t h a t ,  as 
soon as  t h e  inne r  region feels th e  effect of  a n g u la r  m o m e n t u m  loss, the  central  
hole  is f looded w i th  inflowing m a t t e r  an d  inflow proceeds  as it floes for m o d e r a t e
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inc l ina t ions  (F igures  3.3 a n d  3.4) toge the r  w i th  sett l ing.  At th e  end  of ou r  
ca lcu la t ion ,  th e  m a t t e r  inflow is 2 lX ( t — 2 0 .SI) and  1' /  (f ~  23.04) for the  
m ode ls  of F igu res  3.5 a n d  3.G, respectively.  T h e  a n g u la r  m o m e n t u m  loss is 159c 
a n d  1 2 %. respectively.
T h e re  is a possib le  e x p lan a t io n  for sm o o th ,  slow inflow in s tead  of  the  b r o a d ­
en ing  of  th e  cen tra l  hole, based  on  the  fact tha t  th e  set t l ing  m e c h a n i s m  is 
different at h igh  inc lina tions .  If real po la r  r ings  were se t t l ing  in th e  co n v en ­
tional sense, th e n  th e  hole would be  b ro a d e n ed  because  m a t t e r  of the  inner  
region would  be  moving  to  a different p lane  in a t i iue-scale w i th in  which th e  rest 
of  th e  r ing  would  not react  at all. In reality,  however,  m a t t e r  of the  inner edge 
docs not only sett le  to w a rd  the  pre ferred  o r ien ta t ion  but flows tow ard  the  cen te r  
con t inuous ly  as well. In th is  scenario,  a s h a r p  d i s ru p t io n  of gaseous layers close 
to  the  inner  edge  of th e  ring  is not expected .  We have  observed  d i s ru p t io n  
of  the  inner  regions,  however,  in cases where  th e  po ten t ia l  is s t rongly  d i s to r te d  
from spher ica l  s y m m e t r y  {see (j3.4d below).
T h e  above re su l ts  clearly  ind ica te  tha t  r ings at very h igh  inc l ina t ions  do  not 
feel th e  inf luence of a weakly d i s to r ted  po ten t ia l  for at least  20 ro ta t ions .  We are  
led to  believe,  therefore ,  t h a t  real  po la r  r ings shou ld  surv ive  com for tab ly  for at 
least  ha l f  a  H u b b le  t im e  a n d  fu r th e r  evolu t ion  shou ld  not present d ra s t i c  changes  
for a t  least  a n o t h e r  o ne -h a l f  H u b b le  t im e  (except b lu r r in g  of  the  inne r  edges a n d  
som e  inflowr of m a t t e r  tow ard  the  m a in  galaxy).  T h e  m a in  reason  for such a 
slow' evo lu t ion  is the  weak d is to r t io n  of the  po ten t ia l  d ed u ced  by obse rva t ions  of 
p o la r  r ing  ga laxies  ( W h i tm o r e ,  Me Elroy, and  Schweizer 10S7). Moreover ,  we 
conc lude  th a t  fo r m a t io n  of nuc lear  disks is favored only at m o d e r a t e  inc l ina t ions
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w h ere  inflow is i m p o r t a n t  a n d  r a n  m ak e  progress  in only a frac tion of th e  H u b b le  
t ime.
d) SfTangly distorted halo,*
T h e  result s  of the  prev ious  subsec t ions  a re  st r ic t ly  valid if th e  ex te rna l  p o ­
ten t ia l  is not very  d is to r ted .  For c om par ison ,  we have  ca lcu la ted  th e  d y n a m ­
ical evolu t ions  of r ings u n d e r  the  influence of  a s trong ly  d i s to r t e d  halo  w i th  
J  — O.OSS. In th is  cast*, we e s t im a te  th a t  the  se t t l ing  t im e-s ra les  will be 
s h o r te r  th a n  th o se  l isted in Table  3.1 by a fac tor  of 2.7 (lower l imit s)  a n d  4.4 
{upper  l imits) .  Th is ,  in effect, m e a n s  tha t  we only need to  follow these  ev o lu ­
tions  for ab o u t  10 ro ta t io n  periods.  Finally,  we have s tud ied  th e  e x t r e m e  case 
• A i d — 0.102 in which t h e  rings u n d e rg o  all the  im p o r ta n t  d y n a m ic a l  changes  
in less th a n  4 ro ta t ions .
D u r in g  these  evolu t ions ,  the  following differences have been  observed .  (a) 
R ings  u n d e r  th e  influence of s trong ly  d i s to r ted  p o ten t ia l s  a re  u n a b le  to  a p p ro a c h  
a new  s tea d y - s t a t e  equ i l ib r ium  w i thou t  b reak ing  in to  pieces or f looding the  c e n ­
t ra l  region of th e  po ten t ia l .  T h e  to ta l  energy  of each ring  clearly r u n s  away from 
its e q u i l ib r ium  value.  (b )  A l though  rings at i0 = 1 0 °. 40°, a n d  80° a t t e m p t  
to  sett le,  they  overshoot th e  s y m m e t r y  p lane  of the  po ten t ia l  b u t  do no t  f ind 
any  o th e r  p re fe r red  p lane.  As a result ,  they  im plode  anti f lood the  cen t ra l  
reg ion  w i th  m a t t e r .  T h e  re m a in in g  m a t t e r  forms a th in  tlisk t h a t  is quickly 
d i s to r t e d  by differential  precession a n d  even breaks  in to  pieces in low incl ina t ions  
af te r  it  e x p a n d s  explosively.  (c) Po la r  r ings  a t  exactly  t„ — 90° lose a n g u la r  
m o m e n t u m  fas ter  now a n d  also flood the  centra l  region, but th is  inflow is not
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c a ta s t ro p h ic .  T h e y  a rc  able to  survive  for 10 ro ta t io n s  a n d  we suspect tha t  
they  will surv ive  even longer an d  keep feeding the  cen tra l  region steadily.
F igure  3.9 shows t h e  evolu t ion  of the  ex ten d ed  ring  u n d e r  tire influence of a 
p o te n t ia l  w i th  J>Q(r = 0.088  a n d  s t a r t in g  from an inc l ina t ion  i0 =  40°. T h e  
o u te r  reg ion sl ightly “misses" the  prefe rred p lane  an d  th e  en t i re  r ing  is eventually  
des t royed  by inflow. At the  end  of the  ca lcu la tion ,  a lmos t all th e  m ass  has  
flowed in to  th e  cen tra l  region a n d  is not shown in F igu re  3.9. T h e  rem a in in g  
disk  a ssum es  a very th in ,  flat s t r u c tu r e  at an  o r ien ta t ion  o th e r  t h a n  th e  preferred 
p lane  an d  is f a t t e r  where  it crosses th e  e q u a to r  of the  grid.
F igu re  3.10 is analogous  to F igu re  3.9 but ,/_.{lf r  — 0.192 an d  =  10°. T h i s  
r ing  quickly  sh r inks  a n d ,  then,  it th row s  out some m a t t e r  in the  form of an  ex ­
t rem e ly  th in ,  flat disk th a t  is u n s ta b l e  and  breaks  m*o pieces.  At th is  poin t ,  we 
do  not know w h e th e r  the  la te r stages  of this p a r t i c u la r  evo lu t ion  a re  really p h y s ­
ical or s im ply  a n  artif icial  p roduc t  of the  num er ica l  scheme (i.e.. th e  im posed  
b o u n d a r y  cond i t ions  at  the  central  region of the  grid).
F igu re  3.11 is analogous  to F igu re  3.10 but = 80°. T h e  d y n a m ic a l  evo­
lu t ion  of th is  r ing  proceeds  faster t h a n  the  rings  with  J>n<i2 — 0.02. T h e  ring  
a t t e m p t s  to  sett le  to w ard  th e  preferred  plane  while m a t t e r  f rom  th e  inner  region 
moves  to  sm al le r  radii .  At the  end  of the  ca lcu la t ion ,  72% of th e  a n g u la r  m o ­
m e n t u m  is lost a n d  59% of the  m ass  has  flowed in to  the  cen tra l  region. D u r in g  
th is  evolu t ion ,  two ‘' a r m s"  are fo rm ed  as m a t t e r  sp ira ls  in to  th e  cen t ra l  region 
f rom  two d i s t in c t  locat ions  of the  inner  edge. T h e  vert ical  cross-sect ions  clearly 
show th a t  these  “a r m s "  do  not a t t e m p t  to  sett le  bu t  s tay  at h igh  inc lina tions  
w i th  respect to  th e  se t t l ing  ring.  T h e  d ispersed  velocity field seen also in the
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vertical  cross-sect ions  ind ica tes  the  presence  of low-dens ity  debr is  in th e  regions  
all a ro u n d  th e  r ing  a n d  th e  "a rm s ."  T h e re  is a cer ta in  s imila r i ty  be tw een  the  
s t r u c t u r e  of  th is  m ode l  and  the  “spindle ' '  ga laxy  (NGC1 2GS5), a very young  sys­
t e m  in which la rge  a m o u n t s  of debr is  can he  seen far away from th e  sy m m e t ry  
p lane  of the  u n de r ly ing  galaxy. In ad d i t ion ,  this m ode l  shows d i s ru p t io n  of the  
inne r  edge at pos i t ions  90° away from the  locat ions  of the  “a rm s "  {the two sides 
of th e  inner  edge  th a t  do set t le  a n d  change  the i r  o r ien ta t ion ) .
e ) D< vf _l oj nt  i t ?  i f  o f  d i j i n n r n r a l  t u n  fils
It is h a r d  to  identify th e  presence  of tw is t ing  (due  to  dif ferential  precession 
of the  gas) by e x am in in g  Figures  3.1 3 G or 3.9 3.11. T h e  hor izon ta l  cross- 
sec t ions  are  very helpful in doing so. a l th o u g h  they a re  not d r a w n  th r o u g h  the  
s y m m e t r y  p lane  of th e  ex te rn a l  po ten t ia l  {i.e.. the  p referred  o r ien ta t io n ) .  As 
soon as the  isodens i ty  c on tou rs  b reak  on  two sides (a sign tha t  th e  ring  se tt les  in 
those  regions,  a n d ,  the re fore  m a t t e r  moves away from th e  e q u a to r  of the  grid) ,  
the  re m a in in g  two slices would have  to be s y m m e tr ic  to  each o th e r  if the  ring 
were se t t l ing  at  a cons tan t  line of  nodes  (no tw is ting) .  T hose  co n to u rs  are  not 
sy m m etr ic ,  however,  because  of r e t ro g rad e  tw is t ing  of th e  “o rb i t s , "  th a t  leads 
to  th e  deve lopm ent  of a  p ro g r ad e  twis t  as  th e  precession f requencies  decrease  
w i th  rad ius .  T h e  different (s teep a n d  shallow) densi ty  g rad ien ts  a t  th e  en d s  of 
each g ro u p  of  co n to u rs  on  th e  e q u a to r  of the  grid  an d  th e  a sy m m et r i c  o r ien ta t io n  
of th e  two “pieces" w i th  respect to  th e  cente r  of the  cross-section p rov ide  the  
only  ind ica t ion  for tw is t ing  w i thou t  ca lcu la t ing  the  l ine-of-sight velocit ies of  a 
m ode l  re la tive  to  a d i s tan t  observer .  We a re  now in th e  process  of p ro jec t in g
rid
our  d y n a m ic a l  i ikkIcIs on to  a "p lane  of the  sky" in o rde r  to  derive  isovelocitv an d  
i sodensi ty  c o n to u r  m aps .
3 . 5  L in e a r  B e h a v i o r  o f  t h e  P P  I n s t a b i l i t y
In th is  sec tion,  we dev ia te  p rofound ly  f rom  th e  m a in  s t r e a m  of th e  d i s s e r t a ­
t ion in o rde r  to  r epo r t  on the  developm ent  of th e  P P  ins tab i l i ty  in gaseous,  polv- 
t rop ic  tori .  T h i s  ins tab i l i ty  is th o u g h t  to be  im p o r t a n t  in real  s te l la r  accre t ion  
disks  in which  most of the  mass  is locked in th e  cen t ra l  s ta r  b u t  most of the  
a n g u la r  m o m e n t u m  is in th e  accre t ion  disk. A few de ta i led  3-D, fully non l inear  
c o m p u ta t io n s  of  P P  tor i  have  previous ly  been  pub l i shed  ( see Hawley 19S7, 19S9 
: Tohl ine  a n d  Hachisu  1989 and  references th e re in  ). O n  the  o th e r  h a n d ,  we 
canno t  avoid th is  ins tab i l i ty  in the  course  of ou r  ga laxy s imula t ions .
Four ie r  analys is  of the  dens i ty  at cons tan t  radii  on th e  equ a to r ia l  p lane  of 
th e  to ru s  yields th e  a m p l i tu d e s  a n d  phases  a n d .  in t u r n ,  the  p a t t e r n  speed  an d  
g r o w th  r a t e  of th e  d o m in a n t  m o d e  in the  l inear regime. In a d d i t io n ,  we can 
a t t e m p t  to  m e asu re  o th e r  h a rm o n ic s  tha t  seem to  grow t h r o u g h  th e i r  in te rac t ion  
w i th  t h e  fastest  g rowing m o d e  bu t  th e  re su l t s  a re  u n c e r t a in  b ecause  th e  d a t a  a re  
noisy. T h e  g ro w th  ra te s  must be  correc ted  for num er ica l  viscosity b ecause  the  
schem e  is only  f i r s t -o rder  a c c u ra te  ( Tohl ine,  Durisen ,  a n d  M cC ol lough  1985 
; W il l iam s  a n d  Tohl ine  1987). We nave a t t e m p t e d  to o b t a in  a n d  correct  these  
values  for th e  first 3 Four ie r  co m p o n en t s  in our  models .  T h e  re su l t s  a re  l isted 
in Tab le  3.2. For  th e  ex ten d e d  to rus  / ? _ / / ? „  — 0.707, a n d  for th e  th in  to rus  
R „ / I i u = 0.806. For c om par i son  p u rposes ,  we have e s t im a te d  th e  c o r r e sp o n d ­
ing values from the  result s  of a l inear  s tab i l i ty  analys is  of tori  w i th  po ly t rop ic
index n = 3 (K oj in ia  1DSC) by using the  above  values for /?__//?„. T h ese  esti 
m a te s ,  taken  from K o j im a ' s  pub l i shed  plots, a re  enclosed in p a ren th ese s  in Table
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B o th  tor i  a re  d o m in a t e d  hy th e  in — 1 inode  if they  a re  p laced at an  in c l in a ­
tion  of  ifj ~  0°. But th e  evolu tion of the  th in  to rus  is d o m in a t e d  hy the  in — 2 
m o d e  in th e  case ia = 90° because  the  n o n -a x i s y m m e t r y  of the  p o te n t i a l  exci tes 
th is  m o d e  to  a h igher  a m p l i t u d e  th a n  the  in =  1 m ode .  In the  case in — 0 °, the  
first 3 Fourie r c o m p o n en t s  s a tu r a t e  at ab o u t  th e  sam e  t ime, f ~  14 for the  th in  
to rus  a n d  / ~- 12 for th e  ex ten d e d  to rus .  At the  s a t u r a t i o n  t im es ,  th e  a m p l i t u d e  
of  th e  in — 1 m o d e  is 0,347 for th e  t h m  to rus  a n d  0.421 for the  e x te n d e d  to rus  
( b o th  a m p l i tu d e s  are norm a l ized  to  the  lead ing  te rm  of the  Four ier  expans ion  of 
th e  density ,  as is exp la ined  in detail  in W il l iam s  and  Tohl ine  19S7).
T h e  loga r i thm ic  a m p l i tu d e s  of the  first 3 Four ie r c o m p o n en t s  a re  p lo t ted  
versus  t im e  in ro t a t i o n  per iods  in F igure  3.12a (ex tended  to ru s )  an d  F igu re  
3.12b ( th in  to ru s ) ,  for i (> — 0°. — 0.02. an d  at radii  /? / /?„ =  1.232 an d
R jU f ,  — 1.075, respectively,  on th e  equ a to r ia l  p lane  of each torus .  T h e  solid 
line t races  th e  m — 1 , th e  d a sh ed  line t races  th e  in =  2 , an d  the  d a sh - d o t t e d  
line traces  th e  m  = 3 co m p o n en t .  T h e  l inear  regime is clearly in d ica ted  by the  
e x p o n en t i a l  g ro w th  of th e  m  — 1 m ode .  All Four ier  c o m p o n en t s  a re  d a m p e d  
out a f te r  20 a n d  2G r o t a t i o n  per iods ,  respectively.
We should  po in t  out t h a t  th e  result s  of Tab le  3.2 in d ica te  t h a t  the  in — 2 
a n d  t h e  m — 3  t e rm s  a re  h a rm o n ic s  of  th e  in — 1 m o d e  because  th e i r  p a t t e r n  
speeds  a re  a p p ro x im a te ly  in teger  m ul t ip les  of th e  p a t t e r n  speed of  th e  d o m in a n t  
inode.  Finally ,  ou r  second-o rde r  a cc u ra te  c o m p u te r  code shows th a t  the  m  — 2
modi '  d o m in a te s  the  o th e r  c o m p o n en t s  d u r in g  the  evolu tion of the  th in  ring- It 
seems, there fore ,  t h a t  th is  m o d e  is wiped out hy the  num er ica l  diffusion of the  
less a cc u ra te  scheme in th e  above fi rst -order a cc u ra te  calcula tion.  T h e  result s  
from th e  second-o rde r  a cc u ra te  h y d ro  code a re  l isted in the  last foo tn o te  of Tab le  
3.2. Again,  th e  values l isted in this foo tno te  for the  ni — 3 Fourie r com ponen t  
are u n c e r t a in  because  th e  m =  3 d a t a  are d o m in a t e d  by noise.
T a b l e  3 .1
E s t im a te d  Se t t l ing  T i m e  Scales'1 ■l‘
E x ten d e d  Ring  ( m„ =  -1.2) T h in  R ing ( m,. — 7.2)
i0(°) R -  R t, /?+ R -  Ru /?+
10 1.7 3.0 4.5 S.5 1S.G 42.5 3.0 7.7 0.5-14.7 13.3-33.0
40 2.5- 3.3 0.2- 9.5 25 .S- 47.1 4.9- S.5 S.S-1G.3 IS .5-37.2
S0r 7.0 7.4 17.7 20.9 73.3 104.0 14.2 IS.S 25.2 35.9 52.7-S2.2
90 cx; vs x x x oc
N O T E S :
<i) The  t line-scale’s a re  exp iessed  in initial  eeii tral  ro ta t ions .
b } Lower l imits a re  derived from eq. (15b) [see also  S te im a n  C’a m er o n  and  
D ur isen  19SS], E]>per l imit s  are  derived from eq. (15a) [see also  Tohl ine.  
S im onson ,  and  Caldwell  19S2],
c ) T h e  lower l imits for i„ — 80° are  u n c e r t a in  since eq. (15b) b reaks  down 
at h igh incl inations .
■VI
T a b l e  3 .2
Linear G ro w th  R a te s  ( ^ 7  ) 
a n d  P a t t e r n  Speeds (lc/G of th e  P P  Ins tah il i ty"  1 f
T h in  R ing  frn,, — 7.2)
M o d e  u.7
1 1.008 <0.943) 0.170 (0.139)
2 2.000 (1 .SOI ) (0.230)
3 2.840 (2.S39) (0.197)
K x ten d e d Ring ( >n„ 4.2 I
M o d e  j.' a ^ 7
1 0.83S (O.S37) 0.227 (0.193)
2 1.937 (1.S73) (O.loG)
3 2,914 (3,200) (0.091)
N O T E S :
ft) Botli  u.7 { a n d  1^7 are norm a l ized  to  the  ro ta t io n a l  frequency at th e  p re ssu re  
m a x i m u m  u.‘„.
b) T h e  n u m b e r s  in ]»arentheses a re  ou r  e s t im a te s  from K o j im a ' s  (1980) pub- 
lislied p lo ts  for n =  3 P P  tori.
e) T h e  c o r re sp o n d in g  second-order  a cc u ra te  values of Ac ^.7  a re  : For the  
th in  ring,  0.SS9 Ac 0.101 (m =  1), 1.84G Ac 0.234 (tu — 2). a n d  2.00/ Ac 
0.097 (m  = 3 ) .  For the  ex ten d ed  ring,  0,780 Ac 0.208 (m — 1 ). 1.079 Ac 
0.114 ( 7/1 -  2), and  2.212 Ac 0.070 (m =  3).
F i g u r e  3 .1 a
f « 16.50
.rj < ;
F i g u r e  3 . 1 b
Yf
t 16.50
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C H A P T E R  4 
S U M M A R Y  O F  C O N C L U S I O N S
Because great law.* are not. <h mned. by f lashes o f  inspirat ion,  whatever  
you m a y  think.  I t  usually takes the combined work  o f  a world fu l l  of  
scienti s ts  over a period of  centuries.  A f t e r  Genovi 41 discovered that  
Laqash rotated about the sun Alpha rather than vice versa and that was 
fo u r  hundred, years ago as tronomers  have been working. The complex  
m otions  o f  the. six suns  were recorded and analyzed and unwoven.  Theory  
after  theory was advanced and checked and counterehceked and modified  
and abandoned- and re.vived and converted, to som e th ing  else. I t  was a 
devil o f  a. job.
from "N igh tfa l l” by Isaac Asimov
o } T1 ic d i rec t ion  of precession of gas- par tic le  o rb i t s  in the  disk of a ga laxy tha t  
is u nde r  the  influence of the  sphero idal  or el lipsoidal p o ten t ia l  well of a s u ­
p e r im p o s ed  halo  can be  used eiiectively to  predic t  th e  d i rec t ion  of tw is t ing  
of the  isovelocity con tours  in the  observed  HI m a p  of the  galaxy. Specif ­
ically. a n  ob la te - sphe ro ida l  or  el lipsoidal ha lo  forces the  deve lopm ent  of 
a twist t h a t  is p ro g r ad e  to  the  disk ro ta t ion ,  while a p ro la te -sphe ro ida l  
or e l l ipsoidal ha lo  forces the  development  of a r e t ro g r a d e  twis t .  T h e r e ­
fore, if th e  spira l  a r m s  of a ga laxy are  a ssu m ed  to  be  t ra i l ing  fea tures ,  a 
p red ic t ion  can be  m a d e  ab o u t  the  gross geom etr ic  s h ap e  of the  s u p e r i m ­
posed  d a rk  halo.  T h a t  is, if the  observed  isovelocity co n to u rs  a n d  the  
op t ica l  sp i ra l  a r m s  twist  in th e  sam e  genera l  d i rec t ion  on th e  p lane  of the  
skv. t h e n  the  h a lo  is p ro la te - sphero ida l  or pro la te -e l l ipso idal  in s h ap e  an d  
vice versa.
b) A k iuem at ica l ,  t i l t ed - r ing  m ode l  was used to  an a ly ze  the  k inem a t ic s  of 21 
galaxies  from which  15 are  n o rm a l  spirals.  F rom  th e  la t t e r  su b g ro u p ,  we 
have conf i rmed  u n a m b ig u o u s ly  the  above  p red ic t ion  for only  7 spira ls,  the
ones  whose  velocity fields possess a s trong ly  tw is ted  p a t t e rn ,  Specifi
c;dly, M 33. M S3, N G C  2505. N G C  2511. and  N G C  371S show the  
s ig n a tu re  of an o h la te  halo in the i r  k inem at ics ,  hut th e  disks of N G C  5033 
an d  NGC’ 5(J55 seem to  he  e m b e d d e d  in a p ro la te  halo.  In ad d i t ion ,  th e  
dus t  lane in the  ell iptical  ga laxy N G C  512S ( Cen A) seems to  he c o m ­
posed of two o r thogona l  disks from which the  o u te r  disk is s t rong ly  w a rp ed  
hu t  not twis ted.
O u r  k m e m a t ica l  m ode l ing  confirms th e  e x i s t e n c e  of disk halos in spira l  
galaxies th a t  a re  generally  p ro la te  in shape.  T h i s  result  p ro h a h lv  creates  
an  lmsolvahle  p ro b lem  for dy n am ica l  theor ies  tha t  modify  th e  N ew ton ian  
g ra v i ta t io n a l  law in order  to n a tu ra l ly  expla in  the  observed  Hat ro ta t io n  
curves  of spira l  galaxies.  T hese  theor ies are no  longer expec ted  to  s u r ­
vive because  the i r  basis  is not wide e nough  to allow for th e  presence  of 
su b s ta n t i a l  a m o u n t s  of d a i k  m a t t e r  th a t  can be d i s t r i b u t e d  in an over­
all p ro la te  s h ap e  a r o u n d  galaxies,  a n d  the  lu m in o u s  m a t t e r  in ga laxies is 
a lways  d i s t r i b u t e d  in a disk-like,  generally ob la te  shape .
In d ra w in g  the  connec t ion  be tween  k inem at ics  a n d  d y n am ics  m th e  gaseous  
disks of ga laxies,  we have m a d e  extens ive  use of t he most p o p u l a r  theo ry  to- 
d a te ,  th e  "p re fe r red  o r ien ta t ion  theory."  We have  pe r fo rm ed  a d d i t io n a l  
dy n am ica l  m ode l ing  of gaseous  disks d o m in a t e d  by an ex te rna l  g r a v i t a ­
t iona l  field in o rd e r  to  d e m o n s t r a t e 1 how com pl ica ted  s t ru c tu r e s  ( w arps  
a n d  twis ts  } develop d u r in g  the  evolu t ion  of such disks a n d  to  decipher  
the  influence of pure ly  dy n am ica l  p h e n o m en a  ( di flerentia l  precession an d  
d is s ipa t ion  ) on th e  observed  kine ina t ica l  behav io r  of real ga laxy  disks.
C o n v en t io n a l  ideas  a b o u t  s e t t l ing  disks in a s ta t ic ,  ob la te - sphe ro ida l ,  e x ­
te rna l  p o ten t ia l  tow ard  a preferred  o r ien ta t ion  a n d  fo r m a t io n  of t rans ien t
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w a rp ed  and  tw is ted  s t r i i c t u n s  arc  c<mfinned only for m ode ls  init ial ly p laced 
at low inc l ina t ions  in weakly ob la te -sphero ida l  po ten t ia ls .  In this case, 
th e  se t t l ing  is dr iven  by differentia] precession of gas-par t ic le  o rb i t s  and ,  it 
seems, any  m e ch a n i s m  tha t  will d iss ipa te  a n g u la r  m o m e n t u m .  N u m e r i ­
cal ca lcu la t ions  give consis tent insult s  and  they also agree w i th  the  result s  
p red ic ted  by the  ana ly t ica l  theory.
/ }  In the  presence  of weakly d i s to r ted  p o ten t ia l s ,  inflow of m a t t e r  to w a rd  the  
cen te r  of the  p o ten t ia l  ( an d  fo rm at ion  of unc lear  disks)  becomes  im p o r t a n t  
in models  tha t  s ta r t  at m o d e ra te  an d  high inc lina tions .  T h e  t ime-scales  
for significant dy n am ica l  change  of the  models  becom e  increas ingly longer 
with increas ing  inc lina tion.  For inchnat  ions typical  of real po la r  r ings,  the  
dy n am ica l  t ime-scales  are  well over the  H ubb le  t im e  an d  nuc lea r  disk for­
m a t io n  proceeds  slower th a n  for m ode ra te ly  inclined disks.  T h a t  would 
not be  th e  case if th e  halos of i eal po la r  r ing  galaxies were s t rong ly  d i s to r te d  
from spher ica l  sy m m etry .
e) R ings  placed  at  exac t ly  90° from the  s y m m e t ry  p la in 1 of an  ex te rna l  p o ­
ten t ia l  a re  ex t rem ely  long lived s t ru c tu re s .  A l th o u g h  they  slowly lose 
a n g u la r  m o m e n t u m ,  they  do not sett le  at  all because  of the  absence  of 
dif ferent ia l  precession.  R ings  s t a r t in g  from any inc l ina t ion  o th e r  t h a n  0° 
or  90° a re  t r ans ien t  anti they  a t t e m p t  to  des t roy  excess a n g u la r  m o m e n t u m  
a n d  achieve  a new, energetica lly  pre ferred ,  d y n a m ic a l  s ta te .
h)  In the  presence  of s trong ly  d i s to r ted  po ten t ia ls ,  r ings  evolve away from a 
s t e a d y - s t a t e  equ i l ib r ium  and ,  therefore ,  do not realize th e  ex is tence  of a 
p re fe r red  plane.  Some t rans ien t  w arps  are  seen bu t  inflow eventua l ly  
d o m in a te s  at  all inc lina tions .  In genera l ,  it shou ld  be h a r d  to  observe  
such in tense  activ it ie s  in real  galaxies because  they  develop in shor t  t imes
(typica lly  1 /10  of a H ubb le  t ime).
T h e  w arps  oltserved 111 no rm al  spiral  galaxies do not seem to  exceed 40° 
from the p lane  of th e  u m v a rp e d  disk. Th is  result  is derived from kine- 
n ia t i r a l .  t i l ted - r ing  m ode l ing  of no rm a l  sp ira ls  (C h r i s to d o u ln u ,  Tohline,  
an d  S t e im a n - C a m e r o n  19SS, 19S9). An e x p lan a t io n  for th is  result  lies 
in the  d y n am ics  of se tt l ing  disks as s m o o th  warps  a re  only g e n e ra te d  in 
disks  of low an d  m o d e r a t e  inc lina tions  where  inflow is e i ther  negligible or, 
iit mos t ,  c o m p ar ab le  to sett l ing.  F u r th e rm o re ,  i t  seems th a t  the  da rk  
halos  of these  galaxies do not d e v i a t e  m uch  from spher ica l  sy m m etry ,  c o m ­
p rom is ing  the  a b u n d a n c e  of warps  and  the  frequent observa t ions  of nuc lear  
ac t iv i ty  th a t  is often caused  by infalling m a t t e r .
E P I L O G U E
It is clear now that  a good qua lit at ive agi -cement has  been es tab l i shed  between 
analy t ica l  resu lt s  an d  num er ica l  ca lcu la t ions  on th e  genera] topic  of se t t l ing  disks 
in galaxies.  It is not at  all clear,  however,  what kind of fu tu re  s tud ies  will he  
most  prof itab le  a n d  useful. F u i t h e r  research can focus on the  following topics:
(o) Massive disks a n d  the  influence of self-gravit y < m theii evolu tion.
{/>) Inflow of m a t t e r  in the  centra l  regions of a ga lac tic  p o ten t ia l  followed by 
t r igger ing  of nuclear activi ty  01 fo rm at ion  of nuc lear  disks.
( e ) D ynam ica l  evolnt 1011 of gas accre ted  in a galact ic po ten t ia l  d u r in g  tlie init ial  
s tanes  and  before it forms a disk at some inc lination.
\il) D ynam ica l  evolu tion of nitet act mg, mei gnig. and  coll iding galaxies.
it i T h e  i m p o i t a u c e  of v i s c o - n t y  m  the  a n g u la r  in o iuen tum  t r a n s p o r t  a n d  its 
influence on  the  angu la r  m o m e n t u m  d is t r ibu t ion  of the  final equ i l ib r ium  
ol i j e c t  s.
( / ) Slow ly growing,  asynmiet  i ic. dynam ica l  inst abilu  ies of cohl ga laxy  disks.
D esp i te  extens ive  (and  expens ive) dynam ica l  m ode l ing  of se t t l ing  disks,  we 
have  not b ro a d e n e d  subs tan t ia l ly  our u n d e r s t a n d in g  of the  s t ru c tu r e  a n d  d y n a m ­
ics of the  d a rk  halos of  galaxies. O n  th e  con tra ry ,  k inem at ica l  m ode l ing  of 
HI disks has  proved to  he more  useful as it p rovides  h in ts  on how to  dec ipher  
th e  gross geom et r ic  shapes  of th e  da rk  halos. In conclus ion,  15 years  af te r  the  
in t ro d u c t io n  of da rk  halos in galactic  dynam ics  all the  i m p o r t a n t  pieces of th is  
en igm a  are  still missing.  T h e  worst  part  of the  "dark ha lo  m ys te ry"  m ay  be 
th a t  we do not even know wha t  to  look for in galaxies.  B u t ,  th e n  again ,  we 
shou ld  not quit  trying!
S'.)
R E F E R E N C E S
Allen,  R, J . ,  Ba ldwin ,  J . E. ,  a n d  Sancisi . R. 19/S.  A st run .  A s t ro p h y s . . 6 2 ,  
307.
B lan d ,  J ., Tay lor ,  I \ a n d  At her ton.  P. D. 19SG. in I  Ah S y m p o s iu m  127.
S t r u c t u r e  a n d  D ynam ics  of El l ip tical  G a lax ie s , e d . T,  de  Zeew ,
( D o r d r e c h t : R e i d e l ), p. 417.
B lan d .  J . ,  Taylor,  K., a n d  A th e r to n ,  P. D. 19S7. M .N .R . A .S .. 2 2 8 .  595.
Bosnia .  A. 19S1. A s t ron .  T .  8G. 1791.
B yrd .  G. G, 197S. A]>. T ,  2 2 2 .  81 o.
C h r i s to d o u lo u ,  D. M. 19S9. in Galact  ic M o d el'., ed. .1. R . Bn e lder , S. T.  Gottes- 
n ian ,  an d  J. H. H un te r  (New York: New 5 ork A cadem y of Sci
e n c e s ), s u b m i t t e d .
C h r i s to d o u lo u ,  D. M.. a n d  Tohline.  J. E. 19SG. A p . T .  3 0 7 ,  449.
C h r i s to d o u lo u ,  D. M.. a n d  Tohline,  ,1, E. 19SS, B .A .A .S .. 2 0 ,  S99.
C h r i s to d o u lo u ,  D. M..  a n d  Toldine,  J . E . .  a n d  S te im n n -C a iu e ro n .  T . Y .  1988, 
A s t ron .  .1.. 9 6 ,  1307.
C h r i s to d o u lo u ,  D. M.,  a n d  Tohline,  ,1. E. ,  and  S te in u m - C a m e ro n ,  T.  Y. 19S9. 
Ap. T  S u p p h . s u b m i t te d .
C o m b es ,  F.  1978, A s t ron .  A s t ro n h v s . . 6 5 ,  47.




D u n s f ‘11. R.  H.. Tohline.  J . E.. B u rn s .  J. A.. a n d  Do! novolskis.  A. R. 1083, Am 
T  2 6 4 ,  302.
Garf inkel,  B. 1959, A s t ro n  T .  6 4 ,  353.
H ahe .  A., and  Ikeuchi.  S. 19S5, A p. T .  289 ,  540.
H ahe ,  A., a n d  Ikenchi,  S. 198S Am T ,  32G, §4.
Ha wiry,  J. F. 1987, M .N .R .A .S . . 2 2 5 .  077.
Hawley, 3. F. 19S0, in N A T O  A dvanced  Research  W o rk sh o p  on th e  T h e o ry  of 
Accre tion D isks , p r e p r i n t .
Hayes.  ,1. ,7. E.. S ch o m m er .  R. A., and  Wil l iams.  T. B. 1986. IAU S y m p o s iu m  
127, St m e t  m e a n d  D y na mi rs of El l ip tical  G a lax ie s , ed,
T.  de Zrew,  (D ordrech t :  Reidel) .  p. 419.
Heil igmnn, G.. a n d  Schwarzschild ,  M. 1970, A p. J_. 2 3 3 .  872.
H eis le r . J .. M er r i t t ,  D.. a n d  Schwarzschild .  M. 19S2, Ajn T .  2 5 8 ,  490.
K n a p p .  G. R. 1982. in IAU S y m p o s iu m  100. In te rna l  K in em at ic s  a n d
D y n am ics  of G a lax ie s , ed, E. A t h a n a s s o n l a . (D ord rech t :  Rei-
d e l ), p. 297,
K o j im a ,  V. 19SG. Prog.  Theor .  P i n  s . . 75 ,  251.
M e r r i t t ,  D.,  a n d  de Zeew, T .  19S3 An.  T  L e t t . . 2 6 7 ,  L19.
Miller,  R. H., S m i th ,  B. F . .  and  Wilk inson, R. 19S9, p rep r in t .
P apa lo izou ,  J .  C. B., a n d  Pr ingle ,  J , E. 19S4, M .N .R .A .5 . . 2 0 8 ,  721.
P e t ro u .  M. 19S0, M .N .R .A .S . . 1 9 1 ,  707.
R a i m o n d ,  E., Fabe r ,  S. M.. Ga l lagher .  J. S.. a n d  K n a p p .  G. R. 19S1. Ap. J... 
2 4 6 .  70S.
R o g s ta d .  D. H., L o ckhar t .  I. A., a n d  W righ t .  M. C’. H. 1974. Ajn T .  1 9 3 .  309. 
R u b in .  V. C. 19S0. Ayu T .  2 3 8 .  SOS.
Sancisi ,  R. 1970. Ast ion.  Ast ro p h v s . . 53 .  159.
Sancisi .  R. 19S1, in T h e  S truct nre  and  Evo lu t ion  of N orm al  G a la x ie s , ed. S.
M. Fall and  D. LyndenTle l l  (C am b r id g e :  C a m b r id g e  Univers ity
P res s ) ,  p. 149.
S an d a g e .  A. 1901, T h e  H u b b le  A t l a s of Galaxies .  (W a sh in g to n ,  D.C'.: C arneg ie
In s t i tu t io n  of W ash ing ton ) .
S e h o m m e r .  R. A.. Caldwel l ,  N.. Wilson.  A S.. Baldwin .  ,1. A.. Phi l l ips .  M. M.. 
Whlhams. T.  B., an d  Tur t le .  A. ,1. 19SS. A p. -U.324. 154.
Schwarz .  V. J . 19S5. Ast ron .  A s t ro p h v s . . 1 4 2 .  273.
Schwarzschi ld ,  M. 1979, Ap. T ,  2 3 2 ,  230.
Sch w e ize i . F.  19SG. in IAU S y m p o s iu m  127. A S t r n c t n r e  and  D y n a m ics  of 
El l ip tical  G a lax ie s , ed, T .  de Zeew, (D ord rech t :  Reidel ) ,  p. 109.
Schweizer ,  F. ,  W h i tm o r e ,  B. C\, a n d  Rub in .  \  . C. 19S3, A st ron .  J . ,  8 8 ,  909.
S im onson ,  G. F.  19S2, P h .D .  thesis,  Yale University.
S im onson ,  G. F, ,  an d  Tohl ine,  J . E. 19S3, Ap. T ,  2 6 8 ,  G3S.
Sparke ,  L. S. 1984, Ajn 2 8 0 ,  117.
Sparke ,  L. S., a n d  C as e r t a n o ,  S. 19SS, M .N .R .A .S ., 2 3 4 .  873.
!*:t
S te im a n - C a m e r o n ,  T.  ^ .. a n d  Durisen .  R, H, 79S4. Ap>. ■!.. 2 7 6 .  101.
S te im a n - C a m e r o n .  T. V., a n d  Durisen,  IT H. 19S8. A p . J , .  3 2 5 .  2G.
S te im a n -C a in e r o n ,  T .  V.. an d  Durisen .  R. H. 19S9a, in D v n a m i r s  of 
Ast rophvs iea l  G as  D isks, ed. .1. Selhvood ( C’anil >ridg,e: C am b r id g e
Univers ity  P ress) ,  in press
S te im a n -C a in e r o n ,  T.  Y.. a n d  Durisen .  R. H. 19S9b, A p . X. s u b m i t t e d .
Tohl ine.  J. T. 197S. Ph .  D. Thesis .  Univers ity  of Cal iforn ia .  S an ta  C m / .
Tohl ine,  ,1. E. 19S9, m G a lae t i r  >de]s. ed. .7. R. B urh le r .  S, T.  G o t t e s m a n ,  
a n d  ,7. H, H u n te r  ( New 'Yirk: New ^ ork A ead em y  of  Sc iences ). sub 
m i t te d .
Tohl ine.  .J. E. .  and  Durisen .  R. H. 19>2. Ap. T .  257 .  94.
Tohl ine.  .7. E., D ur isen ,  R, 11.. and  M cCullough .  M. 19S5. Ap. T .  2 9 8 ,  220.
Tohl ine.  J. E.. a n d  Hachisu .  I. 1989. in p rep a ra t io n .
Tohl ine,  .7. E. .  S im onson ,  G. F. ,  am i  Caldwell .  N . 19S2. Ape T .  2 5 2 ,  92
van A lbada .  T.  S., K o tany i .  C. G..  a n d  Schwarzschild .  M. 19S2. M .N .R .A .S . . 
19 8 ,  303.
van  W oerden ,  H. 1979, in IAU S y m p o s iu m  84. T h e  Largo-Seale  C h a rac te r i s t i c s  
of th e  G a l a x v , ed. \Y. B. B u r to n  (D ord reeh t :  Reidel) .  p. 501.
Y arnas .  S. IT 19SGa. P h .  D. Thesis .  M onash  University.
Y arnas ,  S. R. 198Gb. Pi oc. Astr .  Sor.  A n s t r a l i a . 6. 45S.
Weliaeliew, L.. Sancisi . R., and  Guelin .  M. 197S. A st ron .  A s t ro p h v s . . G5. 37.
<11
W h i tm o r e .  B. C'. 19S4, Ast ron .  T .  89 .  CIS.
W h i tm o r e .  B. C'.. MeElroy. D. B.. a n d  Sehweizer, F. 19S7. A p . J . .  3 1 4 .  439. 
W il l iam s ,  H. A. 19SS. P h .  D, Thes is ,  Louis iana  S ta te  University.
Wil l iams. H. A., and  Tohl ine.  J E. 19S7. Aj^  U. 3 1 5 .  594
A P P E N D I X  A
T h i s  A p p e n d ix  p resen ts  n p a p e r  pub l i shed  in T h e  A s tm p h y s ic a l  .Tonrnal in 
1DSG under  th e  title: "IV/tfjt Warped Dink* Can Tell l i t  about Galaxy Halot
mid  Grartit/. T h e  com ple te  reference is :
C h r i s to d o u lo u ,  D. M..  ;md Tohline .  .1. E, 198G. A p. T .  3 0 7 ,  4-19.
L e t t e r
THE ASTROPHYS1CAL JOURNAL
t m m :  m m m is
B I T N C T  e r i H i a . e d u
I N T F R N E T :  o p j f t n o a o . a d u
H t U l T  A .  A l T ,  M a n a g in g  E d ito r  
K x i  h t k  N a t i o n a l  O b a e r v a t o r y  
B o b  V 7 K
Turacn. Artaona K W A T S
A  D aL G 4 * N O ,  L e f t r r t  E d ito r  
O n t r r  far A j g r o p h y i K a  
6 0  G a r d e n  S t r e e t
C a m b n d c e .  y  • 0 2 1 3 6
T e l e p h o n e  « I 7 . | S m 7 B  
B I T N E T  a p j l e f f n  r ft!
BITNET: apjiraf9cfa7
FAX: (602)323-4183 FAX: ( 6 1 7 ) 4 9 5 - 8 3 1 6
J u l y  1 2 ,  1 9 8 9
D r .  D i m i t r i s  C h r i s t o d o u l o u  
D e p a r t m e n t  o f  p h y s i c s  s n d  A s t r o n o m y  
L o u i s i a n s  S t a t s  U n i v a r s i t y  
B a t o n  R o u g e ,  LA 7 0 8 0 3 - 4 0 0 1
D s a r  D r .  C h r i s t o d o u l o u :
T h a n k  y o u  f o r  y o u r  t e l e p h o n e  i n q u i r y  a b o u t  
p e r m i s s i o n  t o  r e p r i n t  f r o m  o n e  o f  y o u r  p a p e r s  p u b l i s h e d  
i n  t h i s  j o u r n a l .
U n d e r  o u r  a p p l i c a t i o n  o f  t h e  1 9 7 8  c o p y r i g h t  l a w ,  
t h e  a u t h o r s  r e t a i n  t h e  r i g h t  t o  g r a n t  r e p r i n t i n g  
p e r m i s s i o n .  T h e r e f o r e  y o u  n e e d  o n l y  y o u r  ow n  a p p r o v a l  
t o  r e p r i n t  f r o m  y o u r  ow n p a p e r .
s i n c e r e l y
H A A :rm f
H e lm u t  A . A b t 
M a n a g in g  E d i t o r
P u b b a h e d  b y  T h e  U n t v e e S t y  o f  O u n c e  P u n  M Q 1  E l b a  A v e n u e ,  C h i c a g o ,  I l b n u e  6 0 6 3 7  
fa r  T H E  A s u u c a m  A j m o N o a i c A L  S o c i r r r
9 7
7 m  a l  J o u » n a l .  J * 7  4 4 9 - 4 3 2 .  I9t6 A u g u s t  J 3
* l * * r  i M A v r n j i  « | i r M « * c i l b t K i )  4 J i r t^ h i s  W t < t 4  F f i tHw i ifl L
W H AT W A R PE D  D ISK S CAN  TELL US A BO UT GALAXY H A LO S A ND  G R A V ITY '
D i m i t r i s  M C k r i s t o o o u l o u  a n d  J o e l  E T o h l i n i
D e p a n n w n i  o f  P h y u a  i n d  A s t r o n o m y .  U u i i u m  S t a i r  U n i v e r s i t y  
A t c f j u t 4 39B3 Jum tJO  mcctp%*4 tW to Jarm try  31
ABSTRACT
A w arp on the outer fringe of a galaxy is often thought to signal tim e-dependent settling of gat into a 
preferred plane of that galaxy A t settling occurs, a twist should usually be apparent in the region of the 
w arped gas layer The direction of the I was I—prograde or retrograde with respect to the direction of the d isk s 
ro ta tion— should identify whether the gas it settling in to  an oblate-like potential well or in to  a prolate-like 
potential well A study of twisted w arps in a large num ber of spiral galaxies should show whether dark halos 
are as diverse in geometric shape as are elliptical galaxies. Furtherm ore, evidence for even a few disks residing 
in prolate-like potential wells would probably rule out theoretical models that have attem pted to  explain flat 
ro tation  curves by modifying gravity o r the dynamics of gravitating systems, because these theoretical models 
dem and that all disk galaxies exhibit oblate-like potential wells 
Subject headings galaxies structure — stars stellar dynamics
i i n t r o d u c t i o n  observed  k inem atica l featu res o f galaxies can be exp lained .
It has been know n for some tim e now that the outer fringes 
of tom e spiral galaxies exhibit w arps W arps are most apparent 
in H i contour m aps of nearly edge-on spirals (Sancisi 1976, 
van W ocrden 1979, 5ancisi 1981), but their presence is also 
revealed in H l velocity-contour m aps of some face-on galaxies 
(R ogttad . Lockhart, and W nghl 1974; Rogstad. W nght. and 
L ockhart 1976, Rogstad. C rutcher, and Chu 1979, Bosma 
1981<j, 6, I983i and is occasionally evident in stellar disks (cf 
N G C  3190 in Arp 1966 or N G C  4767 and N GC 5866 in 
Sandage 1961, but see also the last page of discussion following 
the review by van W oerden 1979) Recent theoretical work (see 
Saar 1979 and Toom re 1983 for reviews) has shown that if 
spiral disks are em bedded in nonsphencal dark halos, m echa­
nisms exist to sustain w arps as perm anent features of the disks 
A steady state w arp can be m aintained tf a halo is sufficiently 
flattened (Petrou 19801. if a halo it tum bling (Btnney 1978. 
1981, van Albada, K otanyi. and Schwarzschild 1982. Tohline 
and  D urisen 1982. Lake and N orm an 1983. Sim onson and 
T ohline 1983; de Zeeuw and M ern t 1983. Steim an-Cam eron 
and D urisen 1984. Sparke 19846). o r if the sym metry axis of 
the halo is perm anently tilted at a finite angle to  the rotation 
axis of the disk (Dekel and Shlosman 1983. Toom re 1983. 
Sparke I984a| However, not all observed disk w arps dem and 
a steady state in terpre tation  As most of the cited authors have 
noted, it it reasonable to  expect that m any disk warps are 
transient features They result from  the simple tim e-dependent 
process of gas settling in to  a preferred plane o f the galaxy As 
we discuss in f t  II and  IV of this paper, transient w arps are of 
particu lar interest because a careful observational analysis of 
their kinem atic structure can reveal im portant inform ation 
about the geometric structure of the dark halos in which they 
reside A point similar to this has previously been briefly m en­
tioned by Sparke (1984o|
At the same time, an  observational analysis of the kinematic 
structure of w arps can also provide a crucial test of non- 
N ew tonian  dynam ical models of galaxies M ilgrom  (1983a, 6) 
and  Bekenstein and  M ilgrom  (1984) have proposed that
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w ithout invoking dark halos around galaxies, by allowing a 
modification of N ew tonian dynam ics in the presence of small 
gravitational accelerations In a similar vein. Tohline (I983j 
has proposed that a specific modification of N ew ton's law of 
gravity will explain the observed kinem atical structure of gal­
axies without invoking the presence of dark m atter Both these 
proposals, which differ rather drastically from conventional 
ideas, adopt the com m on theme that, with an appropriate 
modification of N ewtonian dynamics, the dynam ical structure 
of any individual galaxy wilt reflect self-gravitational inter­
action of only the visible material in the galaxy. Since the visible 
m aterial in any spiral galaxy is distributed largely in a disk 
these theories carry with them the implicit prediction that the 
kinem atics of w arped gas layers in isolated spiral galaxies must 
always reveal settling into a disklikc potential well W hat is not 
immediately obvious, however, is w hether the kinem atical sig­
nature of gas settling into an oblate (disklikc) potential accord­
ing to  the rules of these non-N ew tonian theories should be the 
same as the familiar N ew tonian signature In § 111. we detail 
the prediction of these two proposed m odifications of N ew to­
nian dynamics as they pertain to  gas settling in to  disk galaxies 
An outline of an observational means by which the theories 
can be tested is included in $ IV
I I  I N T E R R U P T  A 1 T O N  O f  K I N E M A T I C A L  T W I S T S
Rogstad. Lockhart, and W nght (1974. hereafter R L W | were 
the first to  convincingly dem onstrate in print that strictly cir 
cular m otion of gas in a  warped gas layer can  provide a reason­
able kinem atic m odel of a galaxy disk. They initially used their 
w arped model to explain the observed m otions of H i gas in 
M 83, then later applied it to M33 (Rogstad, W right, and  Lock­
hart 1976). In their model, a gas disk is divided up in to  a series 
o f concentric, circular rings which ro tate ngidly in their own 
planes The innerm ost rings lie in a single plane, defining what 
we refer to  here as the "cen tral disk," but the outer rings are 
lilted at various angles to  this plane in such a way as to  
describe a sm oothly warped structure Similar models have 
been fitted to  observations of other galaxies (e g . N ewton and 
Emerson 1977; Rogstad, C rutcher, and Chu 1979. Bosma 




specified once the two angles Kr) and fhr) are given as a func­
tion of nng  radius r, where i is the inclination of the ring with 
respect to  the central disk and  (1 is the position angle of the 
ascending node of the nng as m easured m the plane of the 
central disk In order to  com pare a given m odel's ifr) and O r)  
w ith observations, it is of course necessary to specify the orien­
ta tion  of the central disk relative to  our line o f sight, transform  
each nng 's t and O to  that reference system, and then project 
each nng  and its circular m otion onto the plane of the sky 
fSome published results from tilted nng  models show only 
these fmal angles that arc referenced to  the sky } This p ro ­
cedure is implicit in the work of RLW  and is discusied explic­
itly by Tohline and  Steim an-Cam eron 11986) and, in part, in 
g 8 4  of M ihalas and Bmnev f 198 11
A lthough the RLW nng model is, strictly speaking, only 
kinem atic in nature, it has a direcl analog in a realistic dynam i­
cal m odel As gas settles in to  the equatorial plane of a spher­
oidal gravitational potential (K ahn and W olljer 1959. Tohline. 
Sim onson, and  Caldwell I9B2| or. more generally, in to  any 
preferred plane of a gravitational potential well (D unsen ri al 
198.1. S teim an-Cam eron and Durisen 1984|. it should assume a 
sm oothly warped structure Because it simplifies our discussion 
in g III. we briefly recount why. and how. a smoothly twisted 
w arp can develop dynamically in a spheroidal system 
(G encraliration  to  an ellipsoidal system is fairly straightfor­
w ard I
C onsider the m otion of a massless test particle as it orbits an 
axisym m em c mass distribution W ith the Z-axis of a cylm- 
dncal coordinate system aligned with the axis of symmetry of 
the mass d istribution , and the angular m om entum  vector of 
the particle s orbit tilted at a finite angle r to  the Z-axis. we can 
generally describe the lest particle's orbu as execuimg oscil­
la to rs m otion both in the cylindrical radial coordinate ft and 
Z
ft ■= -  m ,1 R . (1 at
t  -  . (Ibl
where in general cu* *  uj, W hen considering nearly circular 
m otion |r  m [R : ■+ Z 1] 1 1 constant) about a mass d istribu­
tion that departs only slightly from spherical symmetry, we will 
also find it useful to  express and in terms of the circular 
orbital frequency uiD that w ould be obtained in the case of 
spherical sym metry, and two functions. *„ and that only 
describe departures from spherical symmetry
ru,,1 »  cup1! 1 <»l . (2aI
ru*1 -  tuu:U + 1*1 , (2b)
where | ef I 4  I and | e^ | 4  1 The exact values and functional 
behavior of the two frequencies cu* and  tuz depend on the 
details of the mass system and of the dynam ics being con­
sidered Independent of the specific system, however, if
cuj/tu„ >  I (i.e., -  t*  > 0), the particle will com plete each
Z -osctllation before it finishes one full oscillation in ft. so the 
orbit will precets in a direction that is retrograde to the direc­
tion of orb ita l m otion lie.. the position angle Cl of the line
of nodes of the orbit will regrets) Similarly, if att  < I
(«j — «a < 0), prograde precession of the orbit land of Cl) will 
occur For a given galaxy model, when the size of the ratio 
tu j/ru , is determ ined at a particular distance r from the center 
o f the m ass distribution , the direction of precession for an indi­
vidual particle orbit o r for a nng  of particles executing circular 
m otion in an orbit of radius r is autom atically defined
voi K r  
The rale  of precession will be
lu,
I U J ,  I »  | ix i, — t o *  J *  —  I f  J  -  t „ I 4 3 )
The precession frequency uip must generally be treated as a 
function of the orbital radius r  If u>, happens to have the same 
value over all radii in a w arped gas layer, then a steady state 
w arp can be achieved All the models of steady state warps 
m entioned in g  I present specific com binations of halo and disk 
structures tha t force to, to be independent of r  Usually 
though. u>, and all other angular frequencies in a galaxy 
approach zero at large radii Hence, radial differential preces­
sion will usually lead to the natural developm ent of a smooth 
twist in a w arped layer of gas and the twist will develop in a 
sense (looking from the inside of the disk, outw ard) that is 
opposite to  the direction of precession of individual rings 
Therefore, as the m otion of gas in different galaxies is examined 
observational I y, discovery of a prograde twist should imply 
that the Z-oscillation frequency is larger in m agnitude than  is 
the ft-oscillatton frequency (ujz uj* > II. w-hile discovery of a 
retrograde twist should imply that the Z-oscillation frequency 
is the smaller of the two (<uz n ;, < I )
C arrying the kinem atic discussion one step further, if we 
assume that observed spiral features in the unw arped portion 
of any galaxy disk are always trailing relative to  the direction 
of rotation of the disk, the following statem ents can be made 
A warped gas layer that twists in the opposite direction to  the 
central disk's spiral structure identifies a dynam ical system in 
which tuI itj„ > I O n the o ther hand, a w arped gas layer that 
twists in the same direction as the central disk s spiral structure 
identifies a system in which taz iua < I
111 EXPECTATIONS FROM DYNAMICS
W hen building a self-consistent d y n a m i c a l  model of a spiral 
galaxy, what do  we expect the ratio  ruz uia to  be in its outer 
regions'* In N ew tonian dynam ics, equations (la )  and (1b) arc 
derived Trom the fundam ental dynam ical equation
m -  - , (41
where a is the acceleration and the N ew tonian gravitational 
potential <t>K at any point a  due to a n a s s  d istribution  p i t ) is 
given by the well-known expression
(t) m - G  f * * d ix (5)
J lx -  x  |
For a massless particle orbiting well outside a spheroidal mass 
d istribution  (or for one orbiting near a spheroidal mass that 
deviates only slightly from spherical symmetry). M acCullagh s 
form ulation (Ramsey 1981, p 87) allows us to  write the 
N ewtonian potential tb^tft. Z) as
« u r .  z i  *  ^  j  - 1  + [(4  -  o r j - h a -  o z 1] ! .
( 6 )
where Af is the total mass of the spheroid. C is the gravitational 
constant, and. as in § II. the Z-axis of the cylindrical coo rd i­
nate system is aligned with the symmetry axis o f the mass 
d istribution  In this expression. A is the mom ent of inertia of 
the mass d istribution  about an axis lying in its equatorial 
plane, while C is its mom ent of inertia abou t the symmetry 
axis Both A and C are intrinsically positive quantities From
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this expression. one can readily derive (he function* and
and. by combining equation* 11), (21, and  Ml. *how (hat
IC -  A) (7 (
F or a Katie oblate mass d m  n  but ion, in which C > A, we aee 
tha< -  c„ > 0 In this case, therefore, the Z -oscillation fre­
quency cjz must be greater in m agnitude than  u (  for panicle 
orbit* (i.e.. tuz /tuK > If Foi a prolate m ats distribution, on the 
o iher hand. C < 4 .  so — « ,  < 0  and, dynam ically, panicle 
orbit* m u tt have < 1. Thi* result for N ew tonian
dynamic* i* well known
M ilgrom  ()983o. bf ha* proposed that, in m any cases, a 
massless test pan icle  orbiting in the gravitational field of a 
galaxy will feel an acceleration a given, not by equation Mj, but 
by the following dynam ical equation
( £ > ■
(«1
In M ilgrom '* formalism, Ogi *  2 * 10 '  cm s 1 if the H ubble 
constant H0 -  SO km s " 1 M pc ' * I is the value of the acceler­
ation  below which equation (8) dom inates ord inary  N ewtonian 
dynam ics Inserting from equation  (6) in to  (8|. one can 
construct tw o equations like I la) and 11 b | governing the 
m otion of massless particles orbiting outside a (weakly) spher­
oidal mass d istribution  and show, for example, that in 
M ilgrom  s dynamic*. oi<,* «  (GMa„l' 1r J, which is different 
from the N ew tonian value uj03 •  GMr J For our purpose*, 
however, it it sufficient to point out that since, in Milgrom'* 
dynamics, a always point* in the same direction a* V<J>v we are 
guaranteed '' that for an  arbitrarily specified mas* distribution.
(9)
Therefore, with regard to  the direction of precession for particle 
orbits, the expectation* from M ilgrom'* dynamic* are identical 
to  the familiar behavior of N ew tonian dynamic*
Tohline (1983) ha* hypothesized (hat at distances r a- d 
id *  l-S  kpc) from any mass d istribution, gravity deviates 
from a N ew tonian behavior and adopts, instead, a force p ro ­
portional to  1 r Such a force can be derived from a logarithm ic 
scalar potential
♦if* I a  ) In | jr -  x | dix ( 10)
that then replaces in the dynam ical equation  (4) A dapting 
M acC ullagh's form ulation, as was used for the N ew tonian d is­
cussion above, one can show that, at a point well outside a 
spheroidal m ass d istribution  lor, again, neat a mass whose 
structure deviates only slightly from spherical symmetry).
«M R. Z\ * r -+
1
4 M r
* [(2 4  -  O R 1
-  (24 -  3C\Z (HI
where G. M. 4, and  C have the same definition* as in expres­
sion (6). F rom  this expression, one can readily derive (he func-
*  W r  are  i n d c f c i e d  i o  L inda  S p a r k e  f o r  b r i n f i n j  t i t u  r a i h e r  o b w o u i  p o i m  i n  
o u r  j n c n t r o n  W c  h a d  o v e r  l o o t e d  n  i n  t h e  o r i g i n a l  d i a f i  o f  U r n  p a p e r
(ion Td>t needed in equation  Ml to  describe dynamic* using 
T ohline* modified gravity From  the derivation we obtain 
tnj -  G M d " ’r" 1 and
1 1 2 )
Hence, although the ratio  | uif/tug I i t  smaller than  in the New­
tonian  case by the factor j. ihc direction of precession i* again 
identical to  that found in N ew tonian dynamic* for a given type 
of mass distribution
This qualitative agreement extends to  ellipsoidal mas* 
models a t well It can be shown that in the dynam ical models 
proposed by bo th  M ilgrom  and Tohline. an ellipsoidal mas* 
distribution having m om ents of inertia 4 ,  < At < 4 3 m ea­
sured about the three principal axes will produce orbital oscil­
lation frequencies foi, I < < ( iuj | This agrees with the
dynamical behavior derived from N ewtonian dynamic*
I V  D I S C U S S I O N !
In N ew tonian gravitational systems, we have emphasized 
the fact that massless particles orbiting about a static oblate 
spheroidal mass d istribution  will experience a frequency ratio  
tu j/iu , > t Therefore, gas which settle* into a galaxy whose 
structure is dom inated by the presence of a massive disk musi 
develop a prograde twist Since much of the light from M B ' i* 
obviously emitted from a flattened disk, RLW were probably 
not surprised when their kinem atical model of H 1 motion* in 
M83 dem anded a  tignificam prograde twist in its w arped gas 
layer* In fact, they perform ed a simple numerical sim ulation to 
illustrate that a tw ined warp, whose properties were in agree­
ment with their kinem atical model, naturally develop* from (he 
dynamical m otions of massless rings orbiting “ an oblate non- 
hom ogeneous sphenod  "
In light of our current thinking on spiral galaxies, however, 
it is reasonable to  assume that the dynamics of the gas in the 
outer region* o f M83 is being controlled by a dark halo  and 
not by the lum inous m aterial (see T ubbs and Sanders 1979. a* 
well as the num erous citations m entioned in § 1) Therefore, the 
results of RLW should be looked at with renewed interest 
They reveal that M83's dark halo is not prolate in structure 
We encourage detailed studies of twists in the w arped layer* of 
other galaxy disks as a tool for probing the geometric structure 
of o ther dark halos O ne such study involving published data 
on H t warps is already underway (Tohline and  Steiman- 
C am eron 1986). A few examples of tw ists that illustrate settling 
into a prolate-like potential well will help substantiate the con ­
jecture that dark halos, like elliptical galaxies, are not smelly 
oblate spheroidal structures but should be treated, generally, 
as being tnaxial ellipsoids O bscrvationally. the signature of a 
prolate-like structure should be a warped H i ga* layer that 
twists in the tome d irection as the optical spiral pattern  of the 
central disk
In order to  avoid m isinterpretation of these last statem ents, 
we emphasize that if a galaxy is found whose w arp carries (he 
signature of a "p ro la te -fike" structure, one cannot unam ­
biguously conclude that its halo is truly prolate As was m en­
tioned in i  HI, an ellipsoidal halo can also produce precession 
patterns thai are “ prolate-like " Instead, the im portant point 
th a t will be uncovered by this finding is (hat the potential well 
in which the galaxy sit* is definitely not oblate Likewise, we 
em phasize that our analysis has ignored the self-gravity of the 
w arped gas layers, since we have treated them as massless rings
1 0 0
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of test panicle* The signature of a nonoblate halo may be 
somewhat camouflaged by a warped laser s self-gravity if the 
halo is nearly spherical or not sufficiently massive
The modified dynamical models or M ilgrom (1983a. f>) and 
Tohline (!983 | were both proposed as an alternative to  the 
dark halo  hypothesis. Implicit in both ihcse models is the sta te­
m ent that the gravitating m aterial in spiral galaxies is d is trib ­
uted largely in a disk, that is, in an oblate geometric structure 
As we have shown in § 111, both of these non-N ew tonian 
models dem and that oblate mass distributions produce orbital 
frequency ratios u>z 'ujK > 1 Hence, the models proposed by 
Milgrom and Tohline both carry with them the implied predic­
tion that all warped gas layers in the outer regions of spiral 
gala sies miisi exhibit pr&gradt tw ins The kinem atical structure 
of the disk in M83 is consistent with the predictions of these 
models, but if well-defined retrograde iwtxis are ever found in 
o ther w arped tal**y disks, these models would fail to  explain 
the w arped structures as being due to  the natural settling of gas 
in to  a self-gravitating disk
W e ha vc benefited from k v c t iI enlightening d iicu u io n s of 
ih ii tubjeci with Thom as Y Sieim an-Cam eron This work has 
been supported in pari by the Council on Research at L oui­
siana State University and in part by N SF grant AST-8217744
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A B ST R A C T
O b*erva(iom  o f  th e  k inem atics o f  H  I in t i n  d isks o f  spire! galaxies have show n th a t iso velocity con tou rs 
o ften  exhib it a tw in ed  p a tte rn  T he shape o f  a galaxy 's g rav ita tional potential well (w hether due to  
lum inous m atte r o r dark  n u t t e r )  can  be determ ined  from  the d irec tion  o f  the tw ist I f  th is tw ist is a  
m an ifesta tion  o f  th e  precession o f  a  nonsteady-state  d isk, we show  th a t the tw ists o f  N G C  5033 and  
5035 im ply an overall p ro late  shape, w ith  th e  mayor axis o f the po ten tial well aligned along the ro ta tion  
axis o f th e  disk. T herefore, the lum inous d isks o f  these galaxies m u tt be em bedded in  d a rk  halos th a t a re  
p ro la te  sphero ids o r prolatelike triaxial figures
I INTRODUCTION
O bservations o f sp iral galaxies in the 2 1 cm  line o f neu tral 
hydrogen have no t been consistent w ith  th e  sim ple p ic tu re  of 
a Rat, self-gravitating , constant-m ass-1o-light-ratio  gaseous 
d isk in c ircu lar, differentia! ro tation . A typical derived ro ta ­
tion  curve does no t show a K eplerian  behavior a t large d is­
tances from  the galaxy nucleus; instead, it stays alm ost con ­
s tan t o r increases slowly w ith radius even out to tw o or three 
H olm berg  rad ii (R o g stad  and  S ho ttak  1972; R oberts and 
R ots 1973; K n im m  and Salpcter 1977). M oreover, isovelo- 
cuy  and surface-in  tensity d iag ram s often ind ica te  (hat a 
large-scale d is tu rbance  dom inates th e  kinem atics o f  the gas, 
especially in the  o u te r regions o f a galaxy (R ogstad , L ock­
hart, and W righ t 1974; R oberts an d  W hitehurst 1975; R og­
stad , W ngh t, an d  L ockhart 1976, N ew ton an d  E m erson 
1977, R eakes an d  N ew ton 1978, R ogstad , C ru tch e r, and 
C hu  1979; N ew ton  1980b,b; Boam a 1981, Schw are 1985)
I n s  num ber o f sp iral galaxies, an  obvious signature o f a 
"d is tu rb an ce"  in th e  H I disk is th e  tw ist th a t appears in the 
co n to u r lines o f an  isovelocity d iagram  (to m e  o f  the m oat 
p ronounced  tw ists observed to  d a te  are th o te  seen in M 83 
and  N G C  300). These k inem atical tw ists strong ly  suggest 
th a t the o u te r p art o f  each galaxy disk is w arped R ogstad , 
L ockhart, and  W righ t (1974, hereafter referred to  a t  R L W ) 
show ed, in  a  p ioneering w ork, th a t the k inem atics o f the disk 
o f  M 83 can  be easily explained using a  tilled -n n g  m odel to  
represent the  d isk 's  w arped  an d  tw isted structu re . In such  a 
m odel, each o f  a  n u m b er o f  concentric , c ircu la r rings is a l­
low ed to  change its  o rien ta tion  in space by perform ing  tw o 
ro ta tions one a round  its protected mayor axis o n to  th e  plane 
o f  th e  sky (w a rp ) , an d  an o th e r a ro u n d  its sym m etry  axis 
( tw is t) . R ogstad . W righ t, an d  L ockhart {1976) and  R o g ­
stad , C ru tcher, an d  C hu (1979 ) successfully used the sam e 
type o f  m odel to  explain th e  kinem atics o f  M 33 an d  N G C  
300, respectively. Boam a (1981) used a  sim ilar m ode) to 
m atch  h is h igb-reso lu tkx i obeervatioos o f th e  gala  tie s  N G C  
5033, 3035, 2841. 3198, an d  7331
C hris todou lou  and  T oh line  (1986, hereafter referred  to  as 
C T ) show ed th a t an  observed k inem atical tw ist in  a  w arped 
disk can  be re la ted  to  a  realistic dynam ical m odel in w hich 
rings o f m assless, d issipative teat particles settle in to  a prede-
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fined poten tia l well. W e will m ake use o f th is dynam ical- 
m odel in te rp re ta tion  here, so it is w orthw hile to  ou tline 
briefly the key points o f the  m odel It is w ell know n that 
o rb its  o f  test particles in a  nonspherical po ten tia l well will 
process and  th a t the d irection  o f the ir precession depends on 
th e  shape o f the  poten tia l well ( c f  Gaiifinkel 1939; K ahn  and 
W oltjer 1939; Tohline, Sim onson, and  C aldw ell 1982) CT 
poin ted  ou t th a t in a spiral galaxy 's differentially ro tating  
gaseous disk, precession an d  d issipation  o f  th e  particle orbits 
will cause th e  d isk to  form  a sm oothly  w arped and  tw isted 
struc tu re , and  th a t, reflecting th is struc tu re , th e  p a tte rn  of 
th e  isovelocity d iagram  o f a d isk galaxy will appear to  tu rn  
( tw is t) in a d irection  th a t depends on th e  precession d irec­
tion  H ence, k inem atical tw ists ( w hether p rog rade  or re tro ­
grade to  the  d irection  o f  ro ta tio n  o f  the sp iral d is k ) can  be 
used to  decipher the  shape o f a disk galaxy 's underlying po­
ten tia l well ( w hether oblatelike o r prolatelike, respectively) 
A  sim ilar point has also been m ade by Sparke (1984). A 
m odel th a t explains k inem atical tw ists a s  long-lived s tru c ­
tu res w hose signatures infer an  underly ing  potential-w ell 
shape th a t is entirely  different from  the one being used here 
has been p resen ted  by P e trou  (1980). A s we discuss in  Sec. 
IV , how eW r, P e tro u 's  m odel is probably not applicable to 
m oat w arped galaxies,
I t  is im p o rtan t to  em phasize th a t w hen a p ro la te  shape is 
ind icated  by th e  C T  analysis, the reference is no t to  a barlike 
d is to rtion  w hose m ajor axis lies in th e  plane o f  the sp iral 
d isk , bu t ra ther to  a global d is to rtion  w hose m ajor axis is 
o rien ted  normal to  the spiral disk, i.e., along th e  d isk’s ro ta ­
tion  axis. F u rth erm o re , we shou ld  point o u t th a t th e  C T  
analysis cannot d istinguish  betw een a perfect sphero idal po ­
ten tia l well and  a triaxial po ten tia l well w ith  roughly th e  
sam e sym m etry  (fo r exam ple, an  oblate sphero id  w ith  axes 
a — 6 > c  from  an  ob latelike triaxial figure w ith axes 
a 2  8 > c ) .  so  in  C T  the te rm s oblatelike and  prolatelike w ere 
used to  describe objects w ith  a , canda. f i ,  d r ,  respectively. 
H ereafter, fo r g ram m atica l convenience, we will adopt th e  
te rm s ob la te  and  p ro late  instead of oblatelike an d  p ro la te ­
like, bu t th e  render should  keep in  m ind  th a t in th e  context o f  
th is  pap er th e  sim pler term s are m eant to  describe a  w ide 
class o f  objects th a t includes triaxial figures as well as spher­
oids
W e should  also  em phasize th a t a k inem atical twist in a  
w arped  galaxy disk will provide a signature  o f  the  shape of
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that galaxy's po ten tia l well as described by C T  only if the 
w arp  in the galaxy’s disk is transient W hile we cannot prove 
in any individual case tha t the identified w arp  indeed pic­
tures a disk at an  instant d u ring  a phase o f  lim e-dependent 
settling  tow ard a p referred  plane, it is not unreasonable to 
suspect tha t m any w arps are transien t. T his idea is reasona­
ble because galaxies a re  relatively young system s, dynam i­
cally; in teractions betw een galaxies are not infrequent, caus­
ing m any disk system s to  undergo  a phase o f  tim e-dependent 
settling  m ore than  once since the era o f galaxy form ation, 
and , as has been poin ted  out by T ubbs and Sanders (1979) 
and  S teim an-C am eron and D u n sen  (1988), in th e  presence 
o f d a rk  halos, settling  times can be quite long. A s T oom re 
(1983) has reviewed, it m ay be the case th a t the w arps in 
som e galaxy disks a rc  not transien t features but arc. instead, 
steady-sta te  stru c tu res  identifying either the  tilted  o rien ta­
tion o r the tim e-varying natu re  o f  underlying dark  halos. 
Indeed , we have been party  to  som e o f this speculation (T oh- 
hne and  D urisen  1982; D urisen et al 1983; Sim onson and 
T ohline 1983, S teim an-C am eron  and D urisen  1984, 1988). 
F or the reasons just enum erated , though, it is doubtful that 
a ll— o r even m ost— w arps th a t are observed on  the outer 
fringes o f disk galaxies are  steady state. M oreover, certain  
galaxies that are observed to  have significant kinem atical 
tw ists— such as th e  ones we present here— individually  are 
difficult to  explain as steady-state structures; steady-state 
w arps generally require  a dynam ical line o f nodes whose 
orien ta tion  m space is constan t as a function  o f  radius, 
w hereas the tw ists in these galaxies sim ply cannot be m od­
eled by sets o f rings w hose lines o f  nodes are constan t with 
radius. In th is paper, we will follow C T and adopt the basic 
assum ption  th a t the galaxy w arps we a re  m odeling are tra n ­
sient features; this is being done w ith th e  understand ing  that 
th e  validity o f o u r conclusions hinges on th e  co rrectness o f 
th is assum ption.
C T  pointed  ou t th a t the R L W  tilted-ring  m odel reveals 
th a t th e  potential well o f M 83 is definitely not p ro la te  In te r­
estingly, th is result for M 83 is consistent no t only w ith the 
dark  m atter hypothesis, but also w ith theories th a t do  not 
assum e any dark  m atte r , bu t th a t m odify N ew tonian  dynam ­
ics on large scales in o rder to  explain fiat ro tation  curves 
(T oh line  1983, M ilgrom  1983a,b,c, 1984, I986a.b; Beken* 
stein and  M ilgrom  1984; Sanders 1984; K uhn  and  K ruglyak 
1987; for a review see Bekenstein 1987).
T he galaxies N G C  3033 and  3035 are m em bers o f a group 
o f 14 unbarred , "n o rm a l."  sp iral galaxies for w hich high- 
resolution  21 cm observations an d  good isovelocity con tou r 
m aps exist in th e  published literatu re . In o rd e r to  exam ine 
th e  im plications o f  the idea pu t forth  by C T , we have chosen 
to  m odel th e  k inem atics o f th is en tire  g roup  using a  tilted- 
n n g  m odel sim ilar to  the m odels th a t have been used by 
R L W  and  by o th e r authors. O ur exact p rocedures, th e  rel­
evan t equations, an d  o u r  com plete set o f  results w ill be given 
in C hristodoulou , T ohline, an d  S teim an-C am eron  (1988, 
hereafter referred to  as C IS ) .  In th is paper, we sum m arize 
the  resu lts for N G C  3033 and  3055, the only ones from  our 
g roup  o f 14 galaxies w hose kinem atics identify a  g rav ita tion ­
al poten tial well th a t is unam biguously  p ro late  in shape. The 
im plications o f o u r results, in  relation  to  th e  d a rk  m atter 
hypothesis and  th e  theories o f modified dynam ics, a re  d is­
cussed in Sec. IV,
I I  P R O C E D U R E
Before any conclusion can be d raw n  about the underlying 
geom etric shape o f a spiral galaxy 's grav itational potential
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well, a "best-fit" tilted -nng  m odel o f the galaxy 's disk must 
be found Then, by simply ascerta in ing  w hether the best-fit 
m odel includes a w arp  th a t tw ists prograde o r  retrograde 
w ith respect to the d irection  o f ro ta tion  o f th e  galaxy, one 
can  identify w hether the underly ing potential well is oblate 
o r prolate, respectively.
T he basic tilted-ring  model used by CTS has the following 
properties:
(a )  Before in troducing a w arp, a "reference" disk o f rad i­
us R is divided in to  (V concent nc, c ircu lar rings o f  equal 
radial w idth Ar -  R /N ,  each representing  gas o f surface 
density  S ( r )  in uniform  circu la r m otion w ith velocity v[r) 
Each ring 's  physical p roperties are assigned such  that, in the 
reference disk, the surface-density profile is
5 ( r ) = 5 „ e  (1 )
and  the ro ta tion  curve is
i \  I r / r  ) fo r  r < r ,
r (2)i', for r > r, ,
w here S„ and t\ are the cen tral surface densiiy  and  m axi­
m um  circu lar velocity, respectively, and a  m arks Ihe scale 
length of the exponential disk. W e have chosen here a  — 2 4 
so t hat t he ou ter boundary  o f ou r m odels at radius R is traced 
by the surface-density value S ( R )  =  0  IS,,
(b )T h e  ou ter region of the d isk is w arped so tha t, in the 
reference fram e o f  the galaxy itself, the w arp begins a t radius 
r„ such th a t the ascending line o f nodes o f the  innerm ost 
tilted nng  is at an azim uthal angle t0 as m easured in the 
reference disk from  the axis defined by y  ( see item  c, be low ) 
H enceforth , the angle f„ will be referred to as " th e  position 
angle o f the w arp ."  N otice that ou r definition o f the position 
angle o f the w arp  is different by exactly  90* from  earlier ti lt­
ed -n n g  models ( R ogstad, W right, and  L ockhart I97fi; R og­
stad, C ru tcher, and  C hu 1979) in w hich the  position angle 
was specified for the point o f each  n n g  that w as displaced to 
the m axim um  linear height w ith respect to  the reference 
disk. The innerm ost tilted ring, num ber n0 — N (e ,/R ). is 
tilted  ou t o f the reference disk by an angle Au> and  each 
successive ring  at larger d isk radii is tilted  an  additional 
equal increm ent o f Aw degrees. A s a result, the m axim um  
extent to  w hich the disk at radius R w arps ou t o f the refer­
ence disk is u 1 =  ( N  — n0 +  1) Aw  degrees. A tw ist is in tro ­
duced  into th e  w arp by also specifying a different ascending 
line o f nodes for each ro ta ting  n n g  o f gas outside o f  ring 
Specifically, we int roducc a constan t shift in the  line o f  nodes 
by At degrees per nng. H ence, the ascending line o f  nodes of 
th e  outerm ost ring  in ou r m odel is ai «  t0 + A ltN  — n0). 
T he sign chosen for the tw isting increm ent At is th e  key 
elem ent that distinguishes betw een a  p rograde and  a re tro ­
grade tw ist for the warp. IfapaM (/ur A rit required  to  explain 
th e  observed kinem atics o f  a  disk, then  the tw ist is, by deuni- 
tion , prograde, and  we will deduce th a t th e  shape o f  the u n ­
derlying potential well is oblate; if a negative At is required, 
then  the deduced shape is p ro late
(c ) The o rien tation  of the  unw arped  reference disk rela­
tive to  the line o f  sight and, hence, also  of the fiat portion  o f 
th e  w arped disk inside rad ius r^  is specified by tw o angles—  
the inclination  angle to o f  the  d isk 's  sym m etry  axis to  the line 
o f  sight (^  — CT indicating a  face-on d isk ); and  the potition  
angle y  o f the sem im ajor axis o f the blueshifted (i.e., ap­
proaching) side o f th e  disk, as m easured  from  north  due east 
on  th e  sky. It is particu larly  im portan t, in o rder to  avoid 
am biguity  in the "best-fit" m odel, th a t we know  th e  exact
1 0 5
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position of the projected image on the sky of each galaxy in 
three-dimensional space In order to eniure a clear tpecrfita 
lion o f this poti(ton, we have restricted the inclination angle 
^ to values 90*>i0>0* and have specified. in addition, 
whether the toutbern edge o f the galaxy image on the sky u 
•carer to u i or farther from u» than the center of the refer­
ence disk
For the purposes o f the present discussion, identification 
o f a "best-At” tilted-nng model has not included finding a 
model that reproduces in detail all the anal I-scale features 
that appear in typical observed iso velocity contour maps or 
iaointensity diagrams Rather, our aim for each galaxy has 
been to find a model that best explains general trends that are 
present in published observational maps—a model whose 
xenMh-order velocity contour bends in the correct direction 
and to the correct degree, for example, and whose projected 
column density map shows steep radial gradients in the ap­
propriate locations on the sky. Furthermore, our focus has 
been on matching features that arise in the outer regions of 
each galaxy disk, where the dynamics o f gas particles in the 
disk arc presumably most sensitive to the gravitational influ­
ence of a dark halo. In this context, we have not tried to 
model H i holes, local disturbances, or noncucular motions 
driven by oval distortion* in the central region* o f the galax­
ies in this sample.
In our search fora “best-At" tilted-ring model, an attempt 
also has been made to include as few free parameters a* pos­
sible. After considerable experimentation, we have found 
that, for the most part, the general trends exhibited in all 
available H i maps can be accounted for by adopting a very 
simple, standard form o f the rotation curve and by assuming 
smooth variation* in both the warping and twisting angles—  
i.e., values of Aw and dr that do not vary with radius A l­
though more complicated models using a larger number of 
free parameters can certainly be used to obtain an even high­
er degree o f agreement with the observations in every case, 
we are confident that our simple model allows an unambigu­
ous interpretation as to the general properties of the warped 
and twisted structure of a significant number o f galaxy disks
III RESULTS
In practice, unless the galaxy being studied exhibits isove­
locity contours that are significantly distoned from the 
clearly recognizable pattern o f pure circular rotation— as it 
the case for M83— e reasonably good fit to the observation* 
can be obtained with either a prograde or a retrograde tilted- 
ring model (This possibility has not been explored in pre­
vious studies that have employed the kinematical tilted-ring 
m odel.) As a result, an unambiguous decision regarding the 
shape o f the underlying potential well cannot be made. In 
our study (tee CTS for detail*), are have generally construct­
ed both a “bast-fit" oblate model— meaning ■ tilted-ring 
model possessing a warp with a prograde twist— and a 
“best-fit” prolate model—meaning a model having a warp 
with a retrograde twist— then, between these two, the model 
that provide* the better fit to the observation* is selected as 
providing the best overall description of the underlying po- 
tenual-well shape. At this point, we should emphasize that it 
Is often difficult to unambiguously select the best overall 
model by examining only modeled velocity maps. The sur- 
faoe-density maps can play a critical rote in identifying the 
best model, as our discussion o f individual maps below indi­
cates. Of the 14 galaxies are have modeled, a clearcut choice 
between oblate and prolate models can be made easily in 
seven cases— five are oblate and taro are prolate
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Table I summarizes, for the two galaxies NGC 3033 and 
3035, all the parameter* that were held fixed during our 
search for a "best-fit” tilted-ring model. These parameters 
basically refer to the structure o f the unwarped reference 
disk, as defined in Sec 11 above, and have been taken from 
Botina (19811 (tee CTS for details). Table II summarizes 
the "best-fit” parameters that we have determined for the 
warped structure o f each of the two p i n * *
NGC 90)3. The best model demand* a set of tilted rings 
whose relative orientations twist retrograde, i.e., the incre­
ment At  is negative We deduce, therefore, that the underly­
ing potential well has a prolate shape Specifically, the model 
consists o f 20 rings, with the ten innermost ring* composing 
a central, unwarped disk: in the eleventh ring the warp be­
gins at r0 — 313* and incorporates twisting and tilting angle 
increments of A( — — 6* and Aw — 1*. The isovelocity and 
surf ace-density diagrams for this model are shown in Fig* 
1(a) and 1(b) [Plate 811- Figures H e) and 1(f) [Plate 82] 
are reproduction* o f Boama'* (1981) actual observation* 
For comparison, the "best-fit” oblate model is shown in 
Fig* 1(c) and 1(d). The parameter* for the oblate model 
differ from those listed in Table II only in that t0 — 170* and 
A/ — +  6*. Notice that, even though the general direction of 
the observed kinematical twist is correct in this oblate mod­
el, the high-order velocity contour* shown in Fig 1(c) do 
not reproduce the observation* Furthermore, the steep den­
sity gradient* that appear at the NE and SW side* o f the 
galaxy in the observational map (Fig. 1(01 are not repro­
duced by the oblate model (Fig. 1(d)), where the steepest 
gradient* extend directly east and west. Figures 1(c) and 
1(d) also show that, when projected onto the sky, the outer 
contour* of the oblate model produce a smaller axis ratio 
than is required by the observations. Therefore, in an overall 
sense, the tilted rings o f the "best-fit” ablate model are not 
correctly inclined relative to the line o f sight
NGC 9095. The best model demands a prolate shape and 
warping angles r„ — 26(f. At — — 10*, and Aui — 1 ’ 1 The 
warp begin* outside o f a central disk composed o f only two 
rings. The isovelocity and mrfsee-density diagram* for this 
model are shown in Figs. 2 (a) and 2 (b ) [Piste 83) Figures 
2 (e )  and 2(D  [Plate 84) are reproductions of Bosma’s 
(1981) actual observation* For comparison, the rejected 
“best-fit” oblate model is shown in Fig*. 2 (c) and 2 (d ). The 
parameters for this model differ from the ones listed in Table 
II only in that f„ — 2TQT and Ar — +  1(T. This model does 
not compare well al all with the observed maps The reason 
is that, in order to achieve roughly the correct degree of 
kinematical curvature in the velocity map, we were forced to 
introduce very strong twisting o f the ring*. As a result, as is 
illustrated in Figs 2 (c )  and 2 (d ), the oblate mode) project­
ed cm the sky is much thinner than the observed disk and it 
fails to generate the two H J "bridges" running from east to 
north and west to south in the observed surface-denxity map 
On the other hand, the prolate model appears to be as thick 
as the observed disk and does show the H I “bridges " At thi« 
point we would like to stress once again the importance of
Tabli I Fuad puuMtn
Qalaiy r(*> t.n v, (km i " 1) r./H
Southern
■tr­ S R<‘>
NGC sou It) 42 220 0 1 ocar 20 14
NGC SOS) IT* SS 21) 0 0) star 20 24 3
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T a k e  II Determined parameter!
G alaxy r^ /R  1„C> A rl’J A v C ) Shape
N O C  5 0 3 3  0 5 5  Ti 3 0  ~  To p r o l i l t
N G C 5 0 S 5  0 1 ?  3  3 6 0  -  1 0  I I  p r o l a t e
exam ining the surface-density  maps: in the process o f trying 
m any different m odels, we constructed  a prolate m odel w ith 
all param eters as given above except At -  -5 * .  T his m od­
e l’s velocity m ap was practically  no  different from  the m ap 
show n in Fig. 2 ( a )  but, as was the case w ith theo b la te  m odel 
ju s t discussed, th e  surface-densily m ap  did not p roduce  the 
Observed H  1 ' ‘bridges " O n the basis o f presenting the w rong 
surface-density  m ap, therefore, the pro late  m odel w ith 
i f  =  — 5* was rejected in favor o f the one w ith i f  =  -  1CT
As m entioned in Sec II, we believe th a t additional im ­
provem ents can be m ade in the kinem atics] m odels o f these 
tw o galaxies by fine tun ing  the various param eters F or ex­
am ple, one could develop a m ore sophisticated  specification 
o f  the variation  o f the tw ist and the w arp  from n n g  to  nng. 
ra th e r th an  using a sim ple increm ent, as we have done, or 
one could specify a m ore com plicated ro tation  curve o r su r­
face-density  profile for the unw arped reference disk Indeed, 
a fte r exam ining m any different types o f m odels it has be­
com e clear to  us th a t for N G C  5055 in particu lar, a ro tation  
cu rve th a t falls in the  o u te r regions (such  as the one show n 
by Bosm a I9BI)  w ould help  in reducing the size o f the 
" lo o p ed "  velocity con tours in F ig 2( a ) ,  m aking the m ap 
m ore  consistent w ith the observations H ow ever, for both o f 
th e  galaxies presented here, we have searched the available 
param eter space sufficiently well to  sta te  with confidence:
(1 )  F ine tun ing  o f  the free param eters, such as em ploym ent 
o f a sophisticated  ro ta tion  curve o r varying th e  increm ents o f 
At an d  Aw, canno t affect th e  global features ( general tr e n d s ) 
show n in th e  m aps o f o u r cu rren t m odels, it only can gener­
a te tom e differences locally exactly w herever the fine tun ing  
is im plem ented  (2 )  F o r each galaxy there is a w ell-deter­
m ined position  around  the d isk at w hich the w arp  s ta rts  (3 ) 
In bo th  galaxies, th e  w arped portion o f the disk tw ists re tro ­
grade w ith respect to  th e  d irection  o f the d isk 's  ro tation  
Based on  C T 's  discussion, we therefore conclude that the 
shape o f  th e  overall potential well is pro late  for the  tw o gal­
axies N G C  5033 and  5055
It is im portan t to  note th a t our pro late  m odels described 
here  not only provide the best fits for N G C  5033 and  5055, 
but th a t also  the general struc tu re  o f  these m odels is not 
substan tia lly  different from  B osnia's (1981) models. D iffer­
ences in de tail between o u r best-fit m odel and  B osm a’s are 
described in  C TS, w here we also show  how B osnia's p a ram ­
ete rs  can be transform ed to  our system  o f  param eters and 
vice versa. Boam a did not elucidate th e  dynam ical im plica­
tions o f h is ow n tilted-ring  m odels, how ever, so the evidence 
th a t these galaxies are em bedded in prolate halos has here to ­
fore gone unnoticed.
t v  D I S C U S S I O N
F rom  a group  o f 14 unbarred , “n o rm al"  spiral galaxies 
w hose individual k inem atical struc tu re  has been analyzed by 
using a tilted-ring  m odel (CTS; C hristodoulou  1988). tw o 
sp iral galaxies— N G C  5033 and 5055— are o f p a rticu la r in ­
terest because their k inem atics reflect an underlying g rav ita ­
tional poten tial well that  is prolate in struc tu re . As discussed
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in Sec I, th is conclusion is based on the  theoretical model 
outlined  by C T  and  is predicated on the assum ption th a t the 
tw itted  w arp  in each galaxy is a transien t, ra ther than  
steady-state, structu re . In both cases, the  m ajor axis o f the 
underly ing potential well is peqsendicular to  th e  principal 
plane o f  th e  spiral d isk O ther investigators have constructed  
sim ilar models for these and o ther galaxies but have not 
d raw n  a  clear connection  between th e ir m odels and  the dy 
nam ics o f  th e  gas in the ou ter regions o f the galaxies. T h e re ­
fore, th e  prolate n a tu re  o f these tw o galaxies has previously 
not been noticed.
O u r resu lts not only give support to  th e  idea th a t a dark  
halo  su rrounds th e  lum inous disks o f  N G C  5033 and 5055 
but, as is signified by the halo 's clear dom ination  o f the d y ­
nam ics, they also indicate that, in each  o f these system s, the 
dark  (p ro la te ) ha lo  has a m uch larger quadrupole  m om ent 
than  th a t o f the visible (ob la te) disk
P etrou  ( 1980) has presented a m odel tha t, at first glance, 
appears to  be able to  explain the presence of a re trograde 
tw ist in the tilted-ring m odel o f a w arped disk w ithout d e ­
m anding  th a t th e  disk reside in a p ro la te  halo She has a r ­
gued, in effect, th a t a retrograde twist can  develop natu rally  
in a gaseous disk th a t settles into an ob la te  halo if, con trary  
to  the assum ptions adopted  here and  in C T, the halo is s tru c ­
tured  such thai the precession rates o f pan ic le  o rb its in ­
crease. ra th e r than  decrease, w ilh d istance from  the cen te r of 
the disk T h is situation  can arise if the halo  exhibits a shape 
that is nearly spherical al all radii r < R but flattens rapidly at 
radii outside the disk P etrou 's m odel is a ra ther unorthodox  
one but it is, nevertheless, potentially adm issible given the 
weak constrain ts th a t direct observations currently  place on 
the d istribu tion  o f dark  m atte r a round  individual galaxies. If 
P e tro u ’s m odel proves to  be a viable alternative for e ither 
galaxy, we will be unable to  conclude unam biguously that 
the halos su rrounding  N G C  5033 and  5055 are prolate
Based on settling tim e argum enls (T ohline, S im onson, 
and  C aldw ell 1982, S teim an-C am eron and  D unsen  1988 > 
one can show, however, th a t P e trou ’s m odel is unlikely to  be 
applicable to most galaxies. In the halo  m odel discussed by 
C T  and em ployed here, precession ra tes  decrease fairly rap ­
idly w ith radius and, as a result, the tim e it takes gas to  settle 
to  a preferred  plane in the halo is an increasing function  of 
radius As a gaseous disk seeks its preferred  plane o rien ta ­
tion, then , it should settle  from  th e  inside out. T h is p ictu re  is 
consisten t with the im age that is po rtrayed  by galaxies hav ­
ing a w arped disk that can be viewed edge-on— the  inner 
region o f  the disk appears to  define a p referred  plane and. 
therefore, appears to  be the region th a t settled first. In co n ­
trast to  this, because it exhibits o rb ita l precession rates tha t 
increase w ith radius, P etrou 's  chosen halo  struc tu re  estab 
lishes settling  tim es th a t are a decreasing function  o f  rad ius 
(see C bnstodou lou  and  Tohline 1988 for a  derivation ). Jn 
such  a mode), th e  inner region o f  a galaxy disk is not the 
region th a t settles first to  the sym m etry plane of a spheroidal 
halo. W e conclude, therefore, that th e  general class o f m o d ­
els in troduced  by P e trou  does not p resent a viable exp lana­
tion  for how re trog rade  tw ists develop  in w arped galaxy 
disks.
T heories that have rejected th e  idea o f  the existence of 
d a rk  m atte r (such as the ones cited in Sec. I) have had  to  
m odify N ew tonian gravity  or N ew tonian  dynam ical laws in 
o rd e r to  be able to generate flat ro ta tion  curves in spiral 
galaxies These theories, however, a re  unable to  incorporate 
the essence o fa  pro late  potential well in m odeling spiral gal-
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axy dynamics since (he gravitating matter that defines the 
potential well is just the luminous matter o f the galaxy, and 
the luminous matter distribution is clearly oblate (disklike) 
in shape. These theories, therefore, appear to be ruled out on 
the basis that, from their construction, they cannot allow for 
a prolate distribution o f a spiral gahmy’s material. (This con­
clusion remains unchanged even if one adopts Petrou's 
(1980) model because, in her mode) as well as ours, the 
existence of retrograde twists in spiral galaxy disks cannot be 
explained in the absence of a halo.) By modeling the shell 
structure around the elliptical gaUxy NGC 3923 in a dy­
namically consistent manner, Hemquitt and Quinn (1987) 
have reached a similar conclusion. Their analysis shows that 
a major weakness in theories of modified Newtonian dynam-
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ics is that they do not allow for a sufficient amount o f free­
dom in the distribution of gravitating material around the 
galaxy Our results add to the growing body of evidence that 
indicates that theories o f modified gravity or modified dy­
namics cannot be used to adequately explain the observed 
dynamical properties of galaxies
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KINEMATICAL MODELING OF WARPS 
IN THE HI DISKS OF GALAXIES1
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A l m o s t  a l l  s p i r a l  g a l a x i e s  t h a t  h a v e  be e n  o b s e r v e d  1n t h e  21 - cm 
l i n e  o f  n e u t r a l  h y d r o g e n  a p p e a r  t o  ha ve  a  wa r pe d  d i s k .  Warps  a r e  o b v i o u s  
i n  HI s u r f a c e  i n t e n s i t y  c o n t o u r s  o f  e d g e - o n  g a l a x i e s  a s  w e l l  a s  i n  t h e  
o p t i c a l  p h o t o g r a p h s  o f  some g a l a x i e s  b u t ,  f o r  many g a l a x i e s ,  t h e i r  
e x i s t e n c e  i s  o n l y  i n f e r r e d  f r o m  k i n e m a t i c a l  m o d e l i n g  o f  t h e  o b s e r v e d  HI 
v e l o c i t y  f i e l d .  I f  a  d i s k  i s  w a r p e d ,  f o r  e x a m p l e .  I t s  t w o - d i m e n s i o n a l  
v e l o c i t y  map w i l l  o f t e n  e x h i b i t  t w i s t e d  i s o v e l o c i t y  c o n t o u r s .  I n  many 
i n s t a n c e s ,  1n f a c t ,  o b s e r v e d  c o n t o u r  maps a r e  t w i s t e d  s o  s e v e r e l y  t h a t  
t h e y  c a n  o n l y  be r e a s o n a b l y  u n d e r s t o o d  1 f  t h e  wa r p e d  g a s  l a y e r  I t s e l f  h a s  
a t w i s t e d  s t r u c t u r e .  In o r d e r  t o  g a i n  an  a p p r e c i a t i o n  f o r  t h e  
general  s t r u c t u r e  of  w a r p e d  g a s  l a y e r s  i n  g a l a x i e s ,  we h a v e  c o n s t r u c t e d  
k i n e m a t i c a l ,  t i l t e d - r i n g  m o d e l s  o f  21 g a l a x i e s  f o r  w h i c h  d e t a i l e d  HI 
o b s e r v a t i o n s  a l r e a d y  e x i s t  i n  t h e  l i t e r a t u r e .  In  t h i s  p a p e r ,  we p r e s e n t  
r e s u l t s  f o r  t h e  15 n o r ma l  s p i r a l  g a l a x i e s  i n  t h i s  s a m p l e  t h a t  a r e  n o t  
v i e w e d  e d g e - o n .  A c o m p a r i s o n  b e t w e e n  o u r  m o d e l s  a nd  t i l t e d - r i n g  m o d e l s  
o f  t h e  same g a l a x i e s  t h a t  ha ve  b e e n  c o n s t r u c t e d  p r e v i o u s l y  by o t h e r  
a u t h o r s  shows t h a t  t h e r e  i s  g e n e r a l l y  good  a g r e e m e n t .  We h a v e  made an 
a t t e m p t  t o  u n i f y  t h e  n o t a t i o n  o f  d i f f e r e n t  a u t h o r s  who h a v e  p r e v i o u s l y  
p u b l i s h e d  r a d i o  o b s e r v a t i o n s  a n d / o r  k i n e m a t i c a l  m o d e l s  o f  I n d i v i d u a l  
g a l a x i e s  i n  t h i s  s a m p l e .  We h a v e  a l s o  s u g g e s t e d  how,  1n f u t u r e  work  o f  
t h i s  n a t u r e ,  model  p a r a m e t e r s  s h o u l d  be  p r e s e n t e d  a nd  r e f e r e n c e d  1n o r d e r  
t o  m a i n t a i n  a r e a s o n a b l e  d e g r e e  o f  c o n s i s t e n c y  i n  t h e  p u b l i s h e d  
11 t e r a t u r e .
When v i e w e d  f r o m  t h e  p e r s p e c t i v e  o f  dynamical  m o d e l s ,  a t w i s t e d  
w a r p e d  g a s  l a y e r  c a n  b e  u n d e r s t o o d  a s  a r i s i n g  n a t u r a l l y  f r om o r b i t i n g  g a s  
w h i c h  i s  i n  t h e  p r o c e s s  o f  s e t t l i n g  t o  a  p r e f e r r e d  o r i e n t a t i o n  i n  t h e
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n o n s p h e r i c a l , g r a v i t a t i o n a l  p o t e n t i a l  w e l l  o f  t h e  g a l a x y .  As t h e  g a s  
l a y e r  s e t t l e s *  d i f f e r e n t i a l  p r e c e s s i o n  s h o u l d  f o r c e  i t  t o  t w i s t  i n  a 
d i r e c t i o n  t h a t  i s  d i c t a t e d  by t h e  g r o s s  g e o m e t r i c  s h a p e  o f  t h e  u n d e r l y i n g  
p o t e n t i a l  w e l l .  I n  t h e  o u t e r  r e g i o n s  o f  a  g a l a x y  d i s k ,  w h e r e  t h e  
r o t a t i o n  c u r v e  i s  b a s i c a l l y  f l a t ,  t h e  p o t e n t i a l  w e l l  i s  p r e s u m a b l y  
d o m i n a t e d  by a d a r k  h a l o .  H e n c e ,  d e t a i l e d  k i n e m a t i c a l  m o d e l i n g  o f  a 
s p e c i f i c  g a l a x y  d i s k  c a n  p r o v i d e  n o t  o n l y  i n f o r m a t i o n  r e g a r d i n g  t h e  
o r i e n t a t i o n  a nd  s t r u c t u r e  o f  I t s  wa r p  b u t  a l s o  i n f o r m a t i o n  a b o u t  t h e  
s h a p e  ( w h e t h e r  o b l a t e  o r  p r o l a t e )  o f  t h e  d a r k  h a l o  i n  w h i c h  t h e  d i s k  i s  
e m b e d d e d .
By e x a m i n i n g  a l a r g e  number  o f  g a l a x i e s  i n  a c o n s i s t e n t  m a n n e r ,  we 
h a v e  d e d u c e d  some g e n e r a l  c h a r a c t e r i s t i c s  o f  w a r p e d  d i s k s  t h a t  h a v e  
h e r e t o f o r e  g o n e  u n n o t i c e d .  We h a v e  a l s o  i d e n t i f i e d  u n i q u e n e s s  p r o b l e m s  
t h a t  c a n  a r i s e  i n  t h i s  t y p e  o f  m o d e l i n g  p r o c e d u r e  a nd  c a n  c o n s i d e r a b l y  
c l o u d  o n e ' s  a b i l i t y  t o  c o m p l e t e l y  d e c i p h e r  a n  i n d i v i d u a l  d i s k ' s  
s t r u c t u r e .  F o r  14 o u t  o f  15 s p i r a l  g a l a x i e s  m o d e l e d  h e r e ,  we h a v e  b e e n  
a b l e  t o  d e t e r m i n e  t h e  local k i n e m a t i c a l  s t r u c t u r e  o f  t h e  w a r p .  The 
o v e r a l l  p o s i t i o n  o f  t h e  war p  a nd  t h e  g r o s s  g e o m e t r i c  s h a p e  o f  t h e  h a l o ,  
h o w e v e r ,  h a s  b e e n  d e t e r m i n e d  u n a m b i g u o u s l y  o n l y  1n c a s e s  w h e r e  t h e  
t w i s t i n g  o f  t h e  wa r p  i s  r e l a t i v e l y  s t r o n g .  Exa m p l e s  o f  g a l a x i e s  whos e  
d i s k s  s i t  i n  a n  o b l a t e  h a l o  a r e  M33, M83,  NGC 2 8 0 5 ,  NGC 2 8 4 1 ,  a n d  NGC 
3 7 1 8 ;  p r o l a t e  h a l o s  a p p e a r  t o  s u r r o u n d  NGC 5033  a nd  NGC 5 0 5 5 ;  a nd  
a m b i g u o u s  c a s e s ,  a t  p r e s e n t  p e r m i t t i n g  e q u a l l y  good  o b l a t e  a n d  p r o l a t e  
h a l o  m o d e l s ,  a r e  M31.  NGC 3 0 0 ,  NGC 3 0 7 9 ,  NGC 3 1 9 8 ,  NGC 6 9 4 6 .  NGC 7 3 3 1 ,  
and  IC 3 4 2 .  The e x i s t e n c e  o f  p r o l a t e  h a l o s  s u p p o r t s  t h e  " Da r k  M a t t e r  
H y p o t h e s i s "  a n d  a p p e a r s  t o  r u l e  o u t  a l l  t h e o r i e s  o f  m o d i f i e d  g r a v i t y .
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N e u t r a l  h y d r o g e n  g a s  i s  d i s t r i b u t e d  on  a l u m i n o u s ,  d i s k - l i k e  
c o n f i g u r a t i o n  o f  n e g l i g i b l e  t h i c k n e s s  i n  s p i r a l  g a l a x i e s .  The d i s k  
c o m p o n e n t ,  a l o n g  w i t h  t h e  b u l g e  o f  a s p i r a l  g a l a x y ,  i s  b e l i e v e d  t o  be  
e mbe dde d  w i t h i n  a t h i r d ,  m a s s i v e  b u t  n o n - l u m i n o u s  c o m p o n e n t - - t h e  d a r k  
h a l o .  O n e - d i m e n s i o n a l  r o t a t i o n  c u r v e s  d e r i v e d  f r o m  o p t i c a l  a n d  r a d i o  
o b s e r v a t i o n s  o f  s p i r a l  g a l a x y  d i s k s  h e l p e d  t r i g g e r  t h e  i d e a  t h a t  d a r k  
h a l o s  e x i s t ,  a s  t h e  o b s e r v e d  r o t a t i o n  c u r v e s  a r e  n e a r l y  f l a t  o r  s l o w l y  
i n c r e a s i n g  w i t h  r a d i u s ,  a s  f a r  f r o m  t h e  c e n t e r s  o f  t h e  g a l a x i e s  a s  t h e y  
c a n  be  m e a s u r e d  ( R o g s t a d  a nd  S h o s t a k  1 9 7 ? ;  R o b e r t s  and R o t s  1 9 7 3 ;  R u b i n  
1980 ;  R u b i n  e t  a l .  1 9 8 0 ,  1 9 8 2 ) .  As p r o b e s  o f  t h e  d a r k  h a l o ,  21 - cm 
o b s e r v a t i o n s  a r e  o f t e n  mo r e  u s e f u l  t h a n  o p t i c a l  o b s e r v a t i o n s  b e c a u s e  
n e u t r a l  h y d r o g e n  d i s k s  g e n e r a l l y  e x t e n d  t o  l a r g e r  r a d i i  t h a n  t h e  o p t i c a l  
d i s k s  i n  s p i r a l  g a l a x i e s .  They e x t e n d  i n t o  r e g i o n s  w h e r e  t h e  d y n a m i c a l  
m o t i o n s  a r e  a l m o s t  c e r t a i n l y  c o n t r o l l e d  by t h e  p o t e n t i a l  w e l l  o f  t h e  d a r k  
h a l o .  I n  a d d i t i o n ,  HI o b s e r v a t i o n s  u s u a l l y  p r o v i d e  more  t h a n  j u s t  o n e ­
d i m e n s i o n a l  i n f o r m a t i o n  a b o u t  g a s  m o t i o n s  i n  s p i r a l  d i s k s .  The work 
r e p o r t e d  i n  t h i s  p a p e r  s t r i v e s ,  i n  p a r t ,  t o  s e e  wha t  a d d i t i o n a l  
i n f o r m a t i o n  c a n  be l e a r n e d  a b o u t  d a r k  h a l o s  by a n a l y z i n g  t h e  p r o p e r t i e s  
o f  t w o - d i m e n s i o n a l  v e l o c i t y  and s u r f a c e  d e n s i t y  maps  o f  HI d i s k s  1n 
s p i r a l  g a l a x i e s .
I n  t h e i r  o u t e r m o s t  r e g i o n s ,  a l m o s t  a l l  s p i r a l  g a l a x y  d i s k s  a p p e a r  
t o  b e  wa r p e d  t o  some d e g r e e .  Warps  c a n  be  d i r e c t l y  s e e n  i n  t h e  21 - c m 
s u r f a c e - d e n s i t y  d i a g r a m s  o f  some e d g e - o n  g a l a x i e s  ( S a n c i s i  1 9 76 ;  
W e l i a c h e w ,  S a n c i s i ,  a nd  G u e l i n  1978 ;  va n  Woerden  1979 ;  S a n c i s i  1981)  a s  
w e l l  a s  i n  t h e  o p t i c a l  p h o t o g r a p h s  o f  some s y s t e m s  {NGC 3190  i n  Arp 1 9 6 6 ;
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NGC 476?  and  NGC 5866  i n  S a n d a g e  1 9 6 1 ) .  I n  many c a s e s ,  t h o u g h ,  t h e  
e x i s t e n c e  o f  w a r p s  c a n  o n l y  be i n f e r r e d  f ro m  k i n e m a t i c a l  m o d e l i n g  
( R o g s t a d ,  L o c k h a r t ,  and W r i g h t  1974 ;  R o g s t a d ,  W r i g h t ,  a nd  L o c k h a r t  1976 ;  
E m e r s o n  1976 ;  Re a ke s  and Newton 1978 ;  R o g s t a d ,  C r u t c h e r ,  a n d  Chu 1979 ;  
Newton 1 9 8 0 a ;  Bosma 1 9 8 1 a , b ,  1983 ;  S c hwa r z  1985 ;  C h r i s t o d o u l o u ,  T o h l i n e ,  
a n d  S t e i m a n - C a m e r o n  1988;  C h r i s t o d o u l o u  1 9 8 9 ) .  R e g a r d l e s s  o f  how t h e i r  
p r e s e n c e  i s  d i s c e r n e d ,  wa r p e d  d i s k s  a r e  o f  p a r t i c u l a r  d y n a m i c a l  i n t e r e s t  
b e c a u s e  t h e  m o t i o n s  o f  g a s  i n  s u c h  d i s k s  c a n n o t  be d e s c r i b e d  a s  a s i m p l e  
t w o - d i m e n s i o n a l  f l o w .  Warped g a s  l a y e r s  i n  s p i r a l  g a l a x i e s  a r e ,  
t h e r e f o r e ,  p o t e n t i a l l y  v a l u a b l e  t h r e e ~ d l m e n s i u n a 1 p r o b e s  o f  d a r k  h a l o  
S t r u c t u r e s .
Our  p r i m a r y  o b j e c t i v e  i n  t h e  p r e s e n t  s t u d y  i s  t o  a s c e r t a i n  wha t  
t h e  d y n a m i c a l  p r o p e r t i e s  a r e  o f  i n d i v i d u a l  wa r p e d  g a l a x y  d i s k s ,  t h e n  t o  
u s e  t h i s  i n f o r m a t i o n  t o  d e c i p h e r  t h e  b a s i c  s h a p e  o f  t h e  d a r k  h a l o  t h a t  
s u r r o u n d s  e a c h  g a l a x y .  B e f o r e  t h e  d y n a m i c a l  p r o p e r t i e s  o f  t h e s e  d i s k  
s y s t e m s  c a n  be  d i s c u s s e d ,  h o w e v e r ,  i t  i s  i m p e r a t i v e  t h a t  t h e i r  
k inemd t i i p r o p e r t i e s  be  we 11- u n d e r s t o o d . Tha t  i s ,  t h e  o b s e r v e d  t w o -  
d i m e n s i o n a l  v e l o c i t y  a nd  s u r f a c e - d e n s i t y  i ma g e s  o f  e a c h  s y s t e m  m u s t  be 
d e - p r o j e c t e d  b a c k  i n t o  a t h r e e - d i m e n s i o n a l  model  t h a t  i s  u n i q u e ,  w i t h i n  a 
g i v e n  r e a s o n a b l e  s e t  o f  p h y s i c a l  a s s u m p t i o n s .  Towar d  t h i s  e n d ,  we h a v e  
c o m p i l e d ,  i n  a s  u n i f o r m  ma n n e r  a s  p o s s i b l e ,  a s e t  o f  d a t a  t h a t  
l l l u c i d a t e s  t h e  k i n e m a t i c a l  s t r u c t u r e  o f  w a r p e d  d i s k s  i n  a  l a r g e  s a m p l e  
o f  n e a r b y  g a l a x i e s ,  a nd  h a v e  a t t e m p t e d  t o  I n t e r p r e t  t h e  e n t i r e  d a t a s e t  
b a s e d  on  a c o h e s i v e  d y n a m i c a l  p i c t u r e .
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a) Kinematical Models
A l o t  o f  work h a s  a l r e a d y  b e e n  p u b l i s h e d  on  t h e  k i n e m a t i c a l  
i n t e r p r e t a t i o n  o f  HI o b s e r v a t i o n s  o f  s p i r a l  d i s k s .  R o g s t a d .  L o c k h a r t ,  
a n d  W r i g h t  ( 1 9 7 4 ,  h e r e a f t e r  RLW) w e r e  t h e  f i r s t  t o  c o n v i n c i n g l y  
d e m o n s t r a t e  t h a t  t h e i r  r a d i o  o b s e r v a t i o n s  o f  M83 c o u l d  b e  r e p r o d u c e d  by  a 
t i l t e d - r i n g  model  o f  a wa r p e d  HI d i s k .  T h i s  m o d e l ,  o r  a s i m i l a r  o n e ,  h a s  
b e e n  u s e d  a t  many l a t e r  t i m e s  by t h e  same o r  o t h e r  I n v e s t i g a t o r s  ( s e e  
r e f e r e n c e s  i n  § I V ,  b e l o w )  t o  r e p r o d u c e  t h e  o b s e r v a t i o n s  o f  d i f f e r e n t  
g a l a x i e s  a n d ,  t h u s ,  t o  e x t r a c t  i n f o r m a t i o n  a b o u t  t h e  k i n e m a t i c a l  
s t r u c t u r e  o f  s p i r a l  g a l a x y  s y s t e m s .  As we b e g a n  t h i s  s t u d y ,  we n a t u r a l l y  
t u r n e d  t o  t h e  p u b l i s h e d  l i t e r a t u r e  t o  e x t r a c t  t h e  k i n e m a t i c a l  i n f o r m a t i o n  
t h a t  we n e e d e d .  We s oo n  r e a l i z e d ,  h o w e v e r ,  t h a t  t h e  p r e v i o u s l y  p u b l i s h e d  
k i n e m a t i c a l  m o d e l s  o f  w a r p e d  d i s k s  p r o v i d e d  an i n a d e q u a t e  d a t a b a s e .  We 
d i s c o v e r e d  t h a t  we had t o  i mpr ove  on t h r e e  m a i n  a s p e c t s  o f  t h e  p r e v i o u s l y  
p u b l i s h e d  m o d e l s  b e f o r e  p r o c e e d i n g  t o  d y n a m i c a l  i n t e r p r e t a t i o n s  o f  t h e s e  
m o d e l s :  a )  The s t r u c t u r e  o f  t h e  w a r p s  was  n o t  known a c c u r a t e l y  e n o u g h ,
e s p e c i a l l y  f o r  g a l a x i e s  v i e we d  a t  l a r g e  i n c l i n a t i o n  a n g l e s  o r  f o r  
g a l a x i e s  t h a t  h a v e  b e e n  o b s e r v e d  a t  r e l a t i v e l y  low s p a t i a l  r e s o l u t i o n ,
b )  No model  h a d  p r e v i o u s l y  b e e n  e x a mi ne d  f o r  u n i q u e n e s s  o f  i t s  
p a r a m e t e r s .  We d i s c o v e r e d  t h a t  n o n - u n i q u e n e s s  p r o b l e m s  c o u l d  a r i s e  and  
t h a t  we had  t o  r e s o l v e  t h e  r e s u l t i n g  a m b i g u i t i e s ,  c )  The r e s u l t s  f r o m  
p r e v i o u s  m o d e l i n g  e f f o r t s  had  b e e n  p r e s e n t e d  i n  d i f f e r e n t  ways  by 
d i f f e r e n t  a u t h o r s ,  p r o h i b i t i n g  d i r e c t  c o m p a r i s o n s ;  we had  t o  f i n d  a 
c o n s i s t e n t  b a s i s  f o r  p r e s e n t i n g  t h e  r e s u l t s  a n d ,  t h e n ,  c o n v e r t  o t h e r  
a u t h o r s '  r e s u l t s  t o  t h i s  b a s i s  f o r  c o m p a r i s o n s .
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U l t i m a t e l y ,  we w e r e  f o r c e d  t o  r e a n a l y z e  a l l  o f  t h e  p r e v i o u s l y  
p u b l i s h e d  o b s e r v a t i o n a l  d a t a .  F o l l o w i n g  t h e  l e a d  o f  RLW, we u s e d  a 
t i l t e d - r i n g  model  t o  a c c o m p l i s h  o u r  a n a l y s i s .  We m o d e l e d  t h e  s t r u c t u r e  
o f  21 g a l a x i e s ,  o f  w h i c h  19 a r e  s p i r a l s  and 2 a r e  e l l i p t i c a l s  w i t h  HI 
d i s k s .  In § IV o f  t h i s  p a p e r ,  we p r e s e n t  r e s u l t s  f o r  t h e  15 n o r ma l  ( n o n ­
b a r r e d )  s p i r a l  g a l a x i e s  f rom t h i s  s a m p l e  t h a t  a r e  n o t  v i ew e d  e d g e - o n :
M31,  M33,  M83, NGC 2 8 0 5 ,  NGC 2 8 4 1 ,  NGC 3 0 0 ,  NGC 3 0 7 9 ,  NGC 3 1 9 8 ,  NGC 3 7 1 8 ,  
NGC 5 0 3 3 ,  NGC 5 0 5 5 ,  NGC 6 2 8 ,  NGC 6 9 4 6 ,  NGC 73 3 1 ,  a nd  1C 342 .  R e s u l t s  f o r  
t h r e e  e d g e - o n  s p i r a l s  (NGC 4 5 6 5 ,  NGC 4 6 3 1 ,  a nd  NGC 5 9 0 7 ) ,  o n e  b a r r e d  
s p i r a l  (NGC 5 7 2 8 ) ,  a nd  two e l l i p t i c a l s  (NGC 4278 and NGC 5 1 2 8 )  a r e  
b r i e f l y  d e s c r i b e d  i n  §V,  b u t  a r e  p r e s e n t e d  i n  t h e i r  f u l l  e x t e n t  o n l y  i n  
C h r i s t o d o u l o u  ( 1 9 8 9 ) .  The o b s e r v a t i o n a l  d a t a  u s e d  i n  t h i s  s t u d y  was  
o b t a i n e d  by a v a r i e t y  o f  w o r k e r s  a nd  p u b l i s h e d  o v e r  t h e  p a s t  15 y e a r s .
In  p r e s e n t i n g  o u r  m o d e l s ,  we a t t e m p t  t o  r e p r e s e n t  t h e s e  d i s p a r a t e  
o b s e r v a t i o n s  i n  a s  u n i f o r m  a m a n n e r  a s  p o s s i b l e .
b) Dynawical Interpretation
Our own m o d e l i n g  e f f o r t s  h a v e  b e e n  n o t  o n l y  m o t i v a t e d ,  b u t  a l s o  
s t r o n g l y  g u i d e d  by a  p a r t i c u l a r  d y n a m i c a l  p i c t u r e  o f  e v o l v i n g ,  w a r p e d  g a s  
l a y e r s  i n  g a l a x i e s .  The d e t a i l s  o f  t h i s  p i c t u r e  h a v e  b e e n  g i v e n  1n 
C h r i s t o d o u l o u  a n d  T o h l i n e  ( 1 9 8 6 ,  h e r e a f t e r  CT) b u t  i t  i s  w o r t h w h i l e  t o  
b r i e f l y  r e v i e w  t h e  p i c t u r e  h e r e  1n o r d e r  t o  e x p l a i n  why c e r t a i n  
n o m e n c l a t u r e  h a s  b e e n  a d o p t e d  t h r o u g h o u t  o u r  m o d e l i n g  e f f o r t .
I t  i s  e x p e c t e d  t h a t  many w a r p s  i n  t h e  HI d i s k s  o f  s p i r a l  g a l a x i e s  
a r e  t r a n s i e n t  f e a t u r e s .  They r e s u l t  f r o m  t h e  t i m e - d e p e n d e n t  s e t t l i n g  o f  
g a s  ( Kahn  a nd  W o l t j e r  1 9 5 9 ;  Tubbs  a nd  S a n d e r s  1979 ;  T o h l i n e ,  S i m o n s o n ,  
a n d  C a l d w e l l  1982)  i n  t h e  n o n s p h e r i c a l  p o t e n t i a l  o f  a  h a l o ,  t o w a r d  a
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p r e f e r r e d  o r i e n t a t i o n  i n  t h e  u n d e r l y i n g  h a l o ' s  p o t e n t i a l  w e l l  ( D u r l s e n  e t  
a l .  1983 ;  S t e i m a n - C a m e r o n  and  D u r l s e n  1984 ,  1988 ,  1 9 8 9 a , b ;  Habe  and 
I k e u c h i  1 9 8 5 ,  1 9 8 8 ;  V a r n a s  1 9 8 6 a , b ;  C h r i s t o d o u l o u  1 9 8 9 ) .  The s e t t l i n g  
p r o c e s s  s h o u l d  n a t u r a l l y  c a u s e  t w i s t i n g  o f  a  w a r p e d  g a s  l a y e r  a s  a r e s u l t  
o f  d i f f e r e n t i a l  p r e c e s s i o n — w h i c h ,  when c o u p l e d  w i t h  g a s  d i s s i p a t i o n ,  
u l t i m a t e l y  d r i v e s  t h e  s e t t l i n g  p r o c e s s .  As CT c a r e f u l l y  d e s c r i b e ,  t h e  
d i r e c t i o n  o f  t h e  d y n a m i c a l l y  g e n e r a t e d  t w i s t i n g ,  r e l a t i v e  t o  t h e  
d i r e c t i o n  o f  r o t a t i o n  o f  g a s  i n  t h e  d i s k ,  w i l l  d e p e n d  on  t h e  s i g n  o f  t h e  
q u a d r u p o l e  moment  o f  t h e  u n d e r l y i n g  p o t e n t i a l  w e l l .  B e c a u s e  o b l a t e -  
s p h e r o i d a l  s t r u c t u r e s  e x h i b i t  q u a d r u p o l e  moment s  t h a t  a r e  o p p o s i t e  I n  
s i g n  t o  p r o l a t e - s p h e r o i d a l  s t r u c t u r e s ,  t h e  two d i f f e r e n t  s h a p e s  s h o u l d  
l e a d  t o  e n t i r e l y  o p p o s i t e l y  d i r e c t e d  t w i s t s  i n  a s e t t l i n g  g a s  l a y e r .  
S p e c i f i c a l l y ,  i n  s y s t e m s  f o r  wh i c h  t h e  m a g n i t u d e  o f  b o t h  t h e  o r b i t a l  
f r e q u e n c y  a n d  t h e  p r e c e s s i o n  f r e q u e n c y  o f  p a r t i c l e  o r b i t s  m o n o t o n i c a l l y  
d e c r e a s e  w i t h  o r b i t a l  r a d i u s - - t h e  b e h a v i o r  m o s t  n a t u r a l l y  r e a l i z e d  f o r  
s p i r a l  g a l a x y  d i s k s  e x h i b i t i n g  f l a t  r o t a t i o n  c u r v e s - - a  s e t t l i n g  g a s  l a y e r  
w i l l  d e v e l o p  a t w i s t  t h a t  i s  p r o g r a d e  w i t h  r e s p e c t  t o  g a l a x y  r o t a t i o n  i f  
t h e  p o t e n t i a l  w e l l  i s  o b l a t e  i n  s h a p e ,  b u t  a  r e t r o g r a d e  t w i s t  w i l l  
d e v e l o p  i n  a  p r o l a t e  p o t e n t i a l  w e l l .
I f  t h e  k i n e m a t i c a l  a n a l y s i s  o f  a  g i v e n  g a l a x y  i n d i c a t e s  t h a t  I t s  
d i s k  i s  n o t  o n l y  w a r p e d  b u t  1s a l s o  s m o o t h l y  t w i s t e d ,  t h e n ,  f o l l o w i n g  t h e  
d i s c u s s i o n  i n  CT, we w i l l  c o n c l u d e  t h a t  i t s  wa r p  1s  t r a n s i e n t  i n  
n a t u r e .  F u r t h e r m o r e ,  we w i l l  u s e  t h e  d i r e c t i o n  o f  i t s  k i n e m a t i c a l  t w i s t  
t o  I d e n t i f y  t h e  g e o m e t r i c  s h a p e  o f  t h e  u n d e r l y i n g  d a r k  h a l o  p o t e n t i a l .
CT a c t u a l l y  p r e d i c t e d  t h a t  t h e  g e o m e t r i c  s h a p e  o f  a  d a r k  h a l o  c a n  be 
d e d u c e d  f r o m  o b s e r v a t i o n s  w i t h o u t  r e s o r t i n g  t o  f u l l ,  t h r e e - d i m e n s i o n a l ,
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k i n e m a t i c a l  m o d e l i n g .  By s i m p l y  c o m p a r i n g  t h e  d i r e c t i o n  t h a t  t h e  o p t i c a l  
s p i r a l  a r ms  t u r n  w i t h  t h e  d i r e c t i o n  t h a t  i s o v e l o c i t y  c o n t o u r s  t u r n  i n  a 
2 - D ,  HI map,  one  s h o u l d  be a b l e  t o  d e d u c e  w h e t h e r  t h e  u n d e r l y i n g  h a l o  
p o t e n t i a l  i s  o b l a t e  o r  p r o l a t e .  ( I f  t h e y  t u r n  t h e  same d i r e c t i o n  on t h e  
s k y ,  t h e  h a l o  i s  p r o l a t e ;  i f  t h e y  t u r n  i n  o p p o s i t e  d i r e c t i o n s ,  t h e  h a l o  
i s  o b l a t e . )  In s i t u a t i o n s  w h e r e  t h e  3-D k i n e m a t i c a l  m o d e l s  o f  a  t w i s t e d  
wa r p  a l l o w  u s  t o  u n i q u e l y  i d e n t i f y  t h e  s h a p e  o f  a d a r k  h a l o ,  we w i l l  
c h e c k  t h e  r e l i a b i l i t y  o f  t h i s  CT p r e d i c t i o n .
Our  d y n a m i c a l  i n t e r p r e t a t i o n  o f  k i n e m a t i c a l  w a r p s  w i l l  n o t  be 
r e s t r i c t e d  t o  t r a n s i e n t  w a r p s  b e c a u s e  we r e a l i z e  t h a t  n o t  a l l  w a r p s  h a v e  
t o  be  t r a n s i e n t  f e a t u r e s .  A wa r p  c a n  be m a i n t a i n e d  a s  a l o n g - l i v e d  o r  
" s t e a d y - s t a t e "  f e a t u r e ,  f o r  e x a m p l e ,  i f  t h e  m a s s i v e  h a l o  i n  w h i c h  an HI 
d i s k  i s  e mbedded  h a s  a c e r t a i n  o r i e n t a t i o n ,  s h a p e ,  o r  d y n a m i c a l  s t a t e  
( s e e  t h e  r e v i e w s  by S a a r  1979 a nd  Toomre 1983 ;  f o r  a d d i t i o n a l  r e f e r e n c e s  
s e e  CT) .  In c o n t r a s t  t o  t h e  t r a n s i e n t  w a r p s  j u s t  d e s c r i b e d ,  h o w e v e r ,  
c o m n o n l y  m o d e l e d  s t e a d y - s t a t e  w a r p s  d i s p l a y  an  u n t w i s t e d  s t r u c t u r e ;  I n  a 
k i n e m a t i c a l ,  t i l t e d - r i n g  m o d e l ,  an u n t w i s t e d  w a r p  w i l l  be  r e p r e s e n t e d  by 
a s e q u e n c e  o f  t i l t e d  r i n g s  t h a t  a l l  h a ve  a common l i n e  o f  n o d e s .  I n  t h i s  
p a p e r ,  we p u r s u e  t h e  i d e a  t h a t ,  i f  a u n i q u e  k i n e m a t i c a l  i n t e r p r e t a t i o n  
c a n  be  s e c u r e d  f o r  a n  i n d i v i d u a l  HI d i s k ,  t r a n s i e n t  a nd  s t e a d y - s t a t e  
w a r p s  c a n  be  d i s t i n g u i s h e d  f r o m  o n e  a n o t h e r .  S p e c i f i c a l l y ,  w a r p s  t h a t  
c l e a r l y  d i s p l a y  t w i s t s  w i l l  be c o n s i d e r e d  t r a n s i e n t  o n e s  w h i l e  u n t w i s t e d  
w a r p s  w i l l  be  i d e n t i f i e d  a s  s t e a d y - s t a t e  s t r u c t u r e s .
R e c e n t  t h e o r e t i c a l  work ( D a v i d ,  D u r i s e n ,  a nd  S t e i m a n - C a m e r o n  1984)  
h a s  shown t h a t  i f  t h e  d a r k  h a l o  o f  a g a l a x y  i s  t u m b l i n g  a b o u t  an  a x i s  
o t h e r  t h a n  a  p r i n c i p a l  a x i s ,  t h e n  a t w i s t e d ,  s t e a d y - s t a t e  wa r p  c a n
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d e v e l o p .  T h i s  r e s u l t  c e r t a i n l y  o b s c u r e s  t h e  d i s t i n c t i o n  b e t w e e n  
t r a n s i e n t  a nd  s t e a d y - s t a t e  w a r p s  a s  o u t l i n e d  i n  t h e  p r e v i o u s  p a r a g r a p h  
b e c a u s e  d i s c o v e r y  o f  a t w i s t  i n  a  d i s k  w i l l  n o t  n e c e s s a r i l y  i m p l y  t h a t  
t h e  wa r p  i s  t r a n s i e n t .  A h a l o  t h a t  i s  t u m b l i n g  a b o u t  a n o n - p r i n c i p a l  
a x i s  i s .  h o w e v e r ,  an e x t r e m e  c a s e .  F o r  c l a r i t y  a nd  s i m p l i c i t y ,  we w i l l  
n o t  t a k e  i n t o  a c c o u n t  t h i s  c a s e  i n  t h i s  p a p e r .
S p a r k e  ( 1 9 8 4 )  a nd  S p a r k e  and C a s e r t a n o  ( 1 9 8 8 )  h a v e  t a k e n  a 
some wha t  d i f f e r e n t  a p p r o a c h  t o w a r d  I n t e r p r e t i n g  w a r p s  i n  g a s  d i s k s :  t h e y
ha v e  p r o p o s e d  t h a t  w a r p s  c a n  be  u n d e r s t o o d  a s  v e r t i c a l  inodes o f  
o s c i l l a t i o n  i n  g a l a x y  d i s k s .  F o r  t h i s  t h e o r y  t o  wor k  i n  i t s  s i m p l e s t  
f o r m ,  t h e  w a r p s  mus t  h a v e  a common l i n e  o f  n o d e s ,  i . e . ,  t h e y  m u s t  e x h i b i t  
no t w i s t i n g  a t  a l l .  B e c a u s e  we f i n d  t h a t ,  i n  mos t  c a s e s ,  k i n e m a t i c a l  
m o d e l s  o f  u n t w i s t e d  w a r p s  f a i l  t o  r e p r o d u c e  t h e  o b s e r v a t i o n s ,  we p r e f e r  
t o  i n t e r p r e t  o u r  m o d e l s  i n  t h e  f r a m e w o r k  o u t l i n e d  by CT,  t h a t  i s ,  i n  
t e r m s  o f  g a s  l a y e r s  t h a t  a r e  s e t t l i n g  t o w a r d ,  o r  t h a t  h a v e  a l r e a d y  
r e a c h e d ,  a " p r e f e r r e d  o r i e n t a t i o n "  i n  t h e  h a l o  p o t e n t i a l  w e l l .
F i n a l l y ,  a s  h a s  b e e n  d i s c u s s e d  by CT, a l a r g e  p a r t  o f  t h e  
m o t i v a t i o n  f o r  t h i s  s t u d y  s t e m s  f r o m  t h e  o p p o r t u n i t y  t h a t  i t  a f f o r d s  t o  
t e s t  c e r t a i n  p r e d i c t i o n s  o f  r e c e n t l y  p r o p o s e d  t h e o r i e s  o f  m o d i f i e d  
N e w t o n i a n  d y n a m i c s  ( T o h l i n e  1983 ;  M i l g r o m  1 9 8 3 a , b , c ,  1 9 8 4 ,  1 9 8 6 a , b ;  
B e k e n s t e i n  a nd  M i l g r o m  1 9 8 4 ;  Kuhn a nd  K r u g l y a k  1 9 8 7 ) .  P r o p o s e d  a s  
a l t e r n a t i v e s  t o  t h e  Dark M a t t e r  H y p o t h e s i s ,  e a c h  o f  t h e s e  I d e a s  e n t a i l s  
m o d i f y i n g  t h e  g r a v i t a t i o n a l  d y n a m i c a l  l aw s  i n  s u c h  a m a n n e r  s o  t h a t  t h e  
v i s i b l e  m a t t e r  p r o d u c e s  a f l a t  r o t a t i o n  c u r v e ,  w i t h o u t  t h e  n e e d  o f  a 
s u p e r i m p o s e d  d a r k  h a l o .  When a d o p t i n g  a n y  s u c h  t h e o r y ,  one  i m p l i c i t l y
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a s s u m e s  t h a t  a s p i r a l  g a l a x y  i s  compos ed  o f  o n l y  t h e  t wo  l u m i n o u s  
c o m p o n e n t s — t h e  b u l g e  a nd  t h e  d i s k - - a n d  t h a t  t h e  p o t e n t i a l  o f  t h e  d i s k  
d o m i n a t e s  t h e  k i n e m a t i c s  a nd  d y n a m i c s  o f  o r b i t i n g  HI g a s .  B e c a u s e  d i s k s  
a r e  o b l a t e  s t r u c t u r e s ,  t h e s e  t h e o r i e s  i m p l i c i t l y  r e q u i r e  t h a t  t h e  
p o t e n t i a l  w e l l s  o f  a l l  s p i r a l s  be  o b l a t e .  T h e r e f o r e ,  t h e y  c a n n o t  e x p l a i n  
t h e  s t r u c t u r e  o f  g a l a x i e s  whose  wa r pe d  d i s k s  a r e  f o u n d  t o  t w i s t  i n  a 
“ r e t r o g r a d e "  d i r e c t i o n ,  i . e . ,  d i s k s  ( s u c h  a s  t h e  o n e s  f o u n d  1n NGC 5033  
and  NGC 5 0 5 5 ,  s e e  §V,  b e l o w )  w h i c h  a p p e a r  t o  be  s e t t l i n g  i n  a  p r o l a t e  
p o t e n t i a l  w e l l .  The a b o v e  a r g u m e n t s  a r e  c r u c i a l  i n  r e l a t i o n  t o  t h e  
s u b j e c t s  o f  g a l a c t i c  s t r u c t u r e  a nd  g a l a x y  d y n a m i c s .  We b r i e f l y  d i s c u s s  
t he m i n  t h i s  p a p e r ,  b u t  we h a v e  e x t e n s i v e l y  p r e s e n t e d  t hem i n  a s e p a r a t e  
s t u d y  ( C h r i s t o d o u l o u ,  l o h l i n e ,  a nd  S t e i m a n  Cameron 1 9 8 8 ) .
c )  S i m p l i f i c a t i o n s .  Q u a l i f i c a t i o n s  a n d  T e r m i n o l o g y  
We wo u l d  l i k e  t o  s i m p l i f y  o u r  t e r m i n o l o g y  a t  t h i s  p o i n t .  The CT 
a n a l y s i s  was r e s t r i c t e d  t o  o n l y  a x i a l l y  s y m m e t r i c  s t r u c t u r e s  ( o b l a t e  o r  
p r o l a t e  s p h e r o i d s ) ,  b u t ,  a s  t h e y  m e n t i o n e d ,  i t  i s  e a s y  t o  d e m o n s t r a t e  
t h a t  t h e  b a s i c  r e l a t i o n s h i p s  f o u n d  b e t w e e n  d i r e c t i o n  o f  t w i s t i n g  a nd  t h e  
s h a p e  o f  t h e  u n d e r l y i n g  p o t e n t i a l  w e l l  e x t e n d s  b e y o n d  s i m p l e  s p h e r o i d s  t o  
o b l a t e - l i k e  a n d  p r o l a t e - H k e  e l l i p s o i d s .  By t h e s e  t e r m s  we mea n :  i f  an
e l l i p s o i d a l  h a l o  h a v i n g  s e m i m a j o r  a x e s  a ,  b ,  a nd  c e n v e l o p e s  a  s p i r a l  
d i s k  i n  s u c h  a  way t h a t  i t s  c - a x i s  a l i g n s  w i t h  t h e  r o t a t i o n  a x i s  o f  t h e  
d i s k ,  t h e n  a n  o b l a t e - l i k e  h a l o  h a s  a  ̂ b > c a nd  a  p r o l a t e - l i k e  h a l o  h a s  
a a •: b < c .  I n  o r d e r  t o  e m p h a s i z e  t h i s  g e n e r a l i z a t i o n  t o  e l l i p s o i d a l  
f i g u r e s ,  CT u s e d  t h e  t e r m s  " o b l a t e - 1  I k e ' 1 a nd  " p r o l a t e - l i k e ' 1 t h r o u g h o u t  
t h e i r  p a p e r .  H e r e  we w i l l  s i m p l y  u s e  t h e  t e r m s  o b l a t e  a nd  p r o l a t e ,  b u t
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one  s h o u l d  b e a r  In mind  t h e  wi de  v a r i e t y  o f  h a l o  s h a p e s  t h a t  e a c h  o f  
t h e s e  two t e r m s  r e a l l y  r e f e r s  t o .
We a l s o  e m p h a s i z e  t h a t  e a c h  r i n g  e l e m e n t  i n  o u r  s i m p l i f i e d  model
( a s  w e l l  a s  i n  a l l  t i l t e d - r i n g  m o d e l s  p r e v i o u s l y  p u b l i s h e d  by o t h e r  
a u t h o r s )  i s  a z i m u t h a l l y  s y r n n e t r i c  a n d ,  a s  a r e s u l t ,  t h e  model  c a n n o t  
i n c o r p o r a t e  a  k i n e m a t i c a l  d e s c r i p t i o n  o f  a n y  l o c a l  d i s t u r b a n c e s  o r  
n o n c i r c u l a r  m o t i o n s  i n  HI d i s k s .  ( T h e s e  a r e  phe nome na  t h a t  o c c u r  
f r e q u e n t l y  i n  r e a l  g a l a x i e s  a n d ,  i n  some c a s e s ,  e v e n  d o m i n a t e  t h e  
k i n e m a t i c s  o f  t h e  s y s t e m ) .  Our  m o d e l ,  t h e r e f o r e ,  d o e s  n o t  r e p r o d u c e  
e i t h e r  s m a l l  s c a l e  a s y m m e t r i e s — w h i c h  c a n  be f o u n d  i n  n e a r l y  e v e r y  
g a l a x y — o r  l a r g e  s c a l e  a s y m n e t r i e s .  We h a v e  a t t e m p t e d  t o  d e r i v e  m o d e l s  
f o r  t h r e e  g a l a x i e s  w i t h  l a r g e  s c a l e  s y r n n e t r i e s  (NGC 2 8 0 5 ,  NGC 3 0 7 9 ,  a nd
NGC 6 9 4 6 ) ,  b u t  i n  d o i n g  so  we h a v e  a s s u m e d  t h a t  o n e  s i d e  o f  e a c h  g a l a x y
i s  b a s i c a l l y  u n d i s t u r b e d  a nd  h a v e  p r o d u c e d  s y m m e t r i c  m o d e l s  b a s e d  upon  
t h i s  a s s u m p t i o n .
The m o d e l s  p r e s e n t e d  i n  t h i s  p a p e r  a r e ,  by no m e a n s ,  t h e  b e s t  t h a t  
c o u l d  h a v e  b e e n  c o n s t r u c t e d ;  a l l  c o u l d  be  I mpr oved  by f i n e - t u n i n g  t h e  
v a r i o u s  f r e e  p a r a m e t e r s  o f  t h e  b a s i c  t i l t e d - r i n g  m o d e l .  E x t e n s i v e  f i n e -  
t u n i n g  was n o t  d o n e ,  h o w e v e r ,  b e c a u s e  ( a )  w i t h i n  t h e  p r e s e n t  c o n s t r a i n t s  
o f  o u r  m o d e l i n g ,  we h a v e  b e e n  a b l e  t o  d e r i v e  d e f i n i t e  c o n c l u s i o n s  a b o u t  
t h e  s t r u c t u r e  a nd  p o s i t i o n s  o f  w a r p s  i n  t h e  m o d e l e d  g a l a x i e s ;  a n d  ( b )  
mo r e  r e f i n e d  m o d e l i n g  o f  e a c h  g a l a x y  wou l d  n o t  b e  j u s t i f i e d  s i n c e  d e t a i l s  
w o u l d  o n l y  a p p l y  t o  t h e  c u r r e n t  r e s o l u t i o n  o f  o b s e r v a t i o n s  a n d  wo u l d  
p r o b a b l y  b e  r e n d e r e d  u s e l e s s  by h i g h e r  r e s o l u t i o n  o b s e r v a t i o n s  o f  t h e  
same g a l a x y .
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On t h e  o t h e r  h a n d ,  we h a v e  c o n s t r u c t e d  two t y p e s  of  3-D m o d e l s  f o r  
e a c h  g a l a x y  i n  a n  a t t e m p t  t o  d e t e r m i n e  and p o s s i b l y  r e s o l v e  a m g i b u o u s  
c a s e s :  a  b e s t - f i t  " o b l a t e "  model  i n  w h i c h  t h e  t i l t e d  r i n g s  a r e  t w i s t e d
i n  t h e  d i r e c t i o n  r e p r e s e n t a t i v e  o f  d i f f e r e n t i a l  p r e c e s s i o n  i n  an  o b l a t e  
g r a v i t a t i o n a l  p o t e n t i a l ,  i . e . ,  t w i s t e d  p r o g r a d e  w i t h  r e s p e c t  t o  t h e  
d i r e c t i o n  o f  r o t a t i o n  o f  t h e  d i s k ,  and  a  b e s t - f i t  " p r o l a t e "  mode l  1n 
w h i c h  t h e  r i n g s  a r e  t w i s t e d  r e t r o g r a d e  w i t h  r e s p e c t  t o  d i s k  r o t a t i o n .
{ I n  t h e  f o r m e r  c a s e ,  t h e  t w i s t  t h a t  a p p e a r s  I n  t h e  c o n t o u r s  o f  t h e  2 - D ,  
p r o j e c t e d  v e l o c i t y  map i s  a l s o  u s u a l l y p r o g r a d e  w h i l e  i n  t h e  l a t t e r  c a s e  
t h e  t w i s t  i s  u s u a j j y  r e t r o g r a d e  | C T ] . )  I f  t h e  b e s t  o b l a t e  a nd  t h e  b e s t  
p r o l a t e  model  show s i g n i f i c a n t  d i f f e r e n c e s  f r o m  o n e  a n o t h e r  a nd  o n l y  one  
o f  t he m r e a l l y  m a t c h e s  t h e  o b s e r v a t i o n a l  r e s u l t s ,  t h e n  we c a l l  t h a t  model  
t h e  b e s t  model  f o r  t h e  g a l a x y .  O t h e r w i s e  an  a m b i g u i t y  b e t w e e n  o b l a t e  and  
p r o l a t e  g e o m e t r i e s  p e r s i s t s .  We e m p h a s i z e  t h a t  t h e  e n t i r e  p a r a m e t e r  
s p a c e  i s  e x a m i n e d  f o r  t h e  b e s t  m o d e l s  t o  be  f o u n d .  A d d i t i o n a l  n o n ­
u n i q u e n e s s  p r o b l e m s  w i l l  a r i s e  o n l y  i f  t h e  p a r a m e t e r  s p a c e  i s  e x p a n d e d  t o  
i n c l u d e  more  f r e e  p a r a m e t e r s  ( f o r  e x a m p l e ,  n o n - c i r c u l a r  o r b i t s ) .
f i n a l l y ,  i n  a t t e m p t i n g  t o  d i f f e r e n t i a t e  b e t w e e n  t r a n s i e n t  a nd  
s t e a d y - s t a t e  w a r p s ,  a j u d g e m e n t  mus t  be  made r e g a r d i n g  when a  g i v e n  
o b s e r v e d  o r  m o d e l e d  t w i s t  1s s t r o n g  e n o u g h  t o  r u l e  o u t  t h e  " s t e a d y - s t a t e "  
I n t e r p r e t a t i o n .  As we w i l l  d e m o n s t r a t e  p r e s e n t l y ,  t h e  a c t u a l  s t r e n g t h  
a n d  i m p o r t a n c e  o f  " t w i s t i n g "  i n  a 3 - D ,  w a r p e d  g a s  l a y e r  c a n  be  e i t h e r  
c a m o u f l a g e d  o r  a r t i f i c i a l l y  e x a g g e r a t e d  when i t s  image  g e t s  p r o j e c t e d  
o n t o  t h e  p l a n e  o f  t h e  s k y ,  d e p e n d i n g  on  t h e  g a s  l a y e r ' s  o r i e n t a t i o n  w i t h  
r e s p e c t  t o  t h e  o b s e r v e r .  Wi t h  t h i s  1n m i n d ,  we w i l l  g e n e r a l l y  a d o p t  t h e  
f o l l o w i n g  t e r m i n o l o g y  t h r o u g h o u t  o u r  d i s c u s s i o n s :  an  o b s e r v e d  t w i s t  i n
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t h e  2-D v e l o c i t y  map o f  a g a l a x y  w i l l  be c o n s i d e r e d  " s t r o n g "  i f  i t  t u r n s  
by mo r e  t h a n  20°  i n  t h e  p l a n e  o f  t h e  s k y ;  i n  t h e  f r a m e  o f  t h e  g a l a x y  
I t s e l f ,  a wa r p  w i l l  be  c o n s i d e r e d  " s t r o n g "  i f  i t  b e n d s  by more  t h a n  15° 
o u t  o f  t h e  p l a n e  d e f i n e d  by t h e  c e n t r a l  r e g i o n s  o f  t h e  g a l a x y  d i s k  a n d  a 
t w i s t  w i l l  be  c o n s i d e r e d  " s t r o n g "  i f ,  o v e r a l l ,  i t  e x t e n d s  o v e r  mor e  t h a n  
a 30 a n g l e .
d) Outline
I n  § 1 1 ,  we p r e s e n t  t h e  b a s i c  e q u a t i o n s  f o r  o u r  t i l t e d - r i n g ,  
k i n e m a t i c a l  m o d e l .  T h e s e  e q u a t i o n s  d e f i n e  t h e  c o m p o n e n t  o f  t h e  v e l o c i t y  
o f  a n  o r b i t i n g  p a r t i c l e  a l o n g  t h e  l i n e  o f  s i g h t  a nd  t h e  p a r t i c l e ' s  
p r o j e c t e d  p o s i t i o n  o n  t h e  p l a n e  o f  t h e  s k y .  We a l s o  d e s c r i b e  t h e  
p a r a m e t e r s  o f  t h i s  model  and t h e  p r o c e d u r e s  by w h i c h  e i t h e r  t h e i r  v a l u e s  
a r e  c h o s e n  t o  be  f i x e d  f o r  e a c h  I n d i v i d u a l  g a l a x y  o r  t h e y  a r e  c o n s i d e r e d  
v a r i a b l e s  a nd  a r e  t h e r e f o r e  t o  be  d e t e r m i n e d .
S i n c e  o n l y  c i r c u l a r  m o t i o n s  a r e  e x a m i n e d ,  c e r t a i n  s y m m e t r i e s  a r e  
b u i l t  i n t o  t h e  e q u a t i o n s  o f  t h e  t i l t e d - r i n g  m o d e l .  T h e s e  s y n m e t r l e s  
n a t u r a l l y  l e a d  t o  a m b i g u i t i e s  i n  t h e  i n t e r p r e t a t i o n  o f  t h e  c o r r e c t  
k i n e m a t i c a l  mode l  f o r  some g a l a x i e s .  T h a t  i s ,  m o d e l s  w h i c h  a p p e a r  t o  be  
e x a c t l y  t h e  same when p r o j e c t e d  on t h e  p l a n e  o f  t h e  s k y ,  b u t  w h i c h  h a v e  
d i f f e r e n t  i n t r i n s i c  p a r a m e t e r  v a l u e s  i n  3-D s p a c e .  I n  §11 we d i s c u s s  
t h e s e  a m b i g u i t i e s  and  ways  t o  r e s o l v e  t h e m .  We a l s o  d e f i n e  a n d  d i s c u s s  
t h e  t h r e e  c l a s s e s  o f  w a r p s  t h a t  we m o d e l :  o b l a t e - s h a p e ,  p r o l a t e - s h a p e ,
a nd  s t e a d y - s t a t e  w a r p s .
I n  § 1 1 1 ,  we d i s c u s s  t h e  k i n e m a t i c a l  m o d e l s  o f  o t h e r  i n v e s t i g a t o r s ,  
a n a l y z e  t h e i r  d i f f e r e n c e s  f r om o u r  m o d e l ,  a nd  d e s c r i b e  how t h e s e
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d i f f e r e n c e s  may a c c o u n t  f o r  d i f f e r e n t  r e s u l t s .  We a l s o  p r o p o s e  a coimton 
s y s t e m  f o r  d e f i n i n g  a nd  r e f e r e n c i n g  t h e  d i f f e r e n t  p a r a m e t e r s  i n c l u d e d  i n  
t i l t e d  r i n g  m o d e l s .  We p r e s e n t  a  d e t a i l e d  c o m p a r i s o n  b e t w e e n  t h e  m o d e l s  
o f  Bosma ( 1 9 8 1 a )  and  t h o s e  o f  t h i s  p a p e r  f o r  t h e  g a l a x i e s  NGC 2 8 4 1 ,  NGC 
5 0 3 3 ,  NGC 5 0 5 5 ,  and  NGC 7331 .  We d e m o n s t r a t e  t h a t  o u r  m o d e l s  a r e  i n  
b a s i c  a g r e e m e n t  w i t h  B o s m a ' s  a nd  show how Bos ma 1s p a r a m e t e r s  c a n  be  
t r a n s f o r m e d  t o  o u r  s y s t e m  o f  d e f i n i t i o n s  a nd  v i c e  v e r s a .
I n  § 1V, we p r e s e n t  o u r  d e t a i l e d  m o d e l s  f o r  e a c h  g a l a x y ,  c o m p a r e  
t hem d i r e c t l y  w i t h  21 - cm o b s e r v a t i o n s ,  a nd  w i t h  m o d e l e d  r e s u l t s  p r e s e n t e d  
by o t h e r  a u t h o r s .  A l l  t h e s e  r e s u l t s  a r e  g i v e n  a s  i s o v e l o c i t y  a nd  s u r f a c e  
d e n s i t y  c o n t o u r  d i a g r a m s .  P r e v i o u s l y  p u b l i s h e d  o b s e r v a t i o n s  a nd  m o d e l s ,  
k i n d l y  p r o v i d e d  by many a u t h o r s ,  a r e  a l s o  r e p r o d u c e d  1n §1V t o  f a c i l i t a t e  
d i r e c t  c o m p a r i s o n s  w i t h  o u r  m o d e l s .
I n  §V,  we s u m m a r i z e  t h e  v a l u e s  o f  t h e  model  p a r a m e t e r s  u s e d  o r  
d e t e r m i n e d  d u r i n g  o u r  m o d e l i n g  e f f o r t .  We t a b u l a t e  t h e  v a l u e s  f o u n d  by 
o t h e r  a u t h o r s ,  g i v e n ,  h o w e v e r ,  i n  t h e  contnon " l a n g u a g e " ,  t h a t  we d e s c r i b e  
i n  § 1 1 1 .  We a l s o  d i s c u s s  o u r  r e s u l t s  i n  r e l a t i o n  t o  t h e  g e n e r a l  
s t r u c t u r e  o f  t h e  w a r p s  a nd  t w i s t s ,  t h e  d e d u c e d  s t r u c t u r e  o f  t h e  h a l o s ,  
a n d  t h e  HI r a d i o  o b s e r v a t i o n s  o f  s p i r a l  g a l a x i e s .  At  t h e  e n d  o f  t h i s  
s e c t i o n ,  we c o n s i d e r  i t  h e l p f u l  t o  a l s o  b r i e f l y  d e s c r i b e  t h e  r e s u l t s  t h a t  
we h a v e  o b t a i n e d  on e d g e - o n  and  b a r r e d  s p i r a l s  a nd  e l l i p t i c a l s  w i t h  HI 
d i s k s .  F i n a l l y ,  t h e  m a i n  p o i n t s  o f  t h e  e n t i r e  p a p e r  a r e  s u m m a r i z e d  i n  §V.
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1 1 .  A  K I N E M A T I C A L  T I L T E D - R I N G  MODEL OL A WARPED GALAXY D I S K
In an  e f f o r t  t o  p r e s e n t  o u r  t i l t e d - r i n g  model  a s  c l e a r l y  a s  
p o s s i b l e ,  we f i r s t  d e s c r i b e  i t s  s t r u c t u r e  i n  t h e  r e f e r e n c e  f r a m e  o f  t h e  
model  g a l a x y  ( § l l a ) .  We t h e n  d e s c r i b e  i t s  p r o j e c t i o n  o n t o  t h e  p l a n e  o f  
t h e  sky of  a d i s t a n t  o b s e r v e r  ( § I I b ) .  B e c a u s e ,  by n e c e s s i t y ,  n u m e r o u s  
m a t h e m a t i c a l  s y m b o l s  and d e f i n i t i o n s  a r e  i n t r o d u c e d  i n  t h i s  s e c t i o n ,  a s  
an  a i d  t o  t h e  r e a d e r  we i n c l u d e  i n  Append i x  A a b r i e f  sum-nary o f  a l l  t h e  
s y m b o l s  and  d e f i n i t i o n s  u s e d  h e r e .
a )  D e s c r i p t i o n  o f  t h e  T i l t e d - R i n g  Model
We t a k e  t h e  f o l l o w i n g  s t a n d a r d  model  o f  an u n wa r p e d  d i s k  a s  t h e  
s t a r t i n g  p o i n t  f o r  a l l  o u r  t i l t e d - r i n g  m o d e l s .  The d i s k  i s  f l a t ,  
i n f  i n i t e s i m a 1 l y  t h i n ,  p e r f e c t l y  c i r c u l a r ,  h a s  a  t o t a l  r a d i u s  RQ, and  h a s  
a s i m p l e  r o t a t i o n  c u r v e  g i v e n  by t h e  e q u a t i o n :
<R/RC)VC . R < Rc
V(R) - ( l a )
V R s R R
C C u
A l t h o u g h  s i m p l e ,  t h i s  r o t a t i o n  c u r v e  h a s  b e e n  a d o p t e d  b e c a u s e  i t
r e p r e s e n t s ,  a t  l e a s t  q u a l i t a t i v e l y ,  t h e  t y p e  o f  c u r v e  o b s e r v e d  i n  many 
g a l a x i e s ,  l o  be s u r e ,  t h e  i n n e r  p a r t  o f  t h e  r o t a t i o n  c u r v e  o f  r e a l  
g a l a x i e s  t a k e s  o n  much more  s t r u c t u r e  t h a n  h a s  b e e n  a d o p t e d  h e r e ,  b u t  t h e  
o u t e r  p a r t  i s  a l m o s t  a l w a y s  o b s e r v e d  t o  be n e a r l y  f l a t  ( s e e  § 1 ) ,  a nd  
s i n c e  w a r p i n g  o f  d i s k s  o c c u r s  p r i m a r i l y  1n t h e  o u t e r  p o r t i o n s  o f
g a l a x i e s ,  a more  g e n e r a l  r e p r e s e n t a t i o n  o f  t h e  i n n e r  p a r t  w o u l d  p r e s e n t
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h e r e  o n l y  u n n e c e s s a r y  c o m p l i c a t i o n s .  On t h e  o t h e r  h a n d ,  we ha ve  
p e r f o r m e d  n u m e r o u s  e x p e r i m e n t s  w i t h  d e t a i l e d  r o t a t i o n  c u r v e s  g i v e n  i n  t h e  
l i t e r a t u r e  a nd  we ha ve  e s s e n t i a l l y  c o n f i r m e d  t h a t  no I m p o r t a n t  f e a t u r e s  
a r e  l o s t  f r o m  t h e  maps i f  t h e  s i m p l e  r o t a t i o n  c u r v e  o f  Eq.  ( l a )  i s  u s e d  
( s e e ,  e . g . ,  o u r  r e p r o d u c t i o n  o f  B o s m a ' s  1981a  model  f o r  NGC 5055 1n § I V ) .
Fo r  m o d e l i n g  p u r p o s e s ,  we d i v i d e  o u r  s t a n d a r d  d i s k  i n t o  N 
c o n c e n t r i c ,  c i r c u l a r  r i n g s  n u mb e r e d  n -1  t o  N f r om t h e  c e n t e r  o f  t h e  d i s k ,  
o u t w a r d .  Each r i n g  h a s  a r a d i a l  w i d t h  aR ^ RQ/N a nd  a n  o u t e r - e d g e  r a d i u s  
Rn = nAR. The I n n e r m o s t  s e g m e n t ,  w h i c h  i s  a c t u a l l y  a c i r c l e  o f  r a d i u s  Rj  
-  R0 /N r a t h e r  t h a n  a  r i n g ,  w i l l  h e n c e f o r t h  be  c a l l e d  t h e  " r e f e r e n c e "  d i s k  
b e c a u s e  i t  d e f i n e s  a n a t u r a l  p l a n e  i n  t h e  g a l a x y ' s  r e f e r e n c e  f r a m e  
a g a i n s t  w h i c h  t h e  o r i e n t a t i o n  o f  a l l  o t h e r  r i n g  s e g m e n t s  c a n  
u n a m b i g u o u s l y  be r e f e r e n c e d .  In t h e  s t a n d a r d  m o d e l ,  w h i c h  i s  u n w a r p e d ,  
a l l  r i n g s  a r e  c o p l a n a r  w i t h  t h e  r e f e r e n c e  d i s k .  F o r  a d d i t i o n a l  c l a r i t y ,  
we a l s o  d e f i n e  J j  a s  t h e  a n g u l a r  momentum v e c t o r  o f  t h e  r e f e r e n c e  d i s k .  
The h e m i s p h e r e  I n t o  w h i c h  J j  p o i n t s  w i l l  b e  r e f e r r e d  t o  a s  t h e  " u p p e r "  
h e m i s p h e r e  o f  t h e  g a l a x y ,  i r r e s p e c t i v e  o f  i t s  e v e n t u a l  o r i e n t a t i o n  w i t h  
r e s p e c t  t o  t h e  o b s e r v e r ' s  l i n e  o f  s i g h t .  S i m i l a r l y ,  t h e  h e m i s p h e r e  i n t o  
w h i c h  - J j  p o i n t s  w i l l  be c a l l e d  t h e  " l o w e r "  h e m i s p h e r e  o f  t h e  g a l a x y .
F o l l o w i n g  RLW a nd  Bosma ( 1 9 8 1 a ) ,  we model  w a r p i n g  1n t h e  d i s k  by 
a l l o w i n g  e a c h  d i s c r e t e  c i r c u l a r  r i n g  t o  l i e  i n  some p l a n e  o t h e r  t h a n  t h e  
r e f e r e n c e  d i s k .  I n  g e n e r a l ,  t h e n ,  f o r  t h e  n * h r i n g  s e g m e n t ,  we s p e c i f y :  
( a )  t h e  c i r c u l a r  v e l o c i t y  a s  d e f i n e d  by Eq.  ( l a ) ;  ( b )  t h e  i n c l i n a t i o n  
( w a r p i n g )  a n g l e  wn o f  t h e  a n g u l a r  momentum v e c t o r  J n o f  t h e  r i n g  m e a s u r e d  
w i t h  r e s p e c t  t o  J j ; a nd  ( c )  t h e  ( t w i s t i n g )  a n g l e  t  m e a s u r e d  i n  t h e  p l a n e  
o f  t h e  r e f e r e n c e  d i s k  trom  a r e f e r e n c e  a x i s  l o c a t e d  i n  t h e  r e f e r e n c e  d i s k
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( d e f i n e d  b e l o w ) ,  counter-clockwise  t o  t h e  a s c e n d i n g  l i n e  o f  n o d e s  o f  t h e  
t i l t e d  c i r c u l a r  o r b i t  d e f i n e d  by r i n g  n .  The a n g l e s  wn and  t n a r e  
d e f i n e d  g r a p h i c a l l y  i n  F i g u r e  1 ( s e e  § 11b >.
F o r  a number  o f  r e a s o n s  i t  i s  u s e f u l  t o  i d e n t i f y  r i n g  "m" w i t h  t h e  
r a d i u s  o f  t h e  d i s k  a t  w h i c h  t h e  g a s  f i r s t  s t a r t s  w a r p i n g  o u t  o f  t h e  p l a n e  
o f  t h e  r e f e r e n c e  d i s k .  I . e . ,
w -  0 , f o r  n < m n
> 0 , f o r  n > m .
By d e f i n i t i o n ,  r i n g  m c a n n o t  be  t h e  r e f e r e n c e  d i s k  i t s e l f ,  s o  2 < m <
N. The i n n e r m o s t  ( m- 1)  u n wa r p e d  r i n g s  d e f i n e  an e x t e n d e d  r e f e r e n c e  d i s k ,  
t h e  o r i e n t a t i o n  o f  w h i c h  c a n  be  s p e c i f i e d  by t h e  v e c t o r  J j .  We w i l l  
h e n c e f o r t h  r e f e r  t o  t h i s  e x t e n d e d  r e f e r e n c e  d i s k  a s  t h e  " c e n t r a l "  d i s k .
In  t h e  r e f e r e n c e  f r a m e  o f  t h e  g a l a x y ,  t h e  l i n e  o f  n o d e s  d e f i n e d  by t h e  
i n t e r s e c t i o n  o f  r i n g  m w i t h  t h e  r e f e r e n c e  ( o r  c e n t r a l )  d i s k  p r o v i d e s  a 
s e n s i b l e  a x i s  a g a i n s t  w h i c h  t h e  t w i s t i n g  a n g l e  t n o f  s u b s e q u e n t  t i l t e d  
r i n g s  c a n  be m e a s u r e d .  We t h e r e f o r e  d e f i n e  t m * 0  a nd  w i l l ,  h e n c e f o r t h ,  
r e f e r  t o  t h e  a s c e n d i n g  l i n e  o f  n o d e s  o f  r i n g  m a s  t h e  " wa r p  n o d e . "  ( I t  
i s  i m p o r t a n t  t o  r e a l i z e  t h a t ,  i n  g e n e r a l ,  a r e m o t e  o b s e r v e r  w i l l  f i n d  
t h a t  t h e  o r i e n t a t i o n  on  t h e  sky  o f  t h e  w a r p  node  w i l l  n o t  c o i n c i d e  w i t h  
t h e  p r o j e c t e d  m a j o r  a x i s  o f  t h e  g a l a x y .  T h i s  g e n e r a l i z a t i o n  h a s  n o t  b e e n  
r e a l i z e d  o r  a p p r e c i a t e d  i n  a n umbe r  o f  p r e v i o u s  I n v e s t i g a t i o n s . )
P r o j e c t e d  s u r f a c e  d e n s i t y  maps  a r e  p r o d u c e d  f r o m  t h e  t i l t e d - r i n g  
mode l  u n d e r  t h e  a s s u m p t i o n  t h a t  t h e  s t a n d a r d , u nw a r p e d  model  h a s  i t s  m a s s  
d i s t r i b u t e d  1n a n  e x p o n e n t i a l  d e n s i t y  p r o f i l e  o f  t h e  f o r m
S( R)  = SQ exp( -A R/Ro ) , ( l b )
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w h e r e  SQ i s  t h e  s u r f a c e  d e n s i t y  a t  t h e  c e n t e r  o f  t h e  r e f e r e n c e  d i s k  
a nd  ft i s  t h e  s c a l e - l e n g t h  o f  t h e  e x p o n e n t i a l  d i s k .  As t h e  i n d i v i d u a l  
r i n g s  a r e  a l l o w e d  t o  c h a n g e  t h e i r  o r i e n t a t i o n ,  m a s s  p a r t i c l e s  on  t h o s e  
r i n g s  a r e  f o r c e d  t o  c h a n g e  t h e i r  p r o j e c t e d  p o s i t i o n  on t h e  s k y .  The 
r e s u l t i n g  p r o j e c t e d  d e n s i t y  p r o f i l e ,  t h e r e f o r e ,  d e s c r i b e s  t h e  w a r p e d  
d i s k .  S i n c e  o u r  n u m e r i c a l  m o d e l s  a r e  u s u a l l y  c o n s t r u c t e d  w i t h  h i g h e r  
s p a t i a l  r e s o l u t i o n  t h a n  t h e  r e a l  o b s e r v a t i o n s  p r e s e n t l y  a c h i e v e ,  e a c h  o f  
o u r  s u r f a c e  d e n s i t y  maps i s  c o n v o l v e d  w i t h  a G a u s s i a n  beam p a t t e r n  s o  
t h a t  t h e  c o n v o l v e d  image  c a n  be  d i r e c t l y  c o m p a r e d  w i t h  t h e  o b s e r v e d  
d e n s i t y  m a p s .  An e x p o n e n t i a l  p r o f i l e  f o r  t h e  d e n s i t y  d i s t r i b u t i o n  1s 
c o n s i s t e n t  w i t h  t h e  d i s t r i b u t i o n  o f  l i g h t  i n  t h e  d i s k s  o f  s p i r a l  g a l a x i e s  
(RLW; Krumm a nd  S a l p e t e r  1 9 7 7 ) ,  b u t ,  s i n c e  r e a l  g a l a x y  d i s k s  a r e  f u l l  o f  
l o c a l  d i s t u r b a n c e s ,  r e s u l t s  o b t a i n e d  by t h e  u s e  o f  e q u a t i o n  ( l b )  s h o u l d  
be  c o m p a r e d  t o  t h e  a c t u a l  o b s e r v a t i o n s  o n l y  i n  r e l a t i o n  t o  t h e  o v e r a l l  
p a t t e r n s  t h e y  e x h i b i t ,  and n o t  r e l a t i v e  t o  a ny  l o c a l ,  s m a l l  s c a l e  
c h a r a c t e r i  s t i e s .
b) Basic Coordinate Frawes
F o r  t h e  s a k e  o f  c o m p l e t e  g e n e r a l i t y  I n  p r o j e c t i n g  o u r  t i l t e d - r i n g  
model  o n t o  t h e  s k y ,  we w i l l  c o n s i d e r  f o u r  d i f f e r e n t  C a r t e s i a n  c o o r d i n a t e  
s y s t e m s .  The f i r s t  t wo  a r e  d e f i n e d  i n  t h e  model  g a l a x y  I t s e l f :
a )  DOUBLE PRIMEO SYSTEM; A c o o r d i n a t e  s y s t e m  embe dde d  1n t h e
p l a n e  t h a t  c o n t a i n s  t h e  t i l t e d  c i r c u l a r  r i n g  o f  r a d i u s  Rn - 
T h i s  c o o r d i n a t e  s y s t e m  w i l l  g e n e r a l l y  v a r y  f r o m  r i n g  t o  r i n g  
a n d  i s  r e p r e s e n t e d  by d o u b l e  p r i m e s .  I t  i s  o r i e n t e d  s u c h  t h a t
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t h e  X" - Y" p l a n e  l i e s  I n  t h e  r i n g  p l a n e  w i t h  t h e  X " - a x i $  t h r o u g h  
t h e  p o i n t  In t h e  t i l t e d  r i n g  w h e r e  t h e  v e l o c i t y  1s t o  be  
e v a l u a t e d .  The Z " - a x 1 s  i s  o r t h o g o n a l  t o  t h e  r i n g  p l a n e  a nd  
c o i n c i d e s  w i t h  t h e  J n a n g u l a r  momentum v e c t o r ,
b )  SINGLE PRIMED SYSTEM: A c o o r d i n a t e  s y s t e m  embe dde d  i n  t h e
r e f e r e n c e  d i s k  o f  t h e  g a l a x y  and r e p r e s e n t e d  by s i n g l e  
p r i m e s .  T h i s  s y s t e m  1s d e f i n e d  s u c h  t h a t ,  f o r  a l l  r i n g s ,  t h e  
p o s i t i v e  Z ' - a x i s  c o i n c i d e s  w i t h  J j  and  t h e  X ' - Y '  p l a n e  
c o i n c i d e s  w i t h  t h e  p l a n e  o f  t h e  r e f e r e n c e  d i s k .  F o r  e a c h  
o r b i t i n g  r i n g  o f  g a s ,  t h e  p o s i t i v e  X ' - a x i s  i s  o r i e n t e d  s u c h  
t h a t  i t  I d e n t i f i e s  t h e  a s c e n d i n g  n o d e  o f  t h e  r i n g  u n d e r  
c o n s i d e r a t  i o n .
The r e l a t i o n s h i p  b e t w e e n  t h e s e  two c o o r d i n a t e  s y s t e m s  I s  shown i n  F i g u r e
1.  A p a r t i c l e  o r b i t i n g  i n  r i n g  n h a s  i t s  o r b i t  i n c l i n e d  ( w a r p e d )  by a n  
a n g l e  wn r e l a t i v e  t o  t h e  r e f e r e n c e  d i s k  a nd  r o t a t e d  ( t w i s t e d )  by a n  a n g l e  
t n w i t h  r e s p e c t  t o  t h e  war p  n o d e .  ( B e c a u s e  t h e  " warp  n o d e "  i s  d e f i n e d ,  
a s  s t a t e d  i n  § 11 a , by t h e  a s c e n d i n g  l i n e  o f  n od e s  o f  r i n g  m, t h e  a n g l e  t n 
shown i n  F i g u r e  1 w i l l  b e ,  by d e f i n i t i o n ,  t  -  0  i f  t h e  t i l t e d  p a r t i c l e  
o r b i t  b e i n g  d e p i c t e d  i s  i n  r i n g  m I t s e l f . )  The p a r t i c l e ' s  p o s i t i o n ,  w i t h  
r e s p e c t  t o  t h e  a s c e n d i n g  node  o f  i t s  own o r b i t ,  c a n  be s p e c i f i e d  1n t h e  
X"-Y" p l a n e  by t h e  p o l a r  c o o r d i n a t e s  (Rn , $ n ) ,  w h e r e  $ 1s  t h e  a z i m u t h  
m e a s u r e d  f r o m  t h e  X ' - a x i s  I n  t h e  d i r e c t i o n  o f  t h e  p a r t i c l e ' s  m o t i o n .
The d e f i n i t i o n s  o f  t h e  o t h e r  t wo c o o r d i n a t e  s y s t e m s  d e p e n d  on 
i n t r o d u c i n g  a r e m o t e  o b s e r v e r  a nd  t h e  f a m i l i a r  c o n c e p t  o f  a " p l a n e  o f  t h e  
s k y "  w h i c h  l i e s  p e r p e n d i c u l a r  t o  t h e  o b s e r v e r ' s  l i n e  o f  s i g h t .  The t wo 
s y s t e m s  a r e :
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c )  UNPRIMED SYSTEM: An u n p r i m e d  c o o r d i n a t e  s y s t e m  o r i e n t e d  s u c h  
t h a t  t h e  o b s e r v e r ' s  l i n e  o f  s i g h t  i s  down t h e  Z - a x i s  a n d  t h e  X- 
Y p l a n e  l i e s  i n  t h e  p l a n e  of  t h e  s k y .  The p o s i t i v e  X - a x 1 s  1s 
a l i g n e d  w i t h  t h e  b l u e - s h i f t e d  s i d e  o f  t h e  p r o j e c t e d  m a j o r  a x i s  
o f  t h e  d i s k  a nd  m a r k s  t h e  i n t e r s e c t i o n  b e t w e e n  t h e  X ' - Y '  p l a n e  
o f  t h e  r e f e r e n c e  d i s k  and t h e  p l a n e  o f  t h e  s k y .
d )  OBSERVER'S SYSTEM: A c o o r d i n a t e  s y s t e m  r e s u l t i n g  f ro m  t h e
r o t a t i o n  o f  t h e  ( X , Y, Z)  f r a m e  by a n  a n g l e  - y a b o u t  i t s  Z-  
a x i s .  T h i s  s y s t e m  i s  d e n o t e d  by t h e  c o o r d i n a t e s  ( t . n . t )  and  
i s  d e f i n e d  s u c h  t h a t  t h e  c - a x i s  a l i g n s  w i t h  t h e  Z - a x i s  a nd  t h e
e, a x i s  a l w a y s  p o i n t s  d u e  N o r t h  on  t h e  s k y .  T h i s  s y s t e m  1s u s e d  
t o  i d e n t i f y  t h e  p o s i t i o n  a n g l e  y o f  t h e  g a l a x y ' s  p r o j e c t e d  
m a j o r  a x i s  o n  t h e  s k y .
The r e l a t i o n s h i p  b e t w e e n  t h e s e  l a t t e r  two s y s t e m s  a nd  t h e  r e f e r e n c e  d i s k  
o f  t h e  r e m o t e  g a l a x y  I s  I l l u s t r a t e d  i n  F i g u r e  2. The X ' - Y '  g a l a c t i c  
p l a n e ,  w h i c h  c o i n c i d e s  w i t h  t h e  g a l a x y ' s  c e n t r a l  d i s k ,  i s  i n c l i n e d  by an 
a n g l e  i Q w i t h  r e s p e c t  t o  t h e  p l a n e  o f  t h e  s k y .  ( A l t e r n a t i v e l y ,  i Q i s  t h e  
a n g l e  m e a s u r e d  b e t w e e n  t h e  Z ' - a x i s  and t h e  Z - a x i s . )  I n  g e n e r a l ,  n e i t h e r  
t h e  l i n e  d e f i n e d  by t h e  X ' - a x i s  n o r  t h e  war p  n o d e  shown i n  F i g u r e  1 w i l l  
l i e  i n  t h e  p l a n e  o f  t h e  s k y  b e c a u s e  t h e s e  two l i n e s  a r e  d e r i v e d  f ro m  
i n t r i n s i c  p r o p e r t i e s  o f  t h e  t i l t e d - r i n g  g a l a x y  model  a n d  d o  n o t  d e p e n d  on  
t h e  e x i s t e n c e  o f  a  r e m o t e  o b s e r v e r .  T h e r e f o r e ,  t h e  l i n e  l o c a t i n g  t h e  
i n t e r s e c t i o n  b e t w e e n  t h e  g a l a x y ' s  r e f e r e n c e  d i s k  a nd  t h e  p l a n e  o f  t h e  s ky  
( i . e . ,  t h e  X - a x 1 s )  w i l l  mark a t h i r d ,  u n i q u e  r e f e r e n c e  H n e  l y i n g  i n  t h e  
g a l a x y ' s  r e f e r e n c e  d i s k .  B e c a u s e  we a r e  I n t e r e s t e d  h e r e  i n  p r o j e c t i n g  
o r b i t i n g  p a r t i c l e  p o s i t i o n s  and  v e l o c i t i e s  o n t o  t h e  p l a n e  o f  t h e  s k y ,  1 t  
b e c o m e s  c o n v e n i e n t  t o  t e m p o r a r i l y  b y p a s s  a n y  r e f e r e n c e  t o  t h e  wa r p  n o d e
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a n d  r e l a t e  t h e  l o c a t i o n  o f  t h e  X ' - a x i s  d i r e c t l y  t o  t h e  X - a x i s .  In F i g u r e
2, m a r k s  t h e  a n g l e  b e t w e e n  t h e  X- and  X ' - a x e s  m e a s u r e d  ccw ( a s  d e f i n e d
by t h e  J j  v e c t o r )  i n  t h e  p l a n e  o f  t h e  r e f e r e n c e  d i s k .  I f  we
d e f i n e  t   ̂ a s  t h e  a n g l e  m e a s u r e d  i n  t h e  r e f e r e n c e  d i s k  b e t w e e n  t h e  X- o m
a x i s  a nd  t h e  wa r p  n o d e ,  t h e n  we c a n  a l w a y s  r e t r i e v e  t h e  t w i s t i n g  a n g l e  t n
f r o m  w v i a  t h e  r e l a t i o n  n
wn = l o + l n • f o r  n - m *
I n  r e a l i t y ,  t  I d e n t i f i e s  t h e  p o s i t i o n  a r o u n d  t h e  g a l a x y ' s  r e f e r e n c e  d i s k
a t  w h i c h  t h e  w a r p  f i r s t  b e g i n s  t o  o c c u r ,  s o  we w i l l  o f t e n  r e f e r  t o  t  a s
t h e  " p o s i t i o n  a n g l e  o f  t h e  w a r p , "  o r  PAw, a nd  u s e  i t  a s  a p r i m a r y
v a r i a b l e  t o  be f i t  i n  a l l  o u r  t i l t e d  r i n g  m o d e l s .  H e n c e f o r t h  we w i l l
p
r e f e r  t o  b o t h  and  t n , i n t e r c h a n g e a b l y ,  a s  t h e  " t w i s t i n g  a n g l e " .
p
R o g s t a d  a nd  c o l l a b o r a t o r s  ( c i t e d  i n  t h e  I n t r o d u c t i o n )  u s e  a d i f f e r e n t
d e f i n i t i o n  o f  t h e  t w i s t i n g  a n g l e .  I n  t h e i r  t i l t e d - r i n g  m o d e l ,  a n
a n g l e  o i s  m e a s u r e d  o n  t h e  c e n t r a l  d i s k  b u t  t o  t h e  p o i n t  a b o v e  w h i c h
r i n g  n r e a c h e s  i t s  maximum l i n e a r  h e i g h t  f r o m  t h e  p l a n e  o f  t h e  c e n t r a l
d i s k .  O b v i o u s l y ,  t h e n ,  n = 9 0 “ + u , w h e r e  u i s  t h e  t w i s t i n g  a n g l e  o fn n n
r i n g  n i n  o u r  m o d e l .
c) Projected Image Equations
G i v e n  t h e  c i r c u l a r  v e l o c i t y  V = Y" o f  a  p a r t i c l e  l o c a t e d  a t  t h e
p o i n t  ( X " , 0 , 0 ) ,  a nd  o r b i t i n g  o n  a c i r c l e  o f  r a d i u s  Rn , we wa n t  t o  
d e t e r m i n e  t h e  r a d i a l  v e l o c i t y  V a l o n g  t h e  o b s e r v e r ' s  l i n e  o f  s i g h t  a nd  
t h e  c o r r e s p o n d i n g  p r o j e c t e d  p o s i t i o n  o f  ( X " , 0 , 0 )  o n t o  t h e  p l a n e  o f  t h e
s k y .  l o  do t h i s ,  we n e e d  m e r e l y  p e r f o r m  t h e  r e l e v a n t  r o t a t i o n s  o f  t h e
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g a s  p a r t i c l e ' s  p o s i t i o n a l  c o o r d i n a t e s ,  and  d i f f e r e n t i a t e  t h e  t r a n s f o r m e d  
c o o r d i n a t e s  w i t h  r e s p e c t  t o  t i m e :
a )  To o b t a i n  ( X ' . Y ' . Z ' J  and ( V ' . V . V ' )  we r o t a t e  by an  a n g l ex y 2
a b o u t  t h e  Z " - a x i s ,  a nd  by an a n g l e  -w a b o u t  t h e  X ' - a x i s *
b)  l o  o b t a i n  ( X , Y , Z )  a nd  (VX,V ,VZ) ,  we r o t a t e  by a n  a n g l e  -w
a b o u t  t h e  Z ' - a x i s ,  a nd  by an a n g l e  - i Q a b o u t  t h e  X - a x i s .
c)  l o  o b t a i n  ( t . n . f , )  a nd  ( V^,  V^,  V ^ ) ,  we r o t a t e  by an  a n g l e
- r  a b o u t  t h e  Z - a x i s .
The c o m p l e t e  m a t r i x  of  r o t a t i o n s  c a n  t h e n  be w r i t t e n  a s  a p r o d u c t  o f  f i v e  
m a t r  i c e s :
c o s t  - S i n t  0 1 0  0 coSw - s i n w 0
s i ny  c os y  0 0 c o s i  - s i n i  • s inw cosw 0o o
0 0 1 • 0 s i n i  c o s i  0 0 1
1 0 0 
0 cosw - s i n w  
0 s i n w  cosw
cos<t> -sin<t> 0 
sin<t> c o s $  0 
0 0 1
U s i n g  t h e  c o n v e n t i o n  t h a t  t h e  r a d i a l  v e l o c i t y  w i l l  be n e g a t i v e  i f  
i t  i s  d i r e c t e d  t o w a r d  t h e  o b s e r v e r ,  we f i n d  t h a t
^ =■ R{c o s y  ( c o s $ cosw-sin<t> s i n w  cosw)
- s i n y ! ( c o s $  s i n w  + s i n $  c o s w c o s w ) c o s i Q - s i n *  s i n w  s i n 1q 1 > , ( 2 )
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n = R { s i n Y( c o s *  COSw - s i n *  s i n w  cosw)
+ c o s Y| ( c o s *  s i n w  + s i n *  cos w c o s w ) c o s 1 Q - s  1 n<t> s i n w  s i n i Q |} , ( 3 )
a nd
V = - V { (-sin«t> s i n w  + c o s *  cos w c o s w ) s i n 1 o + c o s *  s i n w  c o s i Q } . ( 4 )
I t  i s  w o r t h w h i l e  n o t i n g  t h a t  t h e s e  e x p r e s s i o n s  r e d u c e  t o  a  much s i m p l e r  
f o r m  i f  o n e  i s  c o n c e r n e d  o n l y  w i t h  e x a m i n i n g  t h e  k i n e m a t i c a l  f e a t u r e s  o f  a 
f l a t  ( u n w a r p e d )  d i s k  whos e  p r o j e c t e d  m a j o r  a x i s  p o i n t s  d u e  N o r t h  on  t h e  
s k y  ( e . g . ,  M i h a l a s  a nd  B i n n e y  1 9 8 1 ,  pp .  4 9 9 - 5 0 0 ) .  F o r  a  f l a t  d i s k ,  w = 0
a n d  (w + *)  + * ;  i f  t h e  m a j o r  a x i s  p o i n t s  N o r t h ,  Y = 0 .  Un d e r  t h e s e
c o n d i t i o n s ,  e q u a t i o n s  ( 2 )  - ( 4 )  become:
t. = R c o s *  , ( 5 )
n = R S i n *  C o s i Q , ( 6 )
V = - Vc os *  s 1 n i Q . ( 7 )
D e f i n i n g ,  t h e n ,  a  p a r t i c l e ' s  p r o j e c t e d  r a d i a l  p o s i t i o n  a nd  p o l a r  a n g l e  on
2 2 1/2t h e  p l a n e  o f  t h e  s ky  a s  p ; ( t  + n ) '  a nd  t a n 6  ; n / t .  r e s p e c t i v e l y ,  we 
f u r t h e r  d e r i v e ,  f r o m  e q u a t i o n s  ( 5 )  and  ( 6 ) ,
R2 = p2 ( c o s 2 6 + s e c 2 10 s 1 n 2 6) , ( 8 )
t a n s  = c o s i Q t a n *  , ( 9 )
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■3
i n  a g r e e m e n t  w i t h  M i h a l a s  and  Bi n n e y *  The r a d i a l  v e l o c i t y  g i v e n  by
J T h e r e  i s  c l e a r l y  a m i s p r i n t  i n  e q u a t i o n  ( 8 - 6 2 )  o f  M i h a l a s  a nd  B i n n e y  
( 1 9 8 1 ) .  E i t h e r  t h e  a n g l e  s y m b o l s  e and  <t n e e d  t o  be  s wa p p e d  i n  t h e i r  
e x p r e s s i o n  o r  t h e  c o e f f i c i e n t  o f  t h e  t a n e  t e r m  s h o u l d  be  c o s i  r a t h e r  t h a n
sec i .
M i h a l a s  a nd  B i n n e y  ( t h e i r  e q u a t i o n  ( 8 - 6 0 ) )  r e d u c e s  t o  o u r  e q u a t i o n  ( 7 )  i f  
t h e  p a r t i c l e s  i n  t h e  M i h a l a s  a nd  B i n n e y  d i s k  a r e  f o r c e d  t o  move 1n 
c i r c u l a r  o r b i t s  ( w i t h o u t  a n y  r a d i a l  o r  z - m o t i o n s )  a nd  i f  t h e  c i r c u l a r  
v e l o c i t y  i s  a s s u m e d  t o  be  o n l y  a f u n c t i o n  o f  r a d i u s  R.
c) Classes of Harps
B e i n g  g u i d e d  by t h e  t h e o r e t i c a l  d i s c u s s i o n  p r e s e n t e d  i n  CT and  
r e v i e w e d  i n  §1 a b o v e ,  o n l y  s mo o t h  w a r p s  and t w i s t s ,  w h i c h  p r e s e n t  
r e a s o n a b l e  r e p r e s e n t a t i o n s  o f  g a s  d i s k s  t r y i n g  t o  s e t t l e  t o  t h e i r  
p r e f e r r e d  o r i e n t a t i o n s  1n s p h e r o i d a l  g r a v i t a t i o n a l  p o t e n t i a l  w e l l s ,  w i l l  
be  p r i m a r i l y  e x a m i n e d  h e r e .  We a s s ume  t h a t  t h e  w a r p i n g  a n g l e  wp 
I n c r e a s e s  i n  a  m o n o t o n i c  f a s h i o n  w i t h  a r e l a t i v e l y  s m a l l  ( p e r h a p s  z e r o )
I n c r e m e n t  i n  a n g l e  a s  we p r o g r e s s  f r om t h e  c e n t e r  o f  t h e  d i s k ,  o u t w a r d .
We a b a n d o n  t h i s  t a c t i c  o n l y  f o r  e x t r e m e l y  d i s t u r b e d  g a l a x i e s  l i k e  NGC 
3 0 7 9 .  S i m i l a r l y ,  we a s s u m e  t h a t  t h e  t w i s t i n g  a n g l e  t n e i t h e r  I n c r e a s e s  o r  
d e c r e a s e s  i n  a m o n o t o n i c  f a s h i o n  w i t h  a r e l a t i v e l y  s m a l l  ( p e r h a p s  z e r o )
i n c r e m e n t  1n a n g l e  a s  we move o u t w a r d  f r o m  t h e  c e n t e r  o f  t h e  d i s k .  T h r e e
s p e c i f i c  c l a s s e s  o f  w a r p s  a r e  m o d e l e d  i n  d e t a i l :  t h e  s t e a d y - s t a t e  w a r p ;
a n  o b l a t e  w a r p ;  and  a  p r o l a t e  w a r p .  T h e i r  r e s p e c t i v e  d e f i n i t i o n s  f o l l o w .
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1 . )  S t e a d y - s t a t e  wa r p :  A s t e a d y - s t a t e  warp 1s one  t h a t ,  v e r y  s i m p l y ,
ha s  t  = 0 f o r  a l l  n > m, i n d e p e n d e n t  o f  t h e  wa r p i ng  a n g l e  wR. S i n c e  a l l  
r i n g s  have  t h e  same l i n e  o f  nodes  b u t ,  i n  g e n e r a l ,  d i f f e r e n t  i n c l i n a t i o n s ,  
t h i s  t y p e  o f  warp 1s q u a l i t a t i v e l y  c h a r a c t e r i s t i c  of  a s t e a d y - s t a t e  
s t r u c t u r e  t h a t  no l o n g e r  shows d i f f e r e n t i a l  p r e c e s s i o n  o f  p a r t i c l e  
o r b i t s .  I t  s h o u l d  be f ou n d ,  f o r  e x a mp l e ,  1n a t u m b l i n g ,  s p h e r o i d a l  
p o t e n t i a l  we l l  onc e  ga s  has  c o m p l e t e l y  s e t t l e d  t o  i t s  p r e f e r r e d  
o r i e n t a t i o n  ( s u c h  s t r u c t u r e s  a r e  p l o t t e d  and d i s c u s s e d  1n Habe and I k e u c h i  
1988) .
2 . )  Obi  a t e - s h a p e  war p :  An o b l a t e - s h a p e  warp i s  d e f i n e d  a s  one  1n wh i ch
*n+l  > ^ ^o r  n > m* ^ d e p e n d e n t  t h e  wa r p i n g  a n g l e  wp . I n  t h i s
c a s e ,  t h e  a s c e n d i n g  l i n e  o f  nodes  s h i f t s  i n  a r e t r o g r a d e  s e n s e  r e l a t i v e  t o  
t h e  d i r e c t i o n  o f  r o t a t i o n  of  t h e  g a l a x y ,  as  we p r o g r e s s  o u t wa r d  f rom t h e  
c e n t e r  o f  t h e  d i s k ,  bu t  t h e  m a g n i t u d e  o f  s h i f t i n g  d e c r e a s e s  w i t h  r a d i u s .  
T h e r e f o r e ,  t h e  o v e r a l l  p a t t e r n  a p p e a r s  t o  be t w i s t e d  1n a p r o g r a d e  
s e n s e .  Th i s  t y p e  of  warp s h o u l d  be f ound In a d i f f e r e n t i a l l y  p r e c e s s l n g  
g a s e o u s  d i s k  ( w i t h  t h e  p r e c e s s i o n  f r e q u e n c y  d e c r e a s i n g  w i t h  r a d i u s )  t h a t  
i s  s t i l l  i n  t h e  p r o c e s s  o f  s e t t l i n g  t o  I t s  p r e f e r r e d  o r i e n t a t i o n  1n a 
n o n t u m b l i n g ,  o b l a t e  p o t e n t i a l  we l l  ( S t e i ma n - Ca me r o n  and D u r l s e n  1988,  
1 9 8 9 a , b ;  C h r i s t o d o u l o u  1 989 ) .
3 . )  P r o l a t e - s h a p e  wa r p :  A p r o l a t e - s h a p e  warp i s  d e f i n e d  a s  one  1n wh i c h
t  i < t  < 0 f o r  a l l  n > m. I n d e p e n d e n t  o f  t h e  w a r p i n g  a n g l e  wp . I n  t h i s  
c a s e ,  t h e  a s c e n d i n g  I1r»e o f  nodes  s h i f t s  i n  a n g l e  In t h e  p r o g r a d e  s e n s e  t o  
t h e  d i r e c t i o n  o f  r o t a t i o n  o f  t h e  g a l a x y ,  a s  we p r o g r e s s  o u t w a r d  f rom t h e  
c e n t e r  o f  t h e  d i s k ,  bu t  t h e  m a g n i t u d e  o f  s h i f t i n g  d e c r e a s e s  w i t h  r a d i u s .
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T h e r e f o r e ,  t h e  p a t t e r n  a p p e a r s  t o  be t w i s t e d  i n  a r e t r o g r a d e  s e n s e .  T h i s  
t y p e  o f  wa r p  s h o u l d  be f o u n d  i n  a  d i f f e r e n t i a l l y  p r e c e s s i n g  g a s e o u s  d i s k  
( w i t h  t h e  p r e c e s s i o n  f r e q u e n c y  d e c r e a s i n g  w i t h  r a d i u s )  t h a t  1s s t i l l  1n 
t h e  p r o c e s s  o f  s e t t l i n g  t o  i t s  p r e f e r r e d  o r i e n t a t i o n  1n a n o n t u m b l i n g ,  
p r o l a t e  p o t e n t i a l  w e l l  (Habe  a nd  I k e u c h i  1985 ;  S t e i m a n - C a m e r o n  a n d  D u r l s e n  
1 9 8 8 ,  1 9 8 9 a , b ) .
d) Description of the Parameters of the Model
I t  h a s  become o b v i o u s  f r o m  t h e  a b o v e  d i s c u s s i o n  t h a t  b o t h  
c o n s t r u c t i n g  t h e  model  a nd  o r i e n t i n g  i t  c o r r e c t l y  w i t h  r e s p e c t  t o  t h e  
o b s e r v e r  i s  a c o m p l i c a t e d  p r o c e s s .  Be l o w,  we d e s c r i b e  a l l  t h e  i m p o r t a n t  
mode l  p a r a m e t e r s  f r o m  a p r a c t i c a l  p o i n t  o f  v i ew  a nd  e x p l a i n  how t h e y  a r e  
m e a s u r e d  o r  d e t e r m i n e d .
1. Rotation curve: The s i m p l e  r o t a t i o n  c u r v e  o f  e q u a t i o n  ( l a )  1s
c o m p l e t e l y  s p e c i f i e d  by t h e  maximum c i r c u l a r  v e l o c i t y  Vc a nd  t h e  r a d i i  Rc 
a n d  R0 . Wi t h  t h e  s i n g l e  e x c e p t i o n  o f  NGC 2805  ( a n  e x t r e m e l y  d i s t u r b e d  
g a l a x y )  t h e s e  p a r a m e t e r s  a r e  o b t a i n e d  f o r  e a c h  m o d e l e d  g a l a x y  f r om 
p r e v i o u s l y  p u b l i s h e d  o b s e r v a t i o n s  ( s e e  r e f e r e n c e s  1n § § I  a nd  I V ) .
2. Gas and galaxy's frames of reference: In  k e e p i n g  w i t h  t h e  r e l a t i v e l y
low s p a t i a l  r e s o l u t i o n  o f  mos t  p u b l i s h e d  HI m a p s ,  we h a v e  c h o s e n  t o  d i v i d e  
a l l  m o d e l s  i n t o  o n l y  N = 20  r i n g s .  Each r i n g  1s f u r t h e r  d i v i d e d  i n t o  8 0 ,  
e q u a l - s i z e d  a z i m u t h a l  z o n e s .  B e f o r e  t h e  p r o j e c t e d  p o s i t i o n  a nd  v e l o c i t y  
on t h e  s k y  o f  a l l  1600 z o n e s  i s  c o m p u t e d ,  we h a v e  t o  s p e c i f y :
t h e  e x t e n t  o f  t h e  c e n t r a l  d i s k  by c h o o s i n g  t h e  r a d i a l  l o c a t i o n  
o f  r i n g  "m;"
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t h e  p o s i t i o n  a n g l e  o f  t h e  warp  ( t D) a t  r i n g  m;
t h e  d i r e c t i o n  o f  s h i f t i n g  o f  t h e  l i n e  o f  n o d e s  o f  e a c h  r i n g
o u t s i d e  r i n g  "m, "  i . e . ,  t h e  p r e c e s s i o n  d i r e c t i o n  a n d ,  h e n c e ,  t h e
a d o p t e d  s h a p e  o f  t h e  u n d e r l y i n g  p o t e n t i a l  w e l l ;
t h e  a n g l e  by w h i c h  e a c h  I n d i v i d u a l  r i n g  o u t s i d e  o f  t h e  c e n t r a l
d i s k  i s  t i l t e d  o u t  o f  t h e  p l a n e  o f  t h e  c e n t r a l  d i s k ;  and
t h e  amount  by w h i c h  t h e  l i n e  o f  n o d e s  o f  e a c h  t i l t e d  r i n g  1s
s h i f t e d  r e l a t i v e  t o  t Q.
We w i l l  r e f e r  t o  t h e s e  p a r a m e t e r s  a s ,  r e s p e c t i v e l y ,  t h e  " c e n t r a l  d i s k "  
s i z e ,  t h e  p o s i t i o n  a n g l e  o f  t h e  wa r p  ( i n  s h o r t ,  " PAw" ) ,  t h e  " s h a p e "  o f  t h e
p o t e n t i a l  w e l l ,  t h e  w a r p i n g  a n g l e  " w, "  a nd  t h e  t w i s t i n g  a n g l e  " t " .
I n  g e n e r a l ,  t h e  " c e n t r a l  d i s k "  c a n  be compos e d  o f  a n y w h e r e  f r o m  1 
t o  2 0  r i n g s  ( t h e  l a t t e r  c a s e  b e i n g  a  t o t a l l y  f l a t ,  u n w a r p e d  d i s k ) .  The 
" s h a p e "  c a n  o n l y  b e  o b l a t e ,  p r o l a t e ,  o r  u n d e t e r m i n e d ,  a c c o r d i n g  t o  t h e
c l a s s  o f  w a r p  b e i n g  m o d e l e d ,  b u t  i t s  s p e c i f i c a t i o n  i s  o n l y  m e a n i n g f u l  i f
t h e  a n g l e  w i s  n o n z e r o  f o r  a t  l e a s t  two r i n g s .
As d e f i n e d  e a r l i e r ,  t h e  t w i s t i n g  a n g l e  " t "  i s  m e a s u r e d  f r o m  t h e
PAw. I n  g e n e r a l ,  we a r e  f r e e  t o  c h o o s e  t h e  t w i s t i n g  a n g l e  o f  e a c h  r i n g ,  
t n , i n d e p e n d e n t l y .  F o r  a l l  b u t  a  f ew g a l a x i e s  i n  t h i s  s t u d y ,  h o w e v e r ,  we 
h a v e  n o t  a l l o w e d  t h e  t w i s t i n g  a n g l e s  t o  be  s p e c i f i e d  i n d e p e n d e n t l y  o f  o n e  
a n o t h e r .  We h a v e  I n s t e a d  demanded t h a t ,  f o r  a n  i n d i v i d u a l  s y s t e m ,  t h e  
t w i s t i n g  a n g l e s  o f  a d j a c e n t  t i l t e d  r i n g s  d i f f e r  f r o m  o n e  a n o t h e r  by a 
c o n s t a n t  i n c r e m e n t ,  a t .  T h a t  1 s ,  f o r  a n y  r i n g  n o u t s i d e  o f  r i n g  m,
t R -  s ( n - m ) a t  , ( 1 0 a )
w h e r e  | s |  * 1 a nd  t h e  s i g n  o f  s d e p e n d s  on  t h e  c h o s e n  d i r e c t i o n  o f  t h e
t w i s t .  B e c a u s e  I t  f o r c e s  a  m o n o t o n i c  c h a n g e  i n  t h e  t w i s t i n g  a n g l e ,  t h i s  
p r e s c r i p t i o n  i s  i n  k e e p i n g  w i t h  t h e  i d e a ,  h i g h l i g h t e d  by CT,  t h a t  a s m o o t h
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t w i s t  s h o u l d  d e v e l o p  f r o m  t h e  d y n a m i c a l  s e t t l i n g  o f  a wa r p e d  g a s  l a y e r .
I n  a d d i t i o n ,  e m p l o y i n g  r e l a t i o n  ( 1 0 a )  g r e a t l y  r e d u c e s  t h e  number  o f  f r e e  
p a r a m e t e r s  t h a t  c a n  o r  n e e d  t o  be  a d j u s t e d  f o r  e a c h  m o d e l e d  s y s t e m .  (We 
c a n n o t  j u s t i f y  t h e  c h o i c e  o f  a l i n e a r  r e l a t i o n s h i p  b e t w e e n  t h e  t w i s t i n g  
a n g l e s  o f  d i f f e r e n t  r i n g s  o t h e r  t h a n  t o  s a y ,  a t  t h e  p r e s e n t  t i m e ,  a  more  
c o m p l i c a t e d  r e l a t i o n  i s  u n c a l l e d  f o r  on  e i t h e r  o b s e r v a t i o n a l  o r  
t h e o r e t i c a l  g r o u n d s .  T h i s  s i m p l e  r e l a t i o n s h i p  a p p e a r s  t o  be a d e q u a t e  f o r  
now b e c a u s e ,  a s  o u r  r e s u l t s  s how,  i t  a l l o w s  us  t o  m a t c h  t h e  c u r r e n t  HI 
maps  o f  mos t  d i s k  s y s t e m s  q u i t e  w e l l . )  When e x p r e s s i o n  ( 1 0 a )  i s  u s e d ,  t h e  
p a r a m e t e r  a t  p r o v i d e s  a q u i c k  m e a s u r e  o f  t h e  d e g r e e  t o  w h i c h  t w i s t i n g  i s  
i m p o r t a n t  1n a g i v e n  w a r p e d  d i s k  s y s t e m  and t h e  s i g n  o f  s  I m m e d i a t e l y  
i d e n t i f i e s  t h e  c h o s e n  " s h a p e "  p a r a m e t e r  - -  s = +1 me a ns  an " o b l a t e "  s h a p e  
h a s  b e e n  c h o s e n  and  s = -1 means  a " p r o l a t e "  s h a p e  h a s  b e e n  u s e d .  By 
s e t t i n g  a t  = 0 i n  e x p r e s s i o n  ( 1 0 a ) ,  a l l  t h e  r i n g s  w i l l  h a v e  a contnon l i n e  
o f  n o d e s  a nd  o u r  t l l t e d - r i n g  model  w i l l  a s s u me  t h e  s t r u c t u r e  o f  a  " s t e a d y -  
s t a t e "  w a r p ,  a s  d e f i n e d  a b o v e .  I n  t h i s  c a s e ,  t h e  s i g n  o f  t h e  s h a p e  
p a r a m e t e r  s i s  u n d e t e r m i n e d .
As d e f i n e d  e a r l i e r ,  w i s  m e a s u r e d  w i t h  r e s p e c t  t o  t h e  c e n t r a l  d i s k  
a s  t h e  a n g l e  b e t w e e n  t h e  v e c t o r s  J j  and  J n . As w i t h  t h e  t w i s t i n g  a n g l e ,  
i n  g e n e r a l  we a r e  f r e e  t o  c h o o s e  t h e  w a r p i n g  a n g l e  o f  e a c h  r i n g  
i n d e p e n d e n t l y .  A g a i n ,  t h o u g h ,  i n  an  a t t e m p t  t o  c o n f i n e  o u r  m o d e l s  t o  o n e s  
h a v i n g  s m o o t h l y  w a r p e d  s t r u c t u r e s ,  we h a v e  a d o p t e d  t h e  f o l l o w i n g  
p r e s c r i p t i o n  f o r  wn f o r  mos t  o f  o u r  k i n e m a t i c a l  m o d e l s ;
wn = ( n - m + l ) a w  , ( 1 0 b )
w h e r e  a w  i s  i n d e p e n d e n t  o f  n f o r  a g i v e n  m o d e ! .  I n  t h i s  m a n n e r ,  a s  w i t h
t h e  s p e c i f i c a t i o n  o f  t n a b o v e ,  we ha ve  g r e a t l y  r e d u c e d  t h e  n u m b e r  o f  f r e e  
p a r a m e t e r s  i n  o u r  m o d e l s .  The s i n g l e  p a r a m e t e r  a w  g i v e s  a m e a s u r e  o f  t h e
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d e g r e e  by w h i c h  a g i v e n  g a l a x y ' s  e n t i r e  w a r p e d  HI l a y e r  i s  b e n t  o u t  o f  t h e  
p l a n e  o f  t h e  c e n t r a l  d i s k .  S i n c e  t h e  model  1s s y m m e t r i c ,  o n l y  o n e  w a r p e d  
s i d e  w i l l  be l o c a t e d  I n  t h e  u p p e r  h e m i s p h e r e .  H e r e a f t e r ,  we w i l l  c a l l  
t h i s  s i d e  t h e  " p o s i t i v e "  w a r p ,  and w i l l  p r e s e n t  o u r  r e s u l t s  on  w a r p i n g  
r e l a t i v e  t o  i t .
The f i v e  p a r a m e t e r s  m, t Q, s ,  a w  and  At r e p r e s e n t  t h e  f r e e  
p a r a m e t e r s  f o r  e a c h  m o d e l e d  g a l a x y .  T h e i r  v a l u e s  h a v e  b e e n  d e t e r m i n e d  
e s s e n t i a l l y  t h r o u g h  t r i a l  and  e r r o r  by c o m p a r i n g  t h e  o b s e r v e d  v e l o c i t y  
c o n t o u r  maps a nd  1 s o d e n s 1 t y  maps w i t h  m o d e l s  g e n e r a t e d  f r o m  many d i f f e r e n t  
p o s s i b l e  c o m b i n a t i o n s  o f  t h e s e  p a r a m e t e r s  { s e e  § 11g b e l o w ) .  The b a s i c  
p r o p e r t i e s  o f  t h e s e  p a r a m e t e r s  a nd  how t h e i r  c h a n g e s  u s u a l l y  a f f e c t  t h e  
c o n t o u r  maps o f  a model  a r e  d e s c r i b e d  i n  § l l f .
3 .  P r o j e c t e d  Image  o n  t h e  s k y :  The t r u e  o r i e n t a t i o n  o f  t h e  p r o j e c t e d
I mage  o f  a mode l  o n t o  t h e  p l a n e  o f  t h e  s k y  i s  s p e c i f i e d  by t h e  i n c l i n a t i o n  
a n g l e  ( i Q) o f  t h e  c e n t r a l  d i s k  a nd  t h e  p o s i t i o n  a n g l e  y o f  t h e  p r o j e c t e d  
m a j o r  a x i s  o f  t h e  c e n t r a l  d i s k .  B o t h  p a r a m e t e r s  c a n  b e  d e t e r m i n e d  e i t h e r  
f r o m  a n  o p t i c a l  p h o t o g r a p h  o f  t h e  g a l a x y  o r ,  more  a c c u r a t e l y ,  f r o m  t h e  
c e n t r a l  i s o p h o t e s  o f  t h e  HI s u r f a c e  d e n s i t y  maps p r o v i d e d  by r a d i o  
o b s e r v a t i o n s .  The p o s i t i o n  a n g l e  y  1s m e a s u r e d  f rom n o r t h  t h r o u g h  e a s t  t o  
t h e  b l u t̂  h i f t e d  s i d e  o f  t h e  p r o j e c t e d  m a j o r  a x i s .  B e c a u s e  n o r t h  i s  a t  
t h e  t o p  and  e a s t  i s  on  t h e  l e f t  1n c o n v e n t i o n a l  p h o t o g r a p h s  o f  a  g a l a x y ,
> i s  m e a s u r e d  ccw on t h e  s k y .  The I n c l i n a t i o n  a n g l e  1s  d e t e r m i n e d  by t h e  
e q u a t i o n
i '  = c o s - 1 ( b / a )  , ( 1 1 )
w h e r e  a and  b a r e ,  r e s p e c t i v e l y ,  t h e  l e n g t h s  o f  t h e  p r o j e c t e d  m a j o r  a nd  
m i n o r  a x e s  o f  t h e  c e n t r a l  d i s k .  U n f o r t u n a t e l y ,  e q u a t i o n  ( 1 1 )  a l o n e  d o e s
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n o t  s p e c i f y  c o m p l e t e l y  t h e  t r u e  i n c l i n a t i o n  o f  t h e  c e n t r a l  d i s k  b e c a u s e  
t h e  a r c c o s  i n t r o d u c e s  an a m b i g u i t y  o f  n r a d i a n s ,  i . e . ,  t h e  t r u e  
i n c l i n a t i o n  i s  e i t h e r  i Q = i ' o r  i Q = 1 8 0 u- i ' .  T h i s  a m b i g u i t y  c a n  be  
r e s o l v e d  i f  we know t h e  o r i e n t a t i o n  o f  some o t h e r  p a r t  o f  t h e  g a l a x y ,  
r e l a t i v e  t o  t h e  o b s e r v e r .  We c h o o s e  t o  s p e c i f y  t h e  o r i e n t a t i o n  o f  t h e
s o u t h e r n  e d g e  ( h e r e a f t e r ,  s . e . )  o f  t h e  g a l a x y .  I f ,  when v i e w e d  a s  a
p r o j e c t e d  image  on  t h e  s k y ,  t h e  p o r t i o n  o f  t h e  g a l a x y  t h a t  p o i n t s  due  
s o u t h  i s  a s e g m e n t  o f  t h e  g a l a x y  d i s k  w h i c h ,  i n  3 - 0  s p a c e ,  l i e s  c l o s e r  t o
t h e  o b s e r v e r  t h a n  t h e  g a l a x y  c e n t e r ,  t h e n  we d e f i n e  t h e  s . e .  t o  be " n e a r "
t h e  o b s e r v e r .  O t h e r w i s e ,  we d e f i n e  t h e  s . e .  t o  be  " f a r "  f r o m  t h e  
o b s e r v e r .  Once  t h e  p o s i t i o n  a n g l e   ̂ i s  m e a s u r e d  a nd  t h e  o r i e n t a t i o n  o f  
t h e  s . e .  i s  s p e c i f i e d  i n  t h i s  m a n n e r ,  t h e  v a l u e  o f  i Q c a n  be d e t e r m i n e d  
u n a m b i g u o u s l y  f r o m  i ‘ . T h i s  i s  shown i n  T a b l e  1.  F o r  e x a m p l e ,  i f  t h e  
b l u e - s h i f t e d  s i d e  o f  t h e  c e n t r a l  d i s k ' s  p r o j e c t e d  m a j o r  a x i s  p o i n t s  e a s t  
on  t h e  s k y  ( i . e . ,  0 U i  t  < 1 80° )  a nd  t h e  s . e .  i s  " f a r "  f r o m  t h e  o b s e r v e r ,  
t h e n  i Q = ISO11- ! ' .
I n  p r a c t i c e ,  r e s o l v i n g  t h e  a m b i g u i t y  t h a t  a r i s e s  1n t h e  
d e t e r m i n a t i o n  o f  1Q f r o m  t h e  a x i s  r a t i o  b / a  1s n o t  a l w a y s  a  t r i v i a l  t a s k  
b e c a u s e  d e t e r m i n i n g  t h e  o r i e n t a t i o n  o f  t h e  s . e .  o f  t h e  g a l a x y  c a n  I n v o l v e  
some s u b j e c t i v e  j u d g m e n t .  Fo r  e x a m p l e ,  when w o r k i n g  w i t h  an o p t i c a l  
p h o t o g r a p h  o f  a  d i s k  g a l a x y ,  t h e  l o c a t i o n  o f  a  d u s t  l a n e  ( a r i s i n g  f ro m  
d u s t  a s s u m e d  t o  be f a i r l y  u n i f o r m l y  mixed  w i t h  h y d r o g e n  g a s  i n  t h e  d i s k )  
c a n  be u s e d  t o  d e t e r m i n e  w h e t h e r  t h e  s . e .  i s  " n e a r "  o r  " f a r "  f r o m  t h e  
o b s e r v e r  i f  t h e  d u s t  l a n e  o b s c u r e s  a s u b s t a n t i a l  p o r t i o n  o f  t h e  s t a r  l i g h t  
t h a t  1s  b e i n g  e m i t t e d  by s t a r s  1n t h e  d i s k  o r  i f  i t  a p p e a r s  t o  d i v i d e  t h e  
n u c l e u s  I n t o  t wo  u n e q u a l  p a r t s .  I f ,  f o r  e x a m p l e ,  t h e  s m a l l e r  p a r t  o f  a 
p a r t i a l l y  o b s c u r e d  n u c l e u s  p o i n t s  s o u t h  ( a s  i n  t h e  c a s e  o f  NGC 3 0 7 9 - - s e e
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F i g .  5 i  b e l o w ) ,  t h e n  t h e  s . e .  o f  t h e  d i s k  mus t  be  c l o s e r  t o  t h e  o b s e r v e r  
t h a n  t h e  g a l a x y  c e n t e r .  T h i s  t e c h n i q u e  f o r  i d e n t i f y i n g  t h e  o r i e n t a t i o n  o f  
a g a l a x y  d i s k  i s  m o s t  u s e f u l  i n  s y s t e m s  w h e r e  t h e  d i s k  i s  h i g h l y  I n c l i n e d  
t o  t h e  l i n e  o f  s i g h t ,  b u t  i t  c a n  a l s o  be u s e d  e f f e c t i v e l y  i n  many s y s t e m s  
h a v i n g  o n l y  m o d e r a t e  i n c l i n a t i o n .
A l t e r n a t i v e l y ,  t h e  o r i e n t a t i o n  o f  t h e  s . e .  c a n  be u n i q u e l y  
s p e c i f i e d  f o r  a s p i r a l  g a l a x y  i f  t h e  d i r e c t i o n  i n  w h i c h  t h e  o p t i c a l  s p i r a l  
a rms  t u r n  ( c l o c k w i s e  o r  c o u n t e r c l o c k w i s e  o n  t h e  s k y ) c a n  be  I d e n t i f i e d  a nd  
i f ,  a t  t h e  same t i m e ,  t h e  a s s u m p t i o n  i s  made t h a t  t h e  s p i r a l  a r m s  a r e  
" t r a i l i n g "  f e a t u r e s .  F i g u r e  3 i s  v e r y  h e l p f u l  i n  i l l u s t r a t i n g  t h i s  
t e c h n i q u e .  C o n s i d e r  a g a l a x y  o r i e n t e d  a s  i n  F i g u r e  3 r e l a t i v e  t o  t h e  
o b s e r v e r  a t  0 .  I f  t h e  s p i r a l  a rms  a r e  t r a i l i n g  f e a t u r e s ,  t h e n  t h e  a n g u l a r  
momentum v e c t o r  o f  t h e  g a l a x y ' s  d i s k  p o i n t s  i n  t h e  g e n e r a l  d i r e c t i o n  o f  
t h e  o b s e r v e r  ( I . e . ,  t h e  " u p p e r "  h e m i s p h e r e  o f  t h e  g a l a x y  i s  t h e  one  
c o n t a i n i n g  0 ) .  Now, s u p p o s e  t h a t  t h e  w e s t e r n  s i d e  o f  t h e  g a l a x y  i s  r e d -  
s h i f t e d  r e l a t i v e  t o  i t s  c e n t e r .  T h i s  s e t u p  c a n  o n l y  a r i s e  1f  t h e  s . e .  o f  
t h e  g a l a x y  i s  " n e a r e r "  t o  t h e  o b s e r v e r  t h a n  t h e  g a l a x y  c e n t e r .  One c a n  
e a s i l y  v e r i f y  t h i s  c o n c l u s i o n  by u s i n g  t h e  s t a n d a r d  r i g h t - h a n d  r u l e  — 
p o i n t i n g  t h e  t humb i n  t h e  d i r e c t i o n  o f  t h e  a n g u l a r  momentum v e c t o r  J j ,  t h e  
o t h e r  f i n g e r s  o f  t h e  r i g h t  ha nd  w i l l  show t h e  d i r e c t i o n  o f  t h e  r o t a t i o n a l  
v e l o c i t y .  The same l i n e  o f  r e a s o n i n g  l e a d s  t o  t h e  c o n c l u s i o n  t h a t ,  1n t h e  
a b o v e  c a s e ,  t h e  s . e .  wo u l d  be  " f a r "  away f r o m  t h e  o b s e r v e r  I f  t h e  w e s t e r n  
s i d e  w e r e  b l u e - s h i f t e d .  S i m i l a r  a r g u m e n t s  a r e  e a s i l y  d e v e l o p e d  f o r  
g a l a x i e s  whos e  a n g u l a r  momentum v e c t o r  g e n e r a l l y  p o i n t s  away f r o m  t h e  
o b s e r v e r .  I n  t h e  l o w e r  p a r t  o f  T a b l e  1,  we c l a s s i f y  t h e  d i f f e r e n t  c a s e s  
o f  d e t e r m i n i n g  t h e  o r i e n t a t i o n  o f  t h e  s . e .  o f  a  s p i r a l  g a l a x y ,  a s s u m i n g  
t h a t  o p t i c a l  s p i r a l  a rms  a r e  a l w a y s  t r a i l i n g  f e a t u r e s .
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The p a r a m e t e r s  i Q a nd  y a r e  a s s ume d  n o t  t o  be f r e e  p a r a m e t e r s  
h e r e .  T h e i r  v a l u e s  h a v e  b e e n  t a k e n  f r om o t h e r  p u b l i s h e d  w o r k s  a nd  a r e  
h e l d  f i x e d  i n  o u r  m o d e l s .
e) Ambiguous cases
I h e  t h r e e  b a s i c  e q u a t i o n s  ( 2 ) - ( 4 )  w h i c h  d e f i n e  t h e  a p p e a r a n c e  o f  a 
t i l t e d - r i n g ,  k i n e m a t i c a l  model  a s  p r o j e c t e d  on t h e  s k y  r e m a i n  i n v a r i a n t  i f  
we c h a n g e  s i m u l t a n e o u s l y  t h r e e  p a r a m e t e r s :  t h e  o r i e n t a t i o n  o f  t h e  s . e .
(1 * 1 8 0 “ - 1Q) , t h e  s h a p e  o f  t h e  u n d e r l y i n g  p o t e n t i a l  w e l l  ( s  - - s )  ,
a n d  t h e  p o s i t i o n  a n g l e  o f  t h e  w a r p .  T h i s  s u b s t i t u t i o n  i s  m a t h e m a t i c a l l y  
d e s c r i b e d  by t h e  t r a n s f o r m a t i o n  i Q » 1 8 0 ‘ - i o , w ♦ 1 8 0 ' - ^ ,  a n d  $ - 1 8 0 " - * .  
Un d e r  t h i s  t r a n s f o r m a t i o n ,  r e s u l t i n g  c o n t o u r  maps r e m a i n  u n c h a n g e d ,  
t h e r e b y  g i v i n g  r i s e  t o  a n  a m b i g u i t y  a s  t o  t h e  t r u e  s t r u c t u r e  o f  t h e  d i s k  
a n d  t h e  t r u e  s h a p e  o f  t h e  u n d e r l y i n g  p o t e n t i a l  w e l l .  H e n c e f o r t h ,  we w i l l  
r e f e r  t o  t h i s  a s  t h e  s . e . - s h a p e - P A w  ( i n  s h o r t ,  SSP)  a m b i g u i t y .  The s h a p e  
a n d  t h e  t w i s t i n g  a n g l e  a r e  f r e e  p a r a m e t e r s ,  t h e r e f o r e  t h e  a m b i g u i t y  c a n n o t  
be  r e s o l v e d  f r o m  t h e m .  I f  we a r e  u n a b l e  t o  u n i q u e l y  s p e c i f y  t h e  
o r i e n t a t i o n  o f  t h e  s . e .  o f  t h e  g a l a x y  ( e g . ,  i f  t h e  d u s t  l a n e  t e c h n i q u e  1s  
i n c o n c l u s i v e  a n d ,  a t  t h e  same t i m e ,  we c a n n o t  d e d u c e  t h e  d i r e c t i o n  a t  
w h i c h  t h e  s p i r a l  a r ms  t u r n ,  a s  f o r  some n e a r l y  e d g e - o n  g a l a x i e s ) ,  t h e n  t h e  
g l o b a l  p a r a m e t e r s  o f  a  " b e s t - f i t "  model  w i l l  be  u n c e r t a i n ,  a s  t o  t h e  t r u e  
o r i e n t a t i o n  o f  t h e  d i s k ,  t o  t h e  t r u e  s h a p e  o f  t h e  d o m i n a n t  p o t e n t i a l ,  a nd  
t o  t h e  e x a c t  p o s i t i o n  o f  t h e  wa r p  1n t h e  d i s k .  L o c a l l y ,  h o w e v e r ,  t h e  
s t r u c t u r e  o f  t h e  wa r p  c a n  s t i l l  be f o u n d .  I . e . ,  t h e  a n g l e s  t  a n d  w c a n  be  
d e t e r m i n e d .
B e s i d e s  t h e  SSP a m b i g u i t y ,  t h e r e  i s  no  o t h e r  p r e c i s e  a m b i g u i t y  
I mp o s e d  by t h e  s ymme t r y  o f  t h e  model  t h a t  c a n  be d e m o n s t r a t e d
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m a t h e m a t i c a l l y  I n  e q u a t i o n s  ( 2 ) - ( 4 ) .  We h a v e  d i s c o v e r e d ,  h o w e v e r ,  a n o t h e r  
" a p p r o x i m a t e "  a m b i g u o u s  c a s e ,  t h a t  o r i g i n a t e s  i n  w e a k l y  t w i s t e d  a n d / o r  
w e a k l y  w a r p e d  m o d e l s ,  and i t s  m a t h e m a t i c a l  e x p l a n a t i o n  i s  b a s e d  upon  a n  
a p p r o x i m a t e  f o r m  o f  e q u a t i o n  ( 1 0 a ) .  S u p p o s e  t h a t  two m o d e l s ,  o n e  w i t h  
p a r a m e t e r s  S j ,  t Qj a n d  a n o t h e r  w i t h  $2 * t Q 2  h a ve  t h e  same l o c a l  s t r u c t u r e  
o f  t h e  w a r p ,  i . e . ,  aw^ = aw^,, a t ^  = a t ^  a nd  T° r  a 1  ̂ n < s - T h e n ,
t h e  t wo  p r o j e c t e d  m o d e l s  on  t h e  sky  w i l l  l ook  a l i k e .  W i t h o u t  l o s s  o f  
g e n e r a l i t y ,  we may a s s u m e  t h a t  model  1 h a s  a n  o b l a t e  s h a p e  a n d  model  2 h a s  
a  p r o l a t e  s h a p e ,  a n d ,  t h e n ,  s^ -  Sp = 2 .  The c o n d i t i o n  c a n  now
be  w r i t t e n  a s
l o2  ~ l o l  = 2 ( n ‘ m) At (12>
We c a n  s e e  t h a t  t Q 2  o f  t h e  p r o l a t e  model  i s  l a r g e r  t h a n  t Q  ̂ o f  t h e  o b l a t e  
m o d e l .  F o r  a f i x e d  v a l u e  o f  t h e  I n c r e m e n t  a t  and  a f i x e d  c e n t r a l  d i s k  
s i z e ,  t h e  d i f f e r e n c e  b e t w e e n  t h e  two PAw' s  i s  s t i l l  v a r y i n g ,  b e c a u s e  t h e  
i n d e x  n ( n u mb e r  o f  t h e  r i n g )  1s  v a r i a b l e .  I n  o u r  m o d e l s  t h e  l a r g e s t  v a l u e  
o f  n i s  N = 2 0 ,  and  a t  i s  a l w a y s  much s m a l l e r  t h a n  t h a t ,  t h u s ,  f o r  a l l  
p r a c t i c a l  p u r p o s e s ,  t h e  v a r i a t i o n  o f  t h e  d i f f e r e n c e  t 0 2  - t Qj c a n  be  
n e g l i g i b l e  ( w i t h i n  t h e  u n c e r t a i n t i e s  f o r  t h e  v a l u e s  o f  t h e  P A w ' s ) .
T h e r e f o r e ,  e q u a t i o n s  ( 2 )  -  ( 4 )  may r e m a i n  a p p r o x i m a t e l y  i n v a r i a n t  
u n d e r  a s i m u l t a n e o u s  c h a n g e  o f  t h e  s h a p e  a nd  t h e  p o s i t i o n  a n g l e  o f  t h e  
w a r p  PAw, i n  s u c h  a m a n n e r  t h a t  t h e  new v a l u e  o f  PAw i s  r e l a t i v e l y  c l o s e  
t o  t h e  o l d  o n e .  I n  t h e  s u b s e q u e n t  d i s c u s s i o n s ,  we w i l l  r e f e r  t o  t h i s  
( a p p r o x i m a t e )  a m b i g u i t y  a s  t h e  s hape- PAw ( SP)  a m b i g u i t y .  The SP a m b i g u i t y  
w i l l  a p p e a r  o n l y  I n  m o d e l s  t h a t  a r e  b o t h  w e a k l y  w a r p e d  and  w e a k l y  
t w i s t e d .  I t  may be  r e s o l v e d  by b e t t e r  o b s e r v a t i o n s  ( e s p e c i a l l y  o f  t h e  
o u t e r  r e g i o n s  o f  t h e  g a l a x y )  a nd  by h i g h - r e s o l u t i o n  t h e o r e t i c a l  m o d e l i n g
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i n  o r d e r  t o  a c c u r a t e l y  d e t e r m i n e  b o t h  t h e  s t r u c t u r e  a n d  p o s i t i o n  o f  t h e  
w a r p .  As w i l l  be  made c l e a r  i n  § I V ,  t h e  SP a m b i g u i t y  d o e s  n o t  a r i s e  f o r  
g a l a x i e s  w i t h  v e r y  s t r o n g l y  t w i s t e d  w a r p s ,  s u c h  a s  M83 a nd  NGC 5 0 5 5 .
f )  P r o p e r t i e s  o f  t h e  f r e e  p a r a m e t e r s  o f  t h e  Model
Our  d i s c u s s i o n  o f  t h e  f r e e  p a r a m e t e r s  o f  t h e  mode l  w o u l d  n o t  be  
c o m p l e t e  u n l e s s  we d e s c r i b e d  e a c h  o f  t h e i r  p r o p e r t i e s  and  how t h e i r  
v a r i a t i o n  c h a n g e s  s p e c i f i c  f e a t u r e s  o f  t h e  I s o v e l o c i t y  and  s u r f a c e  d e n s i t y  
m a p s .  The f o l l o w i n g  d i s c u s s i o n  i s  b a s e d  on  numer ous  e x p e r i m e n t s  t h a t  we 
h a v e  p e r f o r m e d  i n  o r d e r  t o  e x a mi n e  t h e  v a r i a t i o n  o f  a l l  f r e e  p a r a m e t e r s .
1) W a r p i n g  a n g l e  a nd  c e n t r a l  d i s k :  a )  V e l o c i t y  m a p s :  The  I n f l u e n c e  o f
t h e  w a r p i n g  a n g l e  and  t h e  c e n t r a l  d i s k  i s  n o r m a l l y  s e e n  on t h e  z e r o -  
v e l o c i t y  c o n t o u r ,  a l o n g  t h e  p r o j e c t e d  m i n o r  a x i s  o f  t h e  v e l o c i t y  m a p s .
T h i s  c o n t o u r  r e m a i n s  s t r a i g h t  f o r  t h e  e n t i r e  e x t e n s i o n  o f  t h e  c e n t r a l  
d i s k .  T h e n ,  i t  b e n d s  i n  a  d i r e c t i o n  d e p e n d i n g  on  t h e  d i r e c t i o n  o f  
t w i s t i n g .  The d e g r e e  o f  b e n d i n g  i n c r e a s e s  a s  t h e  v a l u e s  o f  t h e  w a r p i n g  
a n g l e  i n c r e a s e .  A s i g n i f i c a n t  p a r t  o f  t h e  c o n t o u r  w i l l  a p p e a r  n e a r l y  
s t r a i g h t  e v e n  i f  t h e  c e n t r a l  d i s k  i s  e q u a l  t o  o n l y  t h e  r e f e r e n c e  d i s k .
The d i r e c t i o n  o f  b e n d i n g  i s  i m p o r t a n t  b e c a u s e  m o d e l s  c a n  b e  g e n e r a t e d  w i t h  
t h e  o v e r a l l  p a t t e r n  t w i s t i n g  i n  t h e  c o r r e c t  d i r e c t i o n ,  b u t  w i t h  t h e  z e r o -  
v e l o c i t y  c o n t o u r  b e n d i n g  i n  t h e  wr ong  d i r e c t i o n .  The e x t e n t  o f  t h e  
c e n t r a l  d i s k  a l s o  d e t e r m i n e s  t h e  s h a p e  o f  t h o s e  p a r t s  o f  t h e  c o n t o u r s  t h a t  
a r e  p a r a l l e l  t o  t h e  s t r a i g h t  p a r t  o f  t h e  z e r o - v e l o c i t y  c o n t o u r  a n d  t h a t  
a r e  a s s o c i a t e d  w i t h  " s o l i d  body"  r o t a t i o n :  t h e  c o n t o u r s  d e v e l o p  s h a r p
s p i k e s  n e a r  t h e  g a l a x y  c e n t e r  f o r  s m a l l  c e n t r a l  d i s k s ,  i . e . , t h e y  a p p e a r  
t o  h a v e  no " s o l i d  body"  r o t a t i o n  p a r t  a t  a l l .
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b)  S u r f a c e  d e n s i t y  maps :  I n  t h e  r e g i o n  o f  t h e  c e n t r a l  d i s k ,  t h e
c o n t o u r s  f o r m  c o n c e n t r i c  e l l i p s e s  w i t h o u t  a b r u p t  d e n s i t y  g r a d i e n t s .  The 
p r e s e n c e  o f  " s p i r a l  a r m s "  I n  an  HI s u r f a c e  d e n s i t y  map u s u a l l y  s u g g e s t s  
v e r y  s t r o n g  w a r p i n g .  HI a rms  a r e  s e e n ,  f o r  e x a m p l e ,  1n t h e  s u r f a c e  
d e n s i t y  map g e n e r a t e d  f ro m  RLW's model  o f  M83, o r  1n t h e  map g e n e r a t e d  by 
S c h w a r z ' s  ( 1 9 8 5 )  model  o f  NGC 3 7 1 8 .  I t  i s  I m p o r t a n t  t o  e m p h a s i z e  t h a t  t h e  
HI s p i r a l  a rms  o b s e r v e d  i n  M83 a r e  n o t  p h y s i c a l l y  r e l a t e d  t o  M 8 3 ' s  o p t i c a l  
s p i r a l  a r m s .  I n  f a c t ,  t h e  two s e t s  o f  a rms  t u r n  1n o p p o s i t e  d i r e c t i o n s .
2) T w i s t i n g  a n g l e  a n d  s h a p e :  a )  V e l o c i t y  maps :  The i n f l u e n c e  o f  t h e  
t w i s t i n g  a n g l e  a n d  t h e  s h a p e  i s  s e e n  f r o m  t h e  d i r e c t i o n  t h a t  t h e  p a t t e r n  
t w i s t s .  The t w i s t i n g  o f  t h e  o b s e r v e d  c o n t o u r s  i n c r e a s e s  w i t h  i n c r e a s i n g  
t w i s t i n g  a n g l e ,  b u t  t h e  PAw h a s  t o  be  known ( s e e  s u b s e c t i o n  3 b e l o w ) .  The 
d i r e c t i o n  o f  t w i s t i n g  1n t h e  model  d o e s  n o t  ha ve  t o  be t h e  same a s  t h e  
d i r e c t i o n  o f  t h e  o b s e r v e d  t w i s t  1n t h e  v e l o c i t y  map ( s e e  a l l  t h e  SP 
a m b i g u o u s  m o d e l s  1n § IV f o r  w h i c h  o n e  o f  t h e  two b e s t  m o d e l s  h a s  t h e  
o b s e r v e d  t w i s t  t u r n i n g  i n  t h e  o p p o s i t e  d i r e c t i o n  f r o m  t h a t  o f  t h e  t w i s t i n g  
o f  t h e  r i n g s ) .  The d i f f e r e n t  k i n d s  o f  t w i s t s  and  t h e i r  r e l a t i o n s h i p  t o  
t h e  c l a s s e s  o f  w a r p s  h a v e  b e e n  d i s c u s s e d  i n  § I I c .
b )  S u r f a c e  d e n s i t y  ma ps :  Ver y  s t r o n g  t w i s t i n g  d i s p l a c e s  t h e  s t e e p
g r a d i e n t s  1n a  s u r f a c e  d e n s i t y  map f r o m  p o s i t i o n  a n g l e s  on t h e  s k y  
( y ± 9 0 “ ) a t  w h i c h  t h e y  wo u l d  a u t o m a t i c a l l y  o c c u r  I f  a n  u n w a r p e d ,  
s t a n d a r d  model  was  i n c l i n e d  w i t h  r e s p e c t  t o  t h e  l i n e  o f  s i g h t .
3) Position angle of the warp: a) V e l o c i t y  ma ps :  F o r  mos t  g a l a x i e s  t h a t  
a r e  n° t  v i ew e d  d i r e c t l y  e d g e - o n ,  t h e r e  I s  no d i r e c t  h i n t  a b o u t  t h e  
l o c a t i o n  a r o u n d  t h e  d i s k  a t  w h i c h  t h e  war p  b e g i n s  t o  o c c u r .  The m a i n
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c h a r a c t e r i s t i c  o f  PAw i s  t h a t  i t  g i v e s  u s  f r e e d o m  t o  move t h e  e n t i r e  
w a r p e d  p a t t e r n  t o  d i f f e r e n t  l o c a t i o n s  a r o u n d  t h e  d i s k .  As a r e s u l t ,  
s t r o n g l y  w a r p e d  p a t t e r n s  c a n  b e  c a m o u f l a g e d  f r om o b s e r v e d  m a p s ,  a s  n o  h i n t  
o f  w a r p  o r  t w i s t  c a n  be  s e e n  t h e r e ;  c o n v e r s e l y ,  r e l a t i v e l y  weak w a r p s  c a n  
be  e x a g g e r a t e d  i n  t h e  ma ps .  The l a t t e r  c a s e  a c c o u n t s  f o r  t h e  f a c t  t h a t  
some o f  o u r  m o d e l s  h a v e  s m a l l e r  w a r p i n g  and t w i s t i n g  a n g l e s  t h a n  t h o s e  
f o u n d  by o t h e r  a u t h o r s  ( s e e  § I V) .
b )  S u r f a c e  d e n s i t y  maps :  S t r o n g  t w i s t s  a l s o  f o r c e  t h e  s u r f a c e
d e n s i t y  c o n t o u r s  t o  t u r n  a nd  d e v e l o p  " b r i d g e s , "  " w i n g s , "  o r  "HI s p i r a l  
a r m s , "  b u t  o n l y  1n t h e  p r e s e n c e  o f  s t r o n g  w a r p s .  T h i s  b e h a v i o r ,  h o w e v e r ,  
a l s o  c a n  be  c a m o u f l a g e d  i f  t h e  PAw i s  c h o s e n  p r o p e r l y .  I n  r e a l  g a l a x i e s ,  
s i g n i f i c a n t  t w i s t i n g  o f  d e n s i t y  c o n t o u r s  d o e s  n o t  a p p e a r  t o  o c c u r  v e r y  
o f t e n  ( b u t  s e e  NGC 3718 [ Sc hwa r z  19851 a nd  t h e  s u r f a c e  d e n s i t y  maps  o f  NGC 
5 0 5 5 ,  M83, a nd  M33) .
4)  R o t a t i o n  c u r v e :  The r o t a t i o n  c u r v e  o f  Eq.  ( l a )  i n f l u e n c e s  t h e
v e l o c i t y  maps  i n  two d i s t i n c t  wa y s :  For  t h e  same v e l o c i t y  i n t e r v a l ,
h i g h e r  v a l u e s  o f  Vc  r e s u l t  In  more  c o n t o u r s  a t  t h e  o u t e r  r e g i o n s  o f  t h e  
d i s k .  S t e e p e r  c e n t r a l  r o t a t i o n  c u r v e s  ( s m a l l e r  Rc ’ s )  f o r c e  t h e  c e n t r a l  
p a r t  o f  t h e  c o n t o u r s  t o  s t a c k  up c l o s e r  t o  e a c h  o t h e r  a nd  c l o s e r  t o  t h e  
z e r o - v e l o c i t y  c o n t o u r .  A r o t a t i o n  c u r v e  t h a t  d r o p s  a t  t h e  o u t e r  r e g i o n s  
n o r m a l l y  f o r c e s  some o f  t h e  h i g h - v e l o c i t y  c o n t o u r s  ( I . e . ,  c o n t o u r s  o f  
1 s o v e l o c 1 t 1 e s  w i t h  v a l u e s  a b s o l u t e l y  l a r g e r  t h a n  t h e  v e l o c i t y  o f  t h e  z e r o -  
v e l o c i t y  c o n t o u r )  t o  l o o p  a r o u n d  and c l o s e .  I f  i t  r i s e s  a t  t h e  o u t e r  
r e g i o n s ,  t h e  e n d s  o f  t h e  h i g h - v e l o c i t y  c o n t o u r s  a r e  f o r c e d  t o  o p e n .
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g) Determination of the free parameters of the model
The p r o c e d u r e  f o l l o w e d  t o  d e t e r m i n e  t h e  f i v e  f r e e  p a r a m e t e r s  f o r  
e a c h  model  i s  i t e r a t i v e  a nd  b a s e d  on t r i a l  a nd  e r r o r  a nd  v i s u a l  c o m p a r i s o n  
b e t w e e n  r e s u l t s .  In  t h e  f i r s t  s t e p ,  we a r b i t r a r i l y  c h o o s e  t h e  w a r p i n g  a nd  
t w i s t i n g  a n g l e s  and  t r y  b o t h  s h a p e s  and  d i f f e r e n t  PAw' s .  A g r i d  o f  a b o u t  
40 m o d e l s  n e e d s  t o  be  c o n s t r u c t e d  b e f o r e  we s u f f i c i e n t l y  know t h e  PAw' s  
f o r  e a c h  s h a p e ,  i f  e q u a l l y  good  m o d e l s  e x i s t  f o r  b o t h  s h a p e s .  ( Mo d e l s  
w i t h  no  w a r p i n g  a n d / o r  no t w i s t i n g  a r e  a l w a y s  c o n s t r u c t e d  b u t  t h e y  f a i l  t o  
r e p r o d u c e  t h e  o b s e r v a t i o n s  i n  m o s t  c a s e s . ]  Th e n ,  we i mp r o v e  e a c h  mode l  by 
r e a d j u s t i n g  At a nd  a w . f i n a l l y ,  we ke e p  PAw, At a n d  a w  c o n s t a n t  and  v a r y  
t h e  e x t e n t  o f  t h e  c e n t r a l  d i s k  a n d / o r  t h e  r o t a t i o n  c u r v e .  I f  t h e  r e s u l t  
i s  s t i l l  n o t  s a t i s f a c t o r y ,  we r e a d j u s t  PAw, w i t h  a l l  t h e  o t h e r  p a r a m e t e r s  
c o n s t a n t ,  t h e n  v a r y  At,  a w  a g a i n  w i t h  t h e  r e s t  o f  t h e  p a r a m e t e r s  c o n s t a n t ,  
o r ,  i n  some c a s e s ,  we v a r y  t h e  i n c l i n a t i o n  o f  t h e  c e n t r a l  d i s k  f r o m  i t s  
p u b l i s h e d  v a l u e .  The e n t i r e  p r o c e d u r e  t a k e s  a b o u t  100 m o d e l s  f o r  e a c h  
g a l a x y ' s  v e l o c i t y  m a p s ,  b u t  i t e r a t i o n  may c o n t i n u e  i f  c e r t a i n  f e a t u r e s  
( f o r  e x a m p l e  HI s p i r a l  a rm s )  n e e d  t o  a p p e a r  i n  t h e  s u r f a c e  d e n s i t y  m a p s .
I n  p r a c t i c e ,  t h e  e n t i r e  p a r a m e t e r  s p a c e  i s  e x p l o r e d ,  i . e . ,  s  = ± 1 ,  m = 2 
t o  2 0 ,  t Q = 0° t o  3 6 0 “ , At * 0 “ t o  1 5 ° ,  a nd  a w  = 0 “ t o  1 0 " .  V a l u e s  
o f  At > 15" o r  a w  > 1 0 “ u s u a l l y  l e a d  t o  e x t r e m e l y  d i s t o r t e d  c o n t o u r  maps  
a nd  s h o u l d  n o t  b e  c o n s i d e r e d  s e r i o u s l y .
As we m e n t i o n e d  i n  § 1 ,  some g a l a x i e s  ( f o r  e x a m p l e  NGC 2 8 0 5  a nd  
3 0 7 9 )  a r e  e x t r e m e l y  d i s t u r b e d .  L a r g e  s c a l e  a s y m m e t r i e s  d o m i n a t e  a nd  t h e  
c o n t o u r  maps a r e  n o t  s y m m e t r i c .  We a t t e m p t e d  t o  mode l  t h e s e  g a l a x i e s  
u s i n g  a s omewhat  d i f f e r e n t  p r o c e d u r e ,  a nd  o u r  r e s u l t s  c a n  o n l y  b e  c o m p a r e d  
t o  t h e  o b s e r v a t i o n s  o f  a  c e r t a i n  s i d e  o r  p a r t  o f  t h e  g a l a x y .  F o r  NGC 
2 8 0 5 ,  we had  t o  i t e r a t e  b e t w e e n  a l l  t h e  a b o v e  p a r a m e t e r s  a nd  t h e  unknown
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r o t a t i o n  c u r v e  p a r a m e t e r s  i n  o r d e r  t o  a d d i t i o n a l l y  d e t e r m i n e  Rc  a nd  Vc .
F o r  NGC 3 0 7 9 ,  t h e  w a r p i n g  a n g l e s  a r e  n o t  s m o o t h l y  v a r y i n g .  In o r d e r  t o  
d e t e r m i n e  t h e i r  v a l u e s  l o c a l l y ,  we had  t o  c o n s t r u c t  many a d d i t i o n a l  
mode I s .
III. A COMPARISON WITH KINEMATICAL MODELS BY OTHER AUTHORS
I n  19 7 4 ,  RLW w e r e  t h e  f i r s t  t o  c o n s t r u c t  a  t i l t e d - r i n g  mode l  f o r  
M83,  a nd  R o g s t a d ,  W r i g h t ,  and L o c k h a r t  ( 1 9 7 6 ;  h e r e a f t e r  RWL) u s e d  t h e  same 
a p p r o a c h  t o  model  M33. R o b e r t s  a nd  W h i t e h u r s t  ( 1 9 7 5 )  u s e d  a  s i m i l a r  mode l  
t o  e x p l a i n  t h e i r  o b s e r v a t i o n s  o f  M31.  Newton and  Eme r s on  ( 1 9 7 7 )  u s e d  a 
mode l  t o  d e r i v e  t h e  w a r p e d  s t r u c t u r e  o f  M31 b a s e d  on  o b s e r v a t i o n s  o f  t h e  
e x t r e m e  NE a nd  SW s i d e s  o f  t h e  g a l a x y .  R e a k e s  a nd  Newton ( 1 9 7 8 ;  h e r e a f t e r  
RN) m o d e l e d  t h e i r  own o b s e r v a t i o n s  o f  M33. R o g s t a d ,  C r u t c h e r ,  a n d  Chu 
( 1 9 7 9 ;  h e r e a f t e r  RCC) u s e d  RLW's o r i g i n a l  model  t o  a n a l y z e  t h e  s t r u c t u r e  
o f  NGC 3 0 0 .  Newton ( 1 9 8 0 a , b )  u s e d  a t i l t e d - r i n g  m o d e l ,  d e s c r i b e d  by 
E m e r s o n  ( 1 9 7 6 ) ,  t o  model  h i s  o b s e r v a t i o n s  o f  IC 3 4 2 .  Bosma ( 1 9 8 1 a )  u s e d  
h i s  own v e r s i o n  o f  a t i l t e d - r i n g  model  t o  d e t e r m i n e  t h e  s t r u c t u r e  o f  t h e  
wa r p  f o r  NGC 2 8 4 1 ,  5 0 3 3 ,  5 0 5 5 ,  a nd  7331 .  S c hwa r z  ( 1 9 8 5 )  u s e d  a  model  
s i m i l a r  t o  B o s m a ' s  i n  r e p r o d u c i n g  r e s u l t s  f r o m  h i s  o b s e r v a t i o n s  o f  NGC 
3 7 1 8 .
a) General remarks
The r e l e v a n t  l i t e r a t u r e  on  k l n e m a t i c a l ,  t i l t e d - r i n g  m o d e l i n g  1s 
s c a t t e r e d  a n d ,  a s  a w h o l e ,  d i f f i c u l t  t o  d i g e s t .  Mos t  a u t h o r s  h a v e  n e i t h e r  
d i s c u s s e d  t h e  d e t a i l s  o f  t h e i r  m o d e l i n g  t e c h n i q u e s  n o r  c a r e f u l l y  d e f i n e d  
t h e  d i f f e r e n t  p a r a m e t e r s  I n v o l v e d .  In  a d d i t i o n ,  a l t h o u g h  a l l  p u b l i s h e d  
m o d e l s  a r e  s i m i l a r  t o  one  a n o t h e r ,  t h e  r e s u l t s  h a v e  b e e n  g i v e n  i n  many
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d i f f e r e n t  ways  m a k i ng  1 t  d i f f i c u l t  t o  make a d i r e c t  c o m p a r i s o n  b e t w e e n  
m o d e l s .  Some o f  t h e  a b o v e  a u t h o r s  h a v e  n o t  s p e c i f i e d  how t h e y  d e f i n e d  t h e  
d i f f e r e n t  p a r a m e t e r s  o r  how t h e y  r e f e r e n c e d  t h e m ;  o t h e r s  h a v e  n o t  
p u b l i s h e d  v e l o c i t y  maps  d e r i v e d  f r o m  t h e  m o d e l s ;  s t i l l  o t h e r s  h a v e  n o t  
o r i e n t e d  t h e  o b s e r v e r  c o r r e c t l y  r e l a t i v e  t o  t h e  p r o j e c t e d  model  on  t h e  
s k y ,  o r  h a v e  p u b l i s h e d  t h e  m o d e l ' s  v e l o c i t y  maps a f t e r  s m o o t h i n g  t hem o u t  
by u s i n g  a be a m,  i n  some c a s e s ,  o r  u n s m o o t h e d ,  i n  o t h e r  c a s e s .
O b s e r v a t i o n s  o f  t h e  same g a l a x y ,  d o n e  a t  d i f f e r e n t  r e s o l u t i o n s ,  a l s o  
a f f e c t  t h e  r e s u l t s  f r o m  m o d e l i n g ,  a s  i n  t h e  c a s e  o f  IC 3 4 2 .
We t h o u g h t  t h a t  i t  wou l d  be u s e f u l  i f  we p r e s e n t e d  t h e  s p e c i f i c s  o f  
t h o s e  d i f f e r e n c e s  when we p r e s e n t  a nd  c o m p a r e  o u r  r e s u l t s  w i t h  t h o s e  
a l r e a d y  p u b l i s h e d ,  i n  § I V.  Be l o w,  we o n l y  d i s c u s s  t h e  d i f f e r e n c e s  b e t w e e n  
o u r  mode l  a nd  t h o s e  p r e v i o u s l y  p u b l i s h e d ,  p u t t i n g  t h e  e m p h a s i s  o n  t h e  
d e f i n i t i o n  a nd  r e f e r e n c i n g  o f  a l l  t h e  p a r a m e t e r s  o f  a  t i l t e d - r i n g  m o d e l .
To s i m p l i f y  t h i s  d i s c u s s i o n ,  t h e  d i f f e r e n c e s  c a n  b e  c l a s s i f i e d  1n s i x  
c a t e g o r i e s :  d i f f e r e n c e s  i n  t h e  p o s i t i o n  o f  t h e  w a r p e d  s t r u c t u r e ,  i n  t h e
o v e r a l l  o r i e n t a t i o n  o f  t h e  model  r e l a t i v e  t o  t h e  l i n e  o f  s i g h t ,  i n  t h e  
m a g n i t u d e  a nd  d i r e c t i o n  o f  t w i s t i n g ,  i n  t h e  r o t a t i o n  c u r v e s ,  i n  t h e  a c t u a l  
v a l u e s  o f  w a r p i n g  and  t w i s t i n g  a n g l e s ,  a nd  i n  t h e  d e f i n i t i o n s  o f  t h e  model  
p a r a m e t e r s .
Our  model  i s  t h e  o n l y  o n e  t o  s t u d y  d i f f e r e n t  p o s i t i o n s  o f  t h e  w a r p  
a r o u n d  t h e  d i s k ,  u t i l i z i n g  t h e  PAw. Some a u t h o r s  s t a r t  w a r p i n g  f r o m  t h e  
p r o j e c t e d  m a j o r  a x i s  ( I t  w o r k e d  t h e  v e r y  f i r s t  t i m e  f o r  M83) ,  o t h e r s  do  
n o t  e v e n  know t h e  t r u e  v a l u e  o f  t Q s i n c e  t h e y  d i d  n o t  s e a r c h  t h e  e n t i r e  
p a r a m e t e r  s p a c e  ( Newt on  1 9 8 0 a ;  Bosma 1 9 8 1 a ) .  The p a r a m e t e r  PAw t u r n s  o u t  
t o  b e  v e r y  i m p o r t a n t  b e c a u s e  i t  c a n  t o t a l l y  c h a n g e  t h e  v e l o c i t y  a nd  
d e n s i t y  maps o f  a model  e v e n  i f  i t  i s  v a r i e d  by a s  l i t t l e  a s  1 0 U-2CT.
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No p r e v i o u s  work h a s  r e s o l v e d  t h e  a m b i g u i t y  1n t h e  i n c l i n a t i o n  o f  
t h e  u n w a r p e d  d i s k .  S c h w a r z  ( 1 9 8 5 ) ,  b e c a u s e  he was  s t u d y i n g  a  c o m p l i c a t e d  
s y s t e m  c o m p o s e d  o f  two d i s k s  w i t h  d i f f e r e n t  o r i e n t a t i o n s ,  d e s c r i b e d  t h e  
a m b i g u i t y  b u t  d i d  n o t  r e s o l v e  1 t .  Our  m o d e l ,  b a s e d  on  t h e  a s s u m p t i o n s  
d e s c r i b e d  i n  § I I d 3 ,  e a s i l y  r e s o l v e s  t h i s  p r o b l e m .  The p o s i t i o n  a n g l e  o f  
t h e  m a j o r  a x i s  o f  t h e  model  i s  r e f e r e n c e d  d i f f e r e n t l y  by t h e  a b o v e  
a u t h o r s .  No o t h e r  m o d e l s  ha ve  p r e d i c t e d  t h e  SSP a nd  SP a m b i g u i t i e s  
e i t h e r ,  b e c a u s e  nobody  was  l o o k i n g  f o r  t h e m .
I n  t h e i r  a p p r o a c h  t o  t w i s t i n g ,  some a u t h o r s  d e c i d e  t o  p r e s e n t  t h e  
a n g l e s  o f  t h e i r  m o d e l s  r e l a t i v e  t o  t h e  p l a n e  o f  t h e  s k y  i n  o r d e r  t o  
d e m o n s t r a t e  t h a t  t h e y  m a t c h  t h e  o b s e r v e d  t w i s t s  (Bosma 1 9 8 1 a ) .  O t h e r s  
p r e s e n t  t h e  a n g l e s  i n  t h e  r e f e r e n c e  f r a m e  o f  t h e  g a l a x y  i n  o r d e r  t o  
p r o v i d e  i n f o r m a t i o n  a b o u t  t h e  t r u e  s t r u c t u r e  o f  t h e  w a r p s  (RLW).  They  
a l l ,  h o w e v e r ,  t e n d  t o  t w i s t  t h e  r i n g s  o f  t h e i r  m o d e l s  i n  t h e  d i r e c t i o n  
t h e y  s e e  t h e  p a t t e r n  o f  t h e  v e l o c i t y  map t w i s t i n g .  In o u r  m o d e l ,  b o t h  t h e  
m a g n i t u d e  a nd  t h e  d i r e c t i o n  o f  t w i s t i n g  a r e  f r e e  p a r a m e t e r s  a n d  h a v e  t o  be  
f o u n d  i n d e p e n d e n t l y  by t h e  p r o c e d u r e  o u t l i n e d  In § I I g .  Our  r e s u l t s  a l s o  
show t h a t  t h e  amount  o f  t w i s t i n g  i s  n o t  r e l a t e d  t o  t h e  o b s e r v e d  d e v i a t i o n  
o f  t h e  g a l a x y ' s  m a j o r  a x i s  f r o m  a s t r a i g h t  l i n e ,  a nd  t h e  d i r e c t i o n  o f  
t w i s t i n g  I s  n o t  a l w a y s  t h e  same a s  t h e  d i r e c t i o n  o f  t h e  t w i s t  i n  t h e  
v e l o c i t y  map.  I n  b o t h  c a s e s ,  t h e  o v e r a l l  o r i e n t a t i o n  o f  t h e  model  
r e l a t i v e  t o  t h e  o b s e r v e r  c a n  c h a n g e  t h e  r e s u l t s ,  t h e r e f o r e ,  I t  a l s o  h a s  t o  
be t a k e n  I n t o  a c c o u n t  b e f o r e  a n y  c o m p a r i s o n  b e t w e e n  s t r u c t u r e  o f  t h e  model  
a n d  s t r u c t u r e  o f  t h e  c o n t o u r  maps  I s  s u c c e s s f u l l y  made .
I n s t e a d  o f  u s i n g  a  t r 1 a l - a n d - e r r o r ,  e y e - b a l 1 f i t t i n g  t e c h n i q u e  l i k e  
o u r s ,  some a u t h o r s  d e t e r m i n e  t h e  r o t a t i o n  c u r v e s  f o r  t h e i r  m o d e l s  ( 1 f  t h e y  
c a n )  I n  a d d i t i o n  t o  t h e  w a r p i n g  a nd  t w i s t i n g  a n g l e s ,  u s i n g  a n  e r r o r
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m i n i m i z a t i o n  t e c h n i q u e  o f  e a c h  r i n g ' s  mean v e l o c i t y  v a l u e .  T h i s  t e c h n i q u e  
may o f t e n  f a i l  b e c a u s e  e i t h e r  t h e  mean v a l u e  c a n n o t  i n d e p e n d e n t l y  be 
d e t e r m i n e d  a t  t h e  w a r p e d  r e g i o n  { a s  f o r  NGC 300 ,  i n  RCC),  o r  t h e  e r r o r  
( d i s p e r s i o n )  a r o u n d  t h e  mean v a l u e  i s  n o t  t r u l y  a  minimum,  i f  t h e  
i n c l i n a t i o n  i s  h i g h  ( a s  f o r  NGC 7 3 3 1 ,  2841 i n  Bosma 1 9 8 1 a ) .  On t h e  o t h e r  
h a n d ,  n u m e r i c a l  e x p e r i m e n t s  ha ve  c o n v i n c e d  u s  t h a t  o u r  m o d e l s  do  n o t  
r e q u i r e  a h i g h l y  r e f i n e d  r o t a t i o n  c u r v e  ( s e e  § I I b ) .  T h u s ,  we d e c i d e d  t o  
u s e  t h e  s i m p l e  r o t a t i o n  c u r v e  o f  Eq .  ( l a )  w i t h  v a l u e s  t a k e n  f ro m  p u b l i s h e d  
d a t a .  In t h e  c a s e  o f  NGC 2 8 0 5 ,  f o r  w h i c h  a  r o t a t i o n  c u r v e  i s  n o t  
a v a i l a b l e ,  we d e t e r m i n e d  Vc and Rc / R0 by t r i a l  and  e r r o r  ( s e e  § I V) .
R o b e r t s  a nd  W h i t e h u r s t  ( 1 9 7 5 )  r e a l i z e d  t h a t ,  b e c a u s e  o f  t h e  
s y m m e t r i e s  o f  t h e  m o d e l ,  t h e r e  w e r e  many e q u i v a l e n t  f a m i l i e s  o f  v a l u e s  f o r  
t h e  t w i s t i n g  a nd  w a r p i n g  a n g l e .  They d e c i d e d  t h a t  t h e  b e s t  model  f o r  M31 
wo u l d  be  t h e  o n e  w i t h  t h e  s m a l l e s t  t ' s  a nd  w ' s  w i t h  r e s p e c t  t o  t h e  c e n t r a l  
d i s k ,  a n d ,  a t  t h e  same t i m e ,  w i t h  a  s moot h  v a r i a t i o n  o f  t h o s e  
p a r a m e t e r s .  I n  1976 ,  RWL r e a l i z e d  t h a t  t h e i r  model  o f  M33 was  n o t  u n i q u e ,  
a nd  RN p r e s e n t e d  a  d i f f e r e n t  model  f o r  t h e  g a l a x y .  Bo t h  m o d e l s  d i d  h a v e ,  
n e v e r t h e l e s s ,  a  s moo t h  v a r a t i o n  o f  t ’ s a nd  w ' s .  T h i s  i s  a l s o  t r u e  f o r  
many o f  t h e  o t h e r  p u b l i s h e d  m o d e l s  (RLW, RCC, e t c . ) ,  b u t  n o t  f o r  m o s t  o f  
B o s m a ' s  ( 1 9 8 1 a )  m o d e l s .  We ha ve  t h e  f o l l o w i n g  c omme nt s  t o  make  w i t h  
r e s p e c t  t o  t h e  a b o v e  t wo  p o i n t s :  a )  A p a r t  f r o m  l o c a l  d i s t u r b a n c e s ,  I t  i s  
p r e f e r a b l e  f o r  t h e  g l o b a l  v a r i a t i o n  o f  t h e  t w i s t i n g  a n g l e  t o  b e  s m o o t h ,  
a f t e r  a l l  t h i s  was  one  o f  t h e  m a i n  c o n c l u s i o n s  o f  CT ( i . e . ,  t h e  p a r t i c l e  
o r b i t s  a l l  p r e c e s s  1n t h e  same d i r e c t i o n ) .  T h i s  i s  n o t  n e c e s s a r i l y  t r u e ,  
o f  c o u r s e ,  f o r  t h e  w a r p i n g  a n g l e  ( c f .  NGC 3079 I n  § I V ) .  We w i l l  d i s c u s s  
t h e  d y n a m i c a l  i m p l i c a t i o n s  o f  t h i s  p o i n t  1n §V. b )  A good  mode l  o f  a 
g a l a x y  i s  c e r t a i n l y  n o t  a l w a y s  u n i q u e ,  n e i t h e r  d o e s  i t  h a v e  t o  i n c l u d e  t h e
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s m a l l e s t  t ' s  a n d  w ' s .  T h i s  a s s u m p t i o n  h a s  t o  be t e s t e d  b e f o r e  a ny  
c o n c l u s i o n  i s  d r a w n .  S p e c i f i c a l l y ,  we f i n d  t h a t ,  f o r  mos t  g a l a x i e s ,  t h e  
t r u e  t ' s  a nd  w ' s  may b e  t a k e n  t o  be  t h e  s m a l l e s t  d e t e r m i n e d  f o r  t h e  m o d e l ,  
b u t  t h e r e  a r e  c a s e s  (M83,  NGC 5055)  w h e r e  we h a v e  t o  c h o o s e  h i g h e r  v a l u e s  
s i m p l y  b e c a u s e  t h e y  b e t t e r  r e p r o d u c e  c e r t a i n  f e a t u r e s  o f  t h e  c o n t o u r  maps  
( s e e  § 1V) .
b) A scheme for defining the parameters of a tiIted-rinq model
D i f f e r e n c e s  e x i s t  i n  t h e  l i t e r a t u r e  c o n c e r n i n g  t h e  d e f i n i t i o n s  o f  
t h e  p a r a m e t e r s  I n v o l v e d  i n  t h e  t i l t e d - r i n g  m o d e l .  T h i s  1s s i m p l y  a r e s u l t  
o f  t h e  f a c t  t h a t  e a c h  i n v e s t i g a t o r  i s  a c c u s t o m e d  t o  u s i n g  h i s  own s y s t e m  
o f  d e f i n i t i o n s .  I n  an  e f f o r t  t o  s t a n d a r d i z e  p u b l i s h e d  and  f u t u r e  t i l t e d -  
r i n g  m o d e l s ,  t h e r e b y  a l l o w i n g  f o r  e a s y  c o m p a r i s o n s ,  we p r o p o s e  t h e  
f o l l o w i n g  s y s t e m  o f  d e f i n i t i o n s  f o r  t h e  m o d e l ' s  p a r a m e t e r s :
1) The p o s i t i o n  a n g l e  on  t h e  s k y  o f  t h e  p r o j e c t e d  m a j o r  a x i s  be  
m e a s u r e d  f r o m  n o r t h  t h r o u g h  e a s t  t o  t h e  b l u e - s h i f t e d  s i d e  o f  t h e  a x i s .
2) The i n c l i n a t i o n  o f  t h e  c e n t r a l  d i s k  be  g i v e n  a s  t h e  s m a l l e s t  
a n g l e  i Q f o r  w h i c h  c o s i Q = b / a  ( s e e  e q u a t i o n  1 1 1 ) ) .  I n  a d d i t i o n ,  t h e  
o r i e n t a t i o n  o f  t h e  s . e .  o f  t h e  g a l a x y  ( I . e . ,  n e a r  o r  f a r ) ,  r e l a t i v e  t o  t h e  
o b s e r v e r  s h o u l d  be t a b u l a t e d .  O t h e r w i s e ,  t h e  p o s i t i o n  on  t h e  s k y  o f  t h e  
n e a r e s t  s i d e  o f  t h e  g a l a x y  s h o u l d  be  s t a t e d  e x p l i c i t l y .
3)  The p o s i t i o n  a n g l e  o f  t h e  w a r p  f o r  r i n g  "m" be  m e a s u r e d  f r o m  
t h e  b l u e - s h i f t e d  s i d e  o f  t h e  m a j o r  a x i s  1n t h e  d i r e c t i o n  o f  d i s k  r o t a t i o n  
a n d  t o  t h e  p o s i t i o n  o f  t h e  " p o s i t i v e "  wa r p  ( s e e  § I I d 2 ) .
A) The  o r i e n t a t i o n  o f  t h e  " u p p e r "  h e m i s p h e r e  o f  t h e  g a l a x y  ( s e e  
§ I I a )  be g i v e n  1n o r d e r  t o  c l a r i f y  t h e  o r i e n t a t i o n  o f  t h e  o b s e r v e r  
r e l a t i v e  t o  t h e  p r o j e c t e d  image  on  t h e  s k y .
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5)  The d i r e c t i o n  o f  t w i s t i n g  be  g i v e n  in  t e r m s  o f  t h e  I m p l i e d  
s h a p e  ( o b l a t e / p r o l a t e )  o f  t h e  p o t e n t i a l ,  a c c o r d i n g  t o  t h e  d e f i n i t i o n s  o f  
l i e .
6 )  The t w i s t i n g  a n g l e  ( t )  be m e a s u r e d  f r om t h e  p o s i t i o n  a n g l e  o f  
t h e  w a r p ,  p o s i t i v e  i n  t h e  d i r e c t i o n  o f  d i s k  r o t a t i o n .
7) The w a r p i n g  a n g l e  be  m e a s u r e d  f r o m  t h e  c e n t r a l  d i s k  a n d  be  
g i v e n  a s  a p o s i t i v e  v a l u e  c o r r e s p o n d i n g  t o  t h e  " p o s i t i v e "  w a r p .
We u s e  t h e  a bove  d e f i n i t i o n s  1n § IV t o  p r e s e n t  o u r  r e s u l t s  and 
t h o s e  o f  some o f  t h e  a b o v e  c i t e d  a u t h o r s .  A l l  t h e  r e s u l t s  a r e  s u m m a r i z e d  
1n t h e  T a b l e s  o f  §V,  a l s o  i n  t h e  a bove  f o r m a t .
c) Discussion of Bosma*s mode 1s
As we m e n t i o n e d  e a r l i e r ,  mos t  o f  B o s m a ' s  p u b l i s h e d  r e s u l t s  a r e  
d e s c r i b e d  i n  t e r m s  o f  model  p a r a m e t e r s  p r o j e c t e d  on  t h e  sky  r a t h e r  t h a n  i n  
t h e  f r a m e  o f  t h e  g a l a x y .  I n  t h e  r e m a i n d e r  o f  t h i s  s e c t i o n ,  we p r e s e n t  t h e  
b a s i c  t r i g o n o m e t r i c  e q u a t i o n s  t h a t  a l l o w  u s  t o  t r a n s f o r m  Bosma*s  ( 1 9 8 1 a )  
r e s u l t s  t o  o u r  " l a n g u a g e , "  and we a p p l y  t h e s e  e q u a t i o n s  t o  f o u r  o f  h i s  
m o d e l s .  ( P e t r o u  11980)  h a s  p e r f o r m e d  a s i m i l a r  t r a n s f o r m a t i o n  f o r  t wo  o f  
B o s m a ' s  m o d e l s  - -  NGC 2841 a nd  5055  - -  b u t  d i d  n o t  p u b l i s h  t h e  d e t a i l s . )
I n  f i g u r e  4 ,  t h e  n o t a t i o n  1s a s  f o l l o w s :  w a nd  u a r e  t h e  w a r p i n g  a n g l e
and  t h e  t w i s t i n g  a n g l e ,  r e s p e c t i v e l y ,  a s  we m e a s u r e  t h e m ;  1 a nd  a 
a r e  t h e  i n c l i n a t i o n  a nd  t h e  p o s i t i o n  a n g l e  o f  an o r b i t ,  r e s p e c t i v e l y ,  a s
Bosma d e f i n e s  t h e m ;  a nd  i Q 1s t h e  I n c l i n a t i o n  o f  t h e  g a l a x y ' s  c e n t r a l  o r
r e f e r e n c e  d i s k  t o  t h e  p l a n e  o f  t h e  s k y .  By u s i n g  t h e  l a ws  o f  s i n e s  a nd  
c o s i n e s  o f  s p h e r i c a l  t r i g o n o m e t r y ,  we f i n d  ( s e e  a l s o  S c h wa r z  1985)
cosw = c o s i  c o s i  + s l n l  s i n i  c o s a  , ( 1 3 a )o o x '
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a nd
s i n w  = s i n i  s i n a / s l n w  . ( 1 3 b )
I n  o r d e r  t o  d e f i n e  h i s  t i l t e d  r i n g  m o d e l s  q u a n t i t a t i v e l y ,  Bosma h a s
u s u a l l y  d r awn  d i a g r a m s  s h o wi ng  how 1 and  a v a r y  w i t h  r a d i u s  f o r  an
i n d i v i d u a l  g a l a x y .  We p r e f e r  t o  I l l u s t r a t e ,  p r i n c i p a l l y ,  how w a nd  ui v a r y
w i t h  r a d i u s  b e c a u s e  t h e y  r e f l e c t  an  I n t r i n s i c  p r o p e r t y  o f  t h e  m o d e l e d
g a l a x y  d i s k .  On l y  I f  a  * 0  a t  a l l  r a d i i  c a n  we u s e  B o s m a ' s  d i a g r a m s  t o
r e a d  o f f  t h e  a n g l e s  w a nd  u> d i r e c t l y - - 1 n  t h i s  c a s e ,  w = i -  i a nd
= 0 .  In a l l  o t h e r  c a s e s ,  a s  e q u a t i o n s  ( 1 3 )  I n d i c a t e ,  w a nd  u c a n n o t  be
r e t r i e v e d  t r i v i a l l y  f ro m  i a nd  a .  M o r e o v e r ,  s i n c e  we do n o t  know w h e t h e r
t h e  d e t e r m i n e d  v a l u e s  o f  u c o r r e s p o n d  t o  t h e  a s c e n d i n g  o r  d e s c e n d i n g  l i n e
o f  n o d e s  f o r  e a c h  r i n g ,  e q u a t i o n s  ( 1 3 )  a d m i t  two s e t s  o f  s o l u t i o n s  t h a t
c o r r e s p o n d  t o  a  " p o s i t i v e "  and  a " n e g a t i v e "  w a r p .  To make m a t t e r s  w o r s e ,
e q u a t i o n  ( 1 3 b )  p e r m i t s  t wo  d i s t i n c t  s o l u t i o n s  f o r  w, i n d e p e n d e n t  o f  t h e
s i g n  o f  w. S o ,  i n  m a t h e m a t i c a l l y  t r a n s f o r m i n g  f r o m  t h e  p l a n e  o f  t h e  s k y
b a c k  t o  t h e  f r a m e  o f  t h e  m o d e l e d  g a l a x y ,  f o u r  I n d e p e n d e n t  s o l u t i o n s  f o r
e a c h  r i n g  a r e  f o r m a l l y  a l l o w e d :  I f  we a s s u m e ,  f r o m  e q u a t i o n  ( 1 3 a ) ,  t h a t  w
> 0 ,  t h e n  b o t h  l, and  lBCT-w f r om e q u a t i o n  ( 1 3 b )  a r e  p o s s i b l e  s o l u t i o n s ;  1f
we a s s u m e  t h a t  w < 0 ,  t h e n  we o b t a i n  b o t h  -ui a nd  180°+w.  F i n a l l y ,  t h e
p o s i t i o n  a n g l e  o f  t h e  wa r p  c a n  o n l y  be d e t e r m i n e d  a f t e r  we know t h e  f i r s t
n o n - z e r o  v a l u e  o f  w = t „ ;  t h i s  v a l u e  m u s t  be s u b t r a c t e d  f r o m  a l l  o t h e ro
v a l u e s  o f  u  t o  p r o d u c e  t h e  t w i s t i n g  a n g l e s  t  r e l a t i v e  t o  PAw. T h e r e f o r e ,  
s t a r t i n g  f r o m  Bosma1s  p u b l i s h e d  p a r a m e t e r s  f o r  e a c h  g a l a x y ,  we c a n  
c o n s t r u c t  f o u r  m o d e l s ,  e a c h  h a v i n g  a  d i f f e r e n t  v a l u e  o f  t Q; t wo  o f  t h e m  
a r e  o b l a t e  a n d  two a r e  p r o l a t e .
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The a m b i g u i t y  o f  t h e  t r u e  p o s i t i o n  o f  t h e  a s c e n d i n g  l i n e  o f  n o d e s  
1s r e s o l v e d  e a s i l y  1 f  we p l o t  t h e  v e l o c i t y  a nd  d e n s i t y  maps  f o r  a l l  f o u r  
m o d e l s :  two o f  t h e  m o d e l s  p r o d u c e  p a t t e r n s  on t h e  s k y  t h a t  a r e  e n t i r e l y
i n c o n s i s t e n t  w i t h  t h e  o b s e r v e d  m a p s .  F o r  e x a m p l e ,  f o r  NGC 5 0 3 3  we o b t a i n  
t h e  f o l l o w i n g  f o u r  m o d e l s  f r om B o s m a ' s  r e s u l t s :  a )  t Q = 1 4 8 : 7  w i t h  t  < 0 ,
b)  t Q = 3 2 8 : 7  w i t h  t  < 0 ,  c )  t Q = 3 K 3  w i t h  t  > 0 ,  a n d  d)  t Q = 2 1 1 : 3  w i t h  
t  > 0 (w > 0 f o r  a l l  m o d e l s ) .  The d e r i v e d  maps  r e v e a l  t h a t  m o d e l s  a  a nd  c 
a r e  i n c o n s i s t e n t  w i t h  o b s e r v a t i o n s .  We t h e r e f o r e  c o n c l u d e  t h a t  t h e  v a l u e s  
o f  w t h a t  we g e t  f r o m  B o s m a ' s  model  f o r  NGC 5033 r e f e r  t o  t h e  d e s c e n d i n g  
l i n e  o f  n o d e s .  (We a l s o  f i n d  t h i s  t o  be t r u e  f o r  t h e  o t h e r  3 g a l a x i e s  
t h a t  Bosma h a s  m o d e l e d . )  We a r e  l e f t ,  t h e n ,  w i t h  t wo  g e n e r a l l y  c o n s i s t e n t  
m o d e l s  f o r  NGC 5 0 33 :  model  b ,  w h i c h  1s p r o l a t e  a nd  model  d w h i c h  i s
o b l a t e  i n  s h a p e .  T h i s  i s  how t h e  SP a m b i g u i t y  a r i s e s  i n  B o s m a ' s  m o d e l s .  
U s i n g  t h i s  m e t h o d  o f  a n a l y s i s ,  we c o n c l u d e  t h a t  B o s m a ' s  m o d e l s  f o r  NGC 
5033 a nd  7331 a r e  SP a m b i g u o u s ,  b u t  NGC 2841 and  5055  a r e  u n i q u e l y  o b l a t e  
a nd  p r o l a t e  i n  s h a p e ,  r e s p e c t i v e l y .  (A s i m i l a r  a n a l y s i s  o f  N e w t o n ' s  1980a  
mode l  f o r  1C 342 shows  t h a t  h i s  model  i s  SP a m b i g u o u s ,  b u t  S c h w a r z ' s  1985 
mode l  f o r  NGC 3718 t u r n s  o u t  t o  be u n i q u e l y  o b l a t e . )  A l l  t h e  a b o v e  
r e s u l t s  a r e  c o n s i s t e n t  w i t h  o u r s ,  e x c e p t  t h o s e  c o n c e r n i n g  NGC 5 0 3 3 .  The 
m a i n  r e a s o n s  we r e s o l v e d  t h e  SP a m b i g u i t y  a r e  t h a t  we I n s i s t e d  o n  s t r o n g e r  
a n d  s m o o t h l y  v a r y i n g  t w i s t i n g  a n g l e s  ( f o r  e x a m p l e  B o s m a ' s  t ^ ^  = 3 6 : 6  a s  
o p p o s e d  t o  o u r  t M)(  = 5 4 ° )  a nd  we a l s o  a d j u s t e d  o u r  p a r a m e t e r s  
( t Q, a t ,  aw) t o  g e t  a  b e t t e r  f i t  t o  t h e  o b s e r v e d  maps  a f t e r  we knew t h e  
t wo  v a l u e s  f o r  t Q. In o t h e r  w o r d s ,  e v e n  t h o u g h  B o s m a ' s  model  f o r  NGC 5033  
i s  SP a m b i g u o u s ,  1 t  i s  n o t  t h e  b e s t  t h a t  c o u l d  be  c o n s t r u c t e d .  M o r e o v e r ,  
a f t e r  r e a d j u s t m e n t  o f  t h e  p a r a m e t e r s ,  o u r  v a l u e s  f o r  t Q a r e  u n c e r t a i n  by 
+ 1 0 “ w h i l e  t h e  v a l u e s  p r e s e n t e d  a b o v e  f o r  Bos ma ’ s m o d e l s  b a n d  d a r e
159
u n c e r t a i n  by ± 2 5 ° .
B o s m a ' s  p a r a m e t e r s  f o r  f o u r  g a l a x y  m o d e l s ,  NGC 2 8 4 1 ,  5 0 3 3 ,  5 0 5 5 ,  
and  7 3 3 1 ,  a s  e x t r a c t e d  f r o m  h i s  p u b l i s h e d  p l o t s ,  a nd  t h e  t r a n s f o r m e d  
v a l u e s  o f  t h e  p a r a m e t e r s  a r e  l i s t e d  1n T a b l e  2 .  The c o r r e s p o n d i n g  
p a r a m e t e r s  f r o m  o u r  m o d e l i n g  a r e  a l s o  l i s t e d  t o  f a c i l i t a t e  a  d i r e c t  
c o m p a r i s o n .  Even  t h o u g h  o u r  m o d e l i n g  was t o t a l l y  i n d e p e n d e n t  f r o m  B o s m a ' s  
we h a v e  f o u n d  r e s u l t s  t h a t  a r e  i n  good  a g r e e m e n t  w i t h  B o s m a ' s  r e s u l t s .  I n  
t h e  c a s e  o f  NGC 7331 ,  h o w e v e r ,  t h e r e  i s  a c l e a r  d i s a g r e e m e n t  o f  
r e s u l t s .  We h a v e  r e p r o d u c e d  B o s m a ' s  model  a nd  c o n f i r m e d  t h a t  i t  i s  
r e a l l y  a n  a c c e p t a b l e  a l t e r n a t i v e  t o  o u r  m o d e l .  The r e a s o n  t h a t  b o t h  
m o d e l s  a r e  g o o d  i s  t h e  h i g h  i n c l i n a t i o n  o f  NGC 7331 a n d  t h e  e x t r e m e l y  
s m a l l  w a r p i n g  a n g l e s  o f  b o t h  m o d e l s .  In o t h e r  w o r d s ,  j u s t  b e c a u s e  a l l  t h e  
r i n g s  o f  t h e  model  a r e  a t  an i n c l i n a t i o n  o f  7 5 ° - 8 0 u , e v e n  1f  t h e y  a r e  
t w i s t e d  by - 9 0 “ , s t i l l  t h e  t w i s t  c a n  be c a m o u f l a g e d .
At  t h i s  p o i n t ,  we wou l d  l i k e  t o  p o i n t  o u t  t h a t  e q u a t i o n s  ( 1 3 a )  a nd  
( 1 3 b )  a r e  v e r y  u s e f u l  s i n c e  o b s e r v e r s  c a n  e a s i l y  m e a s u r e  1 a n d  a  by 
m e a s u r i n g  t h e  b / a  r a t i o  a nd  t h e  p o s i t i o n  o f  t h e  p r o j e c t e d  m a j o r  a x i s  o f  
d i f f e r e n t  i s o p h o t e s  i n  t h e i r  o b s e r v e d  c o n t o u r  ma p s .  T h o s e  who u s e  
e q u a t i o n s  ( 1 3 ) ,  h o w e v e r ,  s h o u l d  e x p e r i m e n t  w i t h  m o d e l s  1n o r d e r  t o  f i n d  
o u t  t h e  t r u e  p o s i t i o n  o f  t h e  " p o s i t i v e "  w a r p ,  and  s h o u l d  k e e p  1n mi nd  t h e  
p o s s i b i l i t y  o f  a n o t h e r ,  SP a mb i g u o u s  m o d e l .
The I n v e r s e  t r a n s f o r m a t  i o n  o f  e q u a t i o n s  ( 1 3 a )  a n d  ( 1 3 b )  may a l s o  be  
u s e f u l  i n  c o n v e r t i n g  o u r  r e s u l t s  t o  t h e  q u a n t i t i e s  i a n d  « m e a s u r e d  
d i r e c t l y  f r o m  t h e  o b s e r v e d  I s o p h o t e  maps .  The r e l e v a n t  e q u a t i o n s  f o r  t h i s  
t r a n s f o r m a t i o n  a r e :
c o s i  = c o s i „  cosw -  s l n i  s i n w  cosw , o  o ( 1 4 a )
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s i n o  = s i n w  s 1 n w / s 1 n i  .  ( 1 4 b )
T h e s e  e q u a t i o n s  c a n  be  u s e d  t o  c o n s t r u c t  i n c l i n a t i o n  a nd  p o s i t i o n  a n g l e  
d i a g r a m s  s i m i l a r  t o  t h o s e  g i v e n  by Bosma ( 1 9 8 1 a ) .  We e m p h a s i z e ,  h o w e v e r ,  
t h a t  t h e  s e t  o f  p a r a m e t e r s  ( 1 , a )  d o e s  n o t  d e s c r i b e  t h e  t r u e  s t r u c t u r e  and  
p o s i t i o n  o f  a w a r p ,  b u t  s i m p l y  i t s  p r o j e c t i o n  on t h e  p l a n e  o f  t h e  s k y .
I V .  R E S U L T S  FOR 1 5  NORMAL S P I R A L  G A L A X I E S
Our  r e s u l t s  a r e  p r e s e n t e d  f o r  e a c h  g a l a x y  s e p a r a t e l y .  I f  t h e  
m e t h o d  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  p a r a m e t e r s  1s  d i f f e r e n t  t h a n  t h a t  
o u t l i n e d  a t  t h e  end  o f  § 1 1 f . we b r i e f l y  d e s c r i b e  i t .  We d i s c u s s  a nd  
c o m p a r e  o u r  m o d e l s  w i t h  p r e v i o u s  m o d e l s ,  1f  a n y ,  f o r  t h e  same g a l a x y .  F o r  
t h e  r e a d e r ' s  c o n v e n i e n c e ,  we a l s o  p r e s e n t  t h e  r e s u l t s  f r o m  e a c h  g a l a x y ' s  
o b s e r v a t i o n s  ( w i t h  t h e  p e r m i s s i o n  o f  s e v e r a l  a u t h o r s ) .  We e m p h a s i z e ,  
h o w e v e r ,  t h a t  t h e r e  a r e  n o t  many h i g h  r e s o l u t i o n  HI o b s e r v a t i o n s  o f  s p i r a l  
g a l a x i e s ,  e s p e c i a l l y  o f  t h e i r  o u t e r  f r i n g e s  w h e r e  t h e  w a r p s  o c c u r .  Fo r  
t h a t  r e a s o n ,  we o n l y  t r y  t o  a c h i e v e  a  c e r t a i n  d e g r e e  o f  a g r e e m e n t  w i t h  t h e  
e x i s t i n g  o b s e r v a t i o n s ;  b e t t e r  q u a l i t y  o b s e r v a t i o n s  a r e  n e e d e d  b e f o r e  we 
c a n  t r y  t o  d e t e r m i n e  t h e  f r e e  model  p a r a m e t e r s  w i t h  much h i g h e r  
a c c u r a c y .  We a r e  a b l e ,  n e v e r t h e l e s s ,  t o  d r a w  some d e f i n i t e  c o n c l u s i o n s  
( p r e s e n t e d  1n §V and  § V I ) ,  a b o u t  t h e  s t r u c t u r e  a nd  k i n e m a t i c s  o f  s p i r a l  
g a l a x i e s ,  e v e n  w i t h  t h e  l i m i t a t i o n s  i mpos ed  by t h e  o b s e r v a t i o n s '  c u r r e n t  
q u a l i t y .  I n  t h e  f o l l o w i n g  d e s c r i p t i o n  o f  m o d e l s ,  t h e  g a l a x i e s  a r e  o r d e r e d  
w i t h  I n c r e a s i n g  d i f f i c u l t y  o f  m o d e l i n g .  O p t i c a l  p h o t o g r a p h s  f o r  m o s t  o f  
t h e  m o d e l e d  g a l a x i e s  a r e  shown 1n F i g u r e  5 .  Beyond F i g .  5 ,  F i g u r e s  w i t h  
i n d i c e s  a , b  p r e s e n t  t h e  o b s e r v a t i o n s .  F i g u r e s  w i t h  I n d i c e s  c , d  p r e s e n t  o u r
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b e s t  m o d e l s ,  a n d  o t h e r  r e s u l t s  f r o m  o u r  o r  o t h e r  a u t h o r s '  m o d e l i n g  a r e  
s h o w n  w i t h  i n d i c e s  e ,  f ,  g ,  e t c .  M o s t  o f  t h e  m o d e l e d  g a l a x i e s  h a v e  b e e n  
i n c l u d e d  b y  B o s m a  ( 1 9 8 1 b )  i n  a  s a m p l e  o f  g a l a x i e s  f o r  w h i c h  h i g h  
r e s o l u t i o n  r a d i o  o b s e r v a t i o n s  ( r a t i o  o f  g a l a x y ' s  H o l m b e r g  r a d i u s  t o  b e a m  
s i z e  l a r g e r  t h a n  a b o u t  5 )  h a v e  b e e n  p u b l i s h e d .  I n  o r d e r  t o  l i m i t  t h e  
e x t e n t  o f  t h i s  p a p e r ,  t h e  d i s c u s s i o n  o f  t h e  l a s t  5  g a l a x i e s - - N G C  3 1 9 8 ,  
6 9 4 6 ,  3 7 1 8 ,  3 0 7 9 ,  a n d  6 2 8 - - 1 s  n o t  a c c o m p a n i e d  b y  f i g u r e s .  [ N G C 3 1 9 8  a n d  
6 9 4 6  a r e  n o t  s i g n i f i c a n t l y  w a r p e d ;  NGC 3 7 1 8  h a s  b e e n  e x t e n s i v e l y  m o d e l e d  
b y  S c h w a r z  ( 1 9 8 5 ) ;  f o r  NGC 3 0 7 9  w e  o b t a i n e d  o n l y  a  m o d e r a t e l y  g o o d  f i t ;  
a n d  f o r  NGC 6 2 8  t h e  t i l t e d - r i n g  m o d e l  f a i l e d . !
1, NGC 5033
NGC 5 0 3 3  h a s  b e e n  o b s e r v e d  a n d  m o d e l e d  b y  B o s m a  ( 1 9 8 1 a ) .  O n  t h e  
s k y ,  i t s  p a t t e r n  i s  o b v i o u s l y  t w i s t e d  c l o c k w i s e  ( F i g u r e  6 a ) ,  a n  I n d i c a t i o n  
t h a t  a  k i n e m a t l c a l  w a r p  ( l a r g e  s c a l e ,  s y r n n e t r i c  d e v i a t i o n ,  B o s m a  1 9 8 1 b )  
e x i s t s  i n  t h e  g a l a x y .  T h e  p r o j e c t e d  m a j o r  a x i s  d e v i a t e s  b y  -  1 2 °  f r o m  t h e  
i n n e r  t o  t h e  o u t e r  r e g i o n s  o f  t h e  g a l a x y .  T h e  m a x i m u m  w a r p  a n d  t w i s t  i n  
B o s m a ' s  m o d e l  a r e  wm a x  = 1 1 “ 9  a n d  t m a x  = ± 3 6 ? 6  ( s e e  T a b l e  2 ) ,  a n d  t Q =
3 2 8 ? 7  ( o r  2 1 1 ? 3 ) .  T h e r e  a r e  t w o  p r o b l e m s  w i t h  B o s m a ' s  m o d e l ,  s h o w n  1 n  
F i g u r e  6 e :  a )  T h e  p a t t e r n  i s  n o t  s u f f i c i e n t l y  t w i s t e d ,  o n  t h e  c o n t r a r y ,
t h e  h i g h - v e l o c i t y  c o n t o u r s  a p p e a r  t o  c l o s e .  T h i s  i s  a  c o m b i n e d  r e s u l t  o f  
B o s m a ' s  u s i n g  a  r o t a t i o n  c u r v e  t h a t  f a l l s  a t  l a r g e  r a d i i  a n d  h i s  
I m p l e m e n t i n g  o n l y  a  w e a k  t w i s t i n g  o f  t h e  r i n g s ,  b )  T w i s t i n g  b y  a  m a x i m u m  
o f  3 6 ? 6  c w  f r o m  t Q = 3 2 8 ? 7  r e s u l t s  i n  a  s t e e p  p r o j e c t e d  d e n s i t y  g r a d i e n t  
t h a t  i s  l o c a t e d  a t  t h e  w e s t e r n  a n d  e a s t e r n  s i d e s  w h e r e a s  F i g u r e  6 b  s h o w s  
t h a t  s t e e p  g r a d i e n t s  a r e  o b s e r v e d  a t  t h e  NE a n d  SW s i d e s .
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I n  o r d e r  t o  g e n e r a t e  a  m o d e l  w h o s e  p r o j e c t e d  d e n s i t y  c o n t o u r s  s h o w  
s t e e p  g r a d i e n t s  w h e r e  t h e y  a r e  o b s e r v e d ,  w e  f o u n d  1 t  n e c e s s a r y  t o  
c o n s t r u c t  a  m o d e l  w h o s e  r i n g s  a r e  s t r o n g l y  t w i s t e d  c w - - a  s m a l l e r  PAw t h a n  
B o s m a ' s  a l s o  h e l p e d .  I s o v e l o c i t y  a n d  d e n s i t y  m a p s  d e r i v e d  f r o m  o u r  m o d e l ,  
s h o w n  i n  F i g u r e s  6 c , d ,  s a t i s f y  t h e s e  r e q u i r e m e n t s  a n d  r e s o l v e  t h e  a b o v e  
p r o b l e m s .  T h e  r e l e v a n t  p a r a m e t e r s  a r e  t Q = 3 1 5 “ ,  A t  =■ - 6 ° ,  a w  = 1 ° ,  V c  = 
2 2 0  k m / s ,  Rc  = 2 *  t h e  c e n t r a l  d i s k  i s  c o m p o s e d  o f  1 0  r i n g s ,  wm a x  = 1 0 ° ,  
t m a x  = - 5 4 “ a n d  t h e  s h a p e  i s  p r o l a t e .  F i g u r e s  6 c , d  c l e a r l y  s h o w  t h a t  b o t h  
t h e  d i r e c t i o n  o f  t w i s t i n g  a n d  t h e  l o c a t i o n s  o f  t h e  s t e e p e s t  g r a d i e n t s  a r e  
c o r r e c t .
A s  I s  d i s c u s s e d  a t  s o m e  l e n g t h  i n  C T S ,  w e  m a n a g e d  t o  c o n s t r u c t  
a n o t h e r  m o d e l  w i t h  a l l  t h e  p a r a m e t e r s  u n c h a n g e d  b u t  w i t h  t Q -  1 7 0 “ a n d  a n  
o b l a t e  s h a p e .  E v e n  t h o u g h  t h e  d i r e c t i o n  o f  t h e  o b s e r v e d  t w i s t  i s  c o r r e c t  
i n  t h i s  a l t e r n a t e  m o d e l ,  t h e  m a p s  d o  n o t  s h o w  t h e  m a i n  f e a t u r e s  d i s c u s s e d  
a b o v e .  We c o n c l u d e  t h a t  o n l y  t h e  p r o l a t e  m o d e l  a d e q u a t e l y  d e s c r i b e s  t h e  
k i n e m a t i c s  o f  t h i s  g a l a x y .  I t s  p a r a m e t e r s  a r e  s u m m a r i z e d  i n  § V .
2. NGC 5055
O b s e r v e d  a n d  m o d e l e d  b y  B o s m a  ( 1 9 8 1 a ) ,  NGC 5 0 5 5  p o s s e s s e s  a n  
o b v i o u s  k i n e m a t i c a l  w a r p  i n  I t s  o u t e r  r e g i o n s .  I t s  p r o j e c t e d  m a j o r  a x i s  
t u r n s  i n  a  c w  s e n s e  b y  4 “ ,  t h e n  1 t  t u r n s  b a c k  i n  a  c c w  s e n s e  b y  a b o u t  2 0 °  
( B o s m a  1 9 8 1 b ) ,  a  s i g n  t h a t  i t s  c e n t r a l  d i s k  i s  e i t h e r  d i s t u r b e d  o r  
d o m i n a t e d  b y  n o n - c i r c u l a r  m o t i o n s .  T h e  v e l o c i t y  m a p  f r o m  B o s m a ' s  o w n  
m o d e l  1 s  r e p r o d u c e d  h e r e  1 n  F i g u r e  7 e .  B o s m a  a t t e m p t e d  t o  f i t  t h e  
o b s e r v e d  t u r n s  i n  b o t h  t h e  i n n e r  a n d  o u t e r  v e l o c i t y  f i e l d  a n d ,  a s  a  
r e s u l t ,  t h e  w a r p i n g  a n d  t w i s t i n g  a n g l e s  h e  u s e d  d o  n o t  v a r y  s m o o t h l y  
( m o n o t o n i c a l l y )  w i t h  r a d i u s .  I n  o r d e r  t o  m o r e  c o m p l e t e l y  j u d g e  t h e
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a d e q u a c y  o f  B o s m a ' s  m o d e l  w e  g e n e r a t e d  a  s u r f a c e  d e n s i t y  m a p  f r o m  h i s  
p u b l i s h e d  t i l t e d  r i n g  p a r a m e t e r s .  ( T h e  r e l e v a n t  p a r a m e t e r s  a r e  l i s t e d  
h e r e  i n  T a b l e  2 . )  A f t e r  r e c o n s t r u c t i n g  B o s m a ' s  m o d e l ,  w e  f o u n d  t h a t  t h e  
s u r f a c e  d e n s i t y  m a p  d o e s  n o t  r e p r o d u c e  t h e  t w o  " b r i d g e s "  o f  HI  o b s e r v e d  t o  
b e  r u n n i n g  r o u g h l y  e a s t  t o  w e s t  b o t h  o n  t h e  n o r t h e r n  a n d  s o u t h e r n  s i d e s .  
O u r  r e c o n s t r u c t i o n  o f  B o s m a ' s  m o d e l  1 s  s h o w n  i n  F i g u r e s  7 f , g  t o  f a c i l i t a t e  
a  d i r e c t  v i s u a l  c o m p a r i s o n .
T h e  p r o j e c t e d  I m a g e s  o f  o u r  o w n  b e s t - f i t  m o d e l  f o r  NGC 5 0 5 5  a r e  
s h o w n  i n  F i g u r e s  7 c  a n d  7 d .  We w e r e  i n t e r e s t e d  1 n  m o d e l i n g  o n l y  t h e  o u t e r  
r e g i o n s  w e l l ,  s o  o u r  m o d e l  p o s s e s s e s  s m o o t h l y  v a r y i n g  w a r p i n g  a n d  t w i s t i n g  
a n g l e s .  W a r p i n g  a n g l e s  s o m e w h a t  l a r g e r  t h a n  B o s m a ' s  a r e  n e e d e d  t o  
r e p r o d u c e  t h e  m a i n  f e a t u r e s  o f  t h e  o b s e r v a t i o n s .  T h e  t w o  " b r i d g e s "  o f  HI  
a r e  c l e a r l y  e v i d e n t  i n  F i g u r e  7 d .  T h e  p a r a m e t e r s  o f  o u r  b e s t  m o d e l  a r e  t Q 
= 2 6 0 “ ,  a t  = - 1 0 “ ,  a w  = K l  Vc  -  2 1 3  k m / s ,  Rc  = 1 ,  t h e  c e n t r a l  d i s k  1 s  
c o m p o s e d  o f  o n l y  2  r i n g s ,  a n d  t h e  s h a p e  i s  p r o l a t e .  T h e  t w o  l o o p e d  
c o n t o u r s  i n  F i g u r e  7 c  a r e  s o m e w h a t  l a r g e r  t h a n  t h e  c o r r e s p o n d i n g  c o n t o u r s  
o f  t h e  o b s e r v a t i o n  ( F i g u r e  7 a )  d u e  t o  t h e  l a c k  o f  a  f a l l i n g  r o t a t i o n  c u r v e  
a t  t h e  o u t e r  p a r t s  o f  t h e  m o d e l .  A s  c a n  b e  s e e n  i n  F i g u r e  7 f ,  t h i s  
p r o b l e m  i s  e a s i l y  c o r r e c t e d  b y  u s i n g  B o s m a ' s  r o t a t i o n  c u r v e ,  b u t  w e  d i d  
n o t  p r o c e e d  t o  d o  s o  i n  o r d e r  t o  m a i n t a i n  a  d e g r e e  o f  c o n s i s t e n c y  
t h r o u g h o u t  t h i s  p a p e r .  T h e  b e s t  o b l a t e  m o d e l  ( s e e  C T S )  t h a t  w e  
c o n s t r u c t e d ,  w i t h  t Q = 2 7 0 ° ,  d o e s  n o t  c o m p a r e  f a v o r a b l y  w i t h  t h e  
o b s e r v a t i o n s .  A c t u a l l y ,  t h i s  m o d e l  1 s  n o t  S P  a m b i g u o u s  w i t h  o u r  b e s t  
p r o l a t e  m o d e l .  T h e  a m b i g u i t y  1 s  e n t i r e l y  r e s o l v e d  d u e  t o  t h e  v e r y  s t r o n g  
t w i s t i n g  o f  t h e  r i n g s .  We c o n c l u d e ,  t h e r e f o r e ,  t h a t  t h e  h a l o  s u r r o u n d i n g  
NGC 5 0 5 5  1 s  p r o l a t e  1 n  s t r u c t u r e .
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A n o t h e r  p o i n t  s h o u l d  b e  m e n t i o n e d ,  h o w e v e r ,  r e l a t i v e  t o  t h e  b e s t  
p r o l a t e  m o d e l .  We s u c c e e d e d  i n  g e n e r a t i n g  a  m o d e l  w i t h  a l l  t h e  p a r a m e t e r s  
u n c h a n g e d ,  b u t  a  m u c h  s m a l l e r  t w i s t i n g  a n g l e  ( A t  = - 5 ° ) .  T h i s  m o d e l  
s a t i s f i e d  t h e  u s u a l  a s s u m p t i o n  o f  m i n i m u m  t w i s t i n g  ( s e e  § 1 1 1 ,  f o r  t h e  
r e l e v a n t  d i s c u s s i o n ) ,  b u t  i t  w a s  r u l e d  o u t  b e c a u s e  i t s  s u r f a c e  d e n s i t y  m a p  
d i d  n o t  c o m p a r e  w e l l  w i t h  t h e  o b s e r v a t i o n s .
3 .  NGC 3 0 0
T h i s  g a l a x y  w a s  o r i g i n a l l y  o b s e r v e d  i n  HI  b y  S h o b b r o o k  a n d  R o b i n s o n  
( 1 9 6 7 ) .  I n  1 9 7 9 ,  RCC p r o v i d e d  b o t h  h i g h e r  r e s o l u t i o n  o b s e r v a t i o n s  o f  t h e  
g a l a x y  ( F i g u r e s  8 a , b )  a n d  a  t i l t e d - r i n g  m o d e l .  T h e y  r e a l i z e d  t h a t  n o  
m o d e l  w i t h  a  w a r p  s t a r t i n g  f r o m  t h e  g a l a x y ’ s  p r o j e c t e d  m a j o r  a x i s  ( a s  w a s  
c u s t o m a r y )  p r o d u c e d  a  g o o d  f i t  t o  t h e  o b s e r v a t i o n s .  I n s t e a d ,  t h e  w a r p  h a d  
t o  s t a r t  a b o u t  6 0 °  a w a y  f r o m  t h e  m a j o r  a x i s .  L i k e  u s ,  t h e y  a l s o  m e a s u r e d  
t h e  p o s i t i o n  a n g l e  f r o m  n o r t h  t h r o u g h  e a s t  t o  t h e  b l u e - s h i f t e d  s i d e  o f  t h e  
m a j o r  a x i s  a n d  r e f e r e n c e d  t h e  t w i s t i n g  a n g l e s  w i t h  r e s p e c t  t o  t h i s  a x i s ,  
n e g a t i v e  i n  t h e  c w  d i r e c t i o n .  ( T h e y  c l a i m  t h a t  t h e  w a r p i n g  a n g l e s  w e r e  
r e f e r e n c e d  t o  t h e  n e a r  ( s o u t h e r n )  s i d e  o f  t h e  g a l a x y ,  t h e r e f o r e ,  1 n  t h i s  
c a s e ,  t h e i r  I n c l i n a t i o n  a n g l e s  s h o u l d  b e  c o n s i d e r e d  a s  n e g a t i v e  ( n o t  
p o s i t i v e  a s  g i v e n  I n  R C C )  b e c a u s e  t h e y  a r e  r e f e r e n c e d  w i t h  r e s p e c t  t o  t h e  
b l u e - s h i f t e d  s i d e  o f  t h e  m a j o r  a x i s  a n d  c o r r e s p o n d  t o  t h e  n e g a t i v e  
w a r p . |  T h e  1 s o v e l o c 1 t y  c o n t o u r  m a p  t h a t  w a s  p u b l i s h e d  f r o m  t h e i r  m o d e l  1 s  
r e p r o d u c e d  h e r e  1 n  F i g u r e  8 g .
I n  m o d e l i n g  NGC 3 0 0 ,  w e  f o u n d  t h a t  t h e  b e s t  m o d e l  I s  S P  a m b i g u o u s  
a n d  h a s  V c  = 9 4  k m / s ,  Rc  = 4 ,  At = ± 2 “ 5 ,  Aw = 2 “ ,  a n d  a  c e n t r a l  d i s k  o f  8  
r i n g s .  T h e  b e s t  p r o l a t e  m o d e l  h a s  t Q = 1 2 0 °  a n d  t h e  b e s t  o b l a t e  m o d e l  h a s  
t Q = 8 0 ° .  T h e  p r o l a t e  m o d e l  I s  s h o w n  I n  F i g u r e s  8 c , d  a n d  t h e  o b l a t e  m o d e l
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i n  F i g u r e s  e , f .  A s  h a s  b e e n  d i s c u s s e d ,  o u r  d e n s i t y  m a p s  d o  n o t  r e p r o d u c e  
t h e  a s y m m e t r y  s e e n  i n  t h e  s o u t h e r n  s i d e  n o r  t h e  s t r u c t u r e  o f  t h e  c e n t r a l  
r e g i o n .  O u r  p r o l a t e  m o d e l ,  h o w e v e r ,  1 s  i n  v e r y  g o o d  a g r e e m e n t  w i t h  R C C ' s  
o b l a t e  m o d e l  ( c o m p a r e  F i g u r e  8 c  a n d  8 g ) ,  s o  w e  c a n n o t  d e t e r m i n e  t h e  s h a p e  
o f  t h e  h a l o  e v e n  t h o u g h  t h e  i n i t i a l  g u e s s ,  b a s e d  o n  t h e  r e s u l t s  o f  C T ,  
w o u l d  b e  o b l a t e  b e c a u s e  t h e  o b s e r v e d  t w i s t  t u r n s  i n  t h e  o p p o s i t e  d i r e c t i o n  
f r o m  t h e  s p i r a l  a r m s .  T h e  t w o  m o d e l s  t h a t  w e  h a v e  c o n s t r u c t e d  a r e  i n  f a c t  
S P  a m g i b u o u s  b u t  t h e  c o n t o u r  m a p s  a r e  n o t  e x a c t l y  t h e  s a m e  b e c a u s e  o f  t h e  
f a i r l y  s t r o n g  t w i s t i n g  a n g l e s  t h a t  a r e  r e q u i r e d  ( t mf l x  = ± 2 7 : 5 ) .
4. HGC 7331
O b s e r v e d  a n d  m o d e l e d  b y  B o s m a  ( 1 9 8 1 a ) ,  NGC 7 3 3 1  p o s s e s s e s  a  w e a k  
k i n e m a t i c a l  w a r p  ( s e e n  i n  t h e  o u t e r  r e g i o n s ) .  T h e  p u b l i s h e d  v e l o c i t y  m a p  
f r o m  B o s m a 1 s  m o d e l  I s  r e p r o d u c e d  h e r e  i n  F i g u r e  9 g  a n d  w a s  d i s c u s s e d  i n  
§1 l i e .
We  w e r e  u n a b l e  t o  p r o d u c e  a  u n i q u e  m o d e l  f o r  t h i s  g a l a x y  b e c a u s e  o f  
t h e  S P  a m b i g u i t y ,  o r i g i n a t i n g  f r o m  t h e  h i g h  I n c l i n a t i o n  a n d  v e r y  s m a l l  
t w i s t i n g .  O u r  b e s t  o b l a t e  m o d e l  i s  s h o w n  i n  F i g u r e s  9 c , d  w i t h  t Q =
2 4 0 " ,  At = + 4 U, aw = 0 : 5 ,  Vc = 250  k m / s ,  Rc = 3,  a n d  a  c e n t r a l  d i s k  o f  12 
r i n g s .  T h e  b e s t  p r o l a t e  m o d e l  I s  s h o w n  1 n  F i g u r e s  7 e , f  w i t h  t Q = 3 0 0 °  ( 1 n  
a g r e e m e n t  w i t h  t h e  t h e o r e t i c a l  d i s c u s s i o n  o f  § I I e ) ,  At = - 5 " ,  a n d  a l l  
o t h e r  p a r a m e t e r s  t h e  s a m e  a s  t h e  o b l a t e  m o d e l .  T h e  o b s e r v a t i o n a l  r e s u l t s  
s h o w  a n  a b r u p t  i n c r e a s e  o f  t h e  t w i s t  a t  t h e  o u t e r  r e g i o n ,  p a r t i c u l a r l y  a t  
t h e  s . e .  T h i s  f e a t u r e  d o e s  n o t  a p p e a r  1 n  a n y  m o d e l .  A t t e m p t s  t o  g e n e r a t e  
1 t  b y  i n c r e a s e d  t w i s t i n g  a n d  w a r p i n g  1 n  t h e  o u t e r  t w o  r i n g s  f a i l e d .  We  
c o n c l u d e ,  t h e r e f o r e ,  t h a t  t h i s  d i s t u r b a n c e  i s  a  l o c a l  a s y m m e t r y .
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5. NGC 2841
O b s e r v e d  a n d  m o d e l e d  b y  B o s m a  ( 1 9 8 1 a ) ,  NGC 2 8 4 1  p o s s e s s e s  a  
k i n e m a t i c a l  w a r p  ( s e e n  a t  t h e  o u t e r  r e g i o n s ) .  T h e  p u b l i s h e d  v e l o c i t y  m a p  
f r o m  B o s m a ' s  m o d e l  i s  r e p r o d u c e d  h e r e  i n  F i g u r e  l O e .  T h e  t w i s t i n g  a n g l e  
i s ,  o n c e  a g a i n ,  n o t  s m o o t h .  T h i s  m o d e l  w a s  p r e s e n t e d  1 n  § 1 1 1 .  Me w o u l d  
o n l y  a d d  h e r e  t h a t  t h e  t w i s t  i n  F i g u r e  l O e  i s  n o t  c o n v i n c i n g  b e c a u s e  i t
d o e s  n o t  k e e p  t w i s t i n g  a t  t h e  o u t e r  e d g e s  a l o n g  t h e  m a j o r  a x i s .
H e  f o u n d  o n l y  o n e  a c c e p t a b l e  m o d e l .  I t  h a s  t Q = 4 0 ° ,  a t  =
+ 5 ° ,  a w   ̂ 1 " ,  Vc  = 3 0 0  k m / s ,  Rc  = 3 ,  a  c e n t r a l  d i s k  o f  5  r i n g s ,  a n d  a n  
o b l a t e  s h a p e  ( F i g u r e s  1 0 c , d ) .  N o t i c e  t h a t  t h e  m a x i m u m  t w i s t i n g  a n g l e  h e r e  
i s  t  = 7 0 “ ,  b u t ,  s t i l l ,  t h e  r e s u l t i n g  v e l o c i t y  m a p  s h o w s  o n l y  a  w e a k l y  
t w i s t e d  s t r u c t u r e  ( I . e . ,  t h e  r e a l  m a g n i t u d e  o f  t h e  t w i s t i n g  i s  
c a m o u f l a g e d ) .  T h i s  r e l a t i v e l y  l a r g e  d e g r e e  o f  t w i s t i n g ,  h o w e v e r ,  
c o r r e c t l y  f o r c e s  t h e  s t e e p e s t  g r a d i e n t s  t o  a p p e a r  c l o s e  t o  t h e  e n d s  o f  t h e  
m i n o r  a x i s  1 n  SE a n d  NW ( c o m p a r e  F i g u r e  1 0 b  t o  l O d ) .
6. H 63
M 8 3  w a s  o b s e r v e d  a n d  m o d e l e d  b y  R L H ,  i n  1 9 7 4 .  T h e i r  o b s e r v a t i o n s  
a n d  t h e  r e s u l t s  o f  t h e i r  m o d e l i n g  a r e  s h o w n  1 n  F i g u r e s  1 1 a , b  a n d  l l g . h ,  
r e s p e c t i v e l y .  RLH s t a r t  t w i s t i n g  f r o m  t h e  m a j o r  a x i s ,  a n d  t h e  l a s t  r i n g  
o f  t h e i r  m o d e l  B h a s  t  = + 1 4 1 ° ,  w = 3 7 ° .  T h e  l a r g e  w a r p i n g  r e q u i r e d  t o
e x p l a i n  t h e  k i n e m a t i c s  o f  t h i s  g a l a x y  1 s  a l s o  r e s p o n s i b l e  f o r  g e n e r a t i n g
HI  s p i r a l  a r m s  t h a t  t w i s t  1 n  a  d i r e c t i o n  o p p o s i t e  t o  t h e  o p t i c a l  s p i r a l  
a r m s  ( s e e  F i g .  l l h ) .  T o  i l l u s t r a t e  t h i s ,  w e  c o n s t r u c t e d  a  m o d e l  w i t h  t m a x  
= + 1 9 5 “ ,  b u t  w m a x  =  16“ a t  t h e  o u t e r  r i n g .  T h i s  m o d e l  ( F i g u r e s  l l e , f )  
p r o d u c e s  v e l o c i t y  c o n t o u r s  t h a t  a r e  v e r y  s i m i l a r  t o  t h e  o b s e r v e d  c o n t o u r s  
b u t  i t  p r o d u c e s  o n l y  a  h i n t  o f  H i  a r m s .  I t s  p a r a m e t e r s  a r e  t Q = 3 0 ° ,  a t  =
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+ 1 3 " ,  a w = 1 ‘ ,  V c  = 1 8 0  k m / s ,  Rc  = 3 ,  t h e  c e n t r a l  d i s k  h a s  4  r i n g s ,  a n d  a n  
o b l a t e  s h a p e .
O u r  b e s t  m o d e l  ( F i g u r e s  l l c . d )  i n c l u d e s  a  s t r o n g e r  w a r p i n g  ( s e e  
§ 1 1 1 ) ,  t o  r e p r o d u c e  t h e  s p i r a l  a r m s  s e e n  i n  F i g u r e s  l l b . h .  I t s  p a r a m e t e r s
a r e  t Q = 3 0 " ,  At = + 1 1 : 5 ,  Aw = 1 : 6 ,  Vc  = 1 8 0  k m / s ,  R c  = 3 ,  t h e  c e n t r a l
d i s k  h a s  4  r i n g s  a n d  i t  1 s  o b l a t e  I n  s h a p e .  N o  a d e q u a t e  p r o l a t e  m o d e l  
e x i s t s  f o r  M 8 3 ,  a s  w a s  p r e d i c t e d  b y  C T .  We c o n f i r m ,  t h e r e f o r e ,  t h e  
q u a l i t y  o f  R L W ' s  m o d e l  a n d  t h e  f a c t  t h a t  t h e  w a r p  o f  M 8 3  s t a r t s  v e r y  c l o s e  
t o  t h e  m a j o r  a x i s .
7 .  M 3 3
T h i s  g a l a x y  w a s  o b s e r v e d  a n d  m o d e l e d  b y  RWL I n  1 9 7 6  a n d  b y  RN i n
1 9 7 8 .  RWL d i s c o v e r e d  t h a t  t h e y  h a d  t o  s t a r t  t w i s t i n g  f r o m  t h e  m a j o r
a x i s .  T h e y  d i d  n o t  p u b l i s h  t h e  m o d e l ' s  v e l o c i t y  m a p  a n d ,  f o r  c o m p a r i s o n  
p u r p o s e s ,  o n l y  t h e i r  m o d e l 1 s  s u r f a c e  d e n s i t y  m a p  i s  a v a i l a b l e .  H e n c e ,  f o r  
t h i s  g a l a x y  o u r  c l a s s i f i c a t i o n  o f  d i a g r a m s  i s  d i f f e r e n t  f r o m  t h e  o n e  
f o l l o w e d  e l s e w h e r e  1 n  t h i s  s e c t i o n .  F i g u r e  1 2 a  i s  a  r e p r o d u c t i o n  o f  t h e  
( R W L )  o b s e r v e d  m a p  f o r  t h e  p r i m a r y  v e l o c i t y  c o m p o n e n t ,  b u t  F i g u r e  1 2 b  I s  a  
r e p r o d u c t i o n  o f  t h e i r  m o d e  1 1 s  d e n s i t y  m a p .  F i g u r e s  1 2 c , d  s h o w  t h e  m a p s  o f  
o u r  b e s t  m o d e l .  T o  p r o d u c e  F i g u r e  1 2 c ,  w e  h a v e  f o l l o w e d  RWL a n d  h a v e  
s u b t r a c t e d  t h e  s e c o n d a r y  v e l o c i t y  c o m p o n e n t  f r o m  t h e  m a p  ( e l i m i n a t i n g  t h u s  
c o n t o u r  t w i s t i n g ) .
O u r  b e s t  m o d e l  h a s  t Q = 1 8 0 “ ,  At = 4 : 5 ,  aw = 3 : 6 ,  Vc  = 1 0 7  k m / s ,  R c  
=■ 2 ,  a n d  a  c e n t r a l  d i s k  o f  9  r i n g s .  T h e s e  m o d e l  p a r a m e t e r s  a r e  i n  
c o m p l e t e  a g r e e m e n t  w i t h  t h e  RWL m o d e l ,  a n d  s u p p o r t  t h e  f o l l o w i n g  a r g u m e n t s  
o f  RWL:  a )  A s t r o n g  w a r p  I s  p r e s e n t  1 n  M 3 3 .  b )  T h e  m o d e l ' s  
o r i e n t a t i o n  1 s  s u c h  t h a t  t h e  w e s t e r n  s i d e  1 s  c l o s e r  t o  t h e  o b s e r v e r  ( t h e
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s . e .  I s  " f a r "  f r o m  t h e  o b s e r v e r ,  t o  p u t  i t  w i t h i n  o u r  t e r m i n o l o g y ;  s e e  
§ 1  I d 3  a n d  t h e  T a b l e s  o f  § V ) .  c )  T h e  m o d e l  g e n e r a t e s  " w i n g s "  c l o s e  t o  t h e  
e n d s  o f  t h e  m a j o r  a x i s ,  d )  T h e  s u r f a c e  d e n s i t y  d r o p s  o f f  v e r y  a b r u p t l y  
a t  t h e  e n d s  o f  t h e  m i n o r  a x i s ,  a s  a  r e s u l t  o f  t h e  s p e c i f i c  o r i e n t a t i o n  o f  
t h e  r i n g s .  We w o u l d  o n l y  a d d  t h a t  t h e  a b o v e  r e s u l t s  s h o w  t h a t  t h e  h a l o  o f  
M 3 3  i s  o b l a t e  i n  s t r u c t u r e .
RN p r e s e n t e d  c o m p o s i t e  c o n t o u r  m a p s  f o r  M 3 3 ,  b y  c o m b i n i n g  a l l  
e x i s t i n g  o b s e r v a t i o n s *  T h e i r  o w n  o b s e r v a t i o n s  w e r e  o f  t h e  o u t e r  r e g i o n s  
o f  t h e  g a l a x y .  B y  o b s e r v i n g  f a r t h e r  a w a y  f r o m  t h e  c e n t e r  t h a n  RWL,  t h e y  
m a n a g e d  t o  r e v e a l  a  s t r o n g l y  t w i s t e d  p a t t e r n  i n  t h e  v e l o c i t y  m a p .  T h i s  
r e s u l t ,  t o g e t h e r  w i t h  t h e i r  s u c c e s s f u l  m o d e l i n g ,  1 s  v e r y  I m p o r t a n t ,  
b e c a u s e  i t  c l e a r l y  d e m o n s t r a t e s  a  g e n e r a l  p o i n t  t h a t  w e  m a d e  e a r l i e r :  
o b s e r v a t i o n s  o f  t h e  o u t e r  p a r t s  o f  a  g a l a x y  s h o u l d  e a s i l y  r e v e a l  t w i s t s  
a n d ,  t h e r e f o r e ,  w a r p e d  s t r u c t u r e s ,  w h i c h  m a y  b e  k e p t  h i d d e n  o t h e r w i s e .
We  h a v e  a l s o  p r o d u c e d  a  m o d e l  o f  M 3 3  b a s e d  o n  t h e  o b s e r v a t i o n s  a n d  
m o d e l i n g  o f  RN b u t  w e  w i l l  n o t  p r e s e n t  i t s  m a p s  h e r e  b e c a u s e  o u r  r e s u l t s  
a r e  1 n  c o m p l e t e  a g r e e m e n t  w i t h  t h e  r e s u l t s  o f  R N .  F o r  t h i s  m o d e l  w e  f i n d
t h a t  t Q = 2 7 0 ' * ,  A t  =■ 3 . * 3 ,  Aw = 5 ? 3 ,  a  c e n t r a l  d i s k  o f  1 0  r i n g s ,  a n d  o b l a t e
s h a p e .  RN c l a i m ,  h o w e v e r ,  t h a t  t h e i r  r e s u l t s  d i s a g r e e  w i t h  R W L ' s  r e s u l t s ,  
a  f a c t  t h a t  c a n  b e  s e e n  f r o m  t h e  d i f f e r e n t  p a r a m e t e r s  a s  t h e y  p r e s e n t e d  
t h e m  ( p r o j e c t e d  a n g l e s  o n  t h e  p l a n e  o f  t h e  s k y )  o r  a s  w e  p r e s e n t  t h e m  1 n
o u r  o w n  t e r m i n o l o g y  ( s e e  a l s o  T a b l e s  4  a n d  5  b e l o w  f o r  a  s u m m a r y ) .  We
b e l i e v e  t h a t  t h i s  d i s a g r e e m e n t  s h o u l d  n o t  b e  t a k e n  s e r i o u s l y  s i n c e  t h e  
r e g i o n  o f  t h e  d i s k  m o d e l e d  b y  RWL 1 s  w e l l  w i t h i n  t h e  e x t e n d e d  r e g i o n  
m o d e l e d  b y  R N ,  a n d  c a n  b e  e n t i r e l y  r e s o l v e d  b y  a  m o d e l  t h a t  I n c o r p o r a t e s  
R W L ' s  v a l u e s  f o r  t h e  I n n e r  d i s k  ( t Q = 1 8 C ° )  a n d ,  t h e n ,  1 t  u s e s  s o m e w h a t  
d i f f e r e n t  v a l u e s  o f  t h e  t w i s t i n g  a n d  w a r p i n g  a n g l e s  t h a n  R N ' s ,  i n  o r d e r  t o
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b e  e x t e n d e d  I n  t h e  o u t e r  r e g i o n s  t h a t  w e r e  o b s e r v e d  b y  t h e m .  T h i s  c h a n g e  
i n  t h e  v a l u e s  o f  t  a n d  w w o u l d  n o t  b e  i n  c o n f l i c t  w i t h  t h e  v a l u e s  d e r i v e d  
b y  RN s i n c e  t h e  l a t t e r  c a n  b e  v a r i e d  b y  ± 5 "  o r  m o r e  w i t h  n o  n o t i c e a b l e  
c h a n g e  o f  a n y  g e n e r a l  t r e n d  ( t w i s t i n g ,  s t e e p  g r a d i e n t s )  b e i n g  p r o d u c e d  i n  
t h e  c o n t o u r  m a p s .
8. M 31
M3 1  h a s  b e e n  o b s e r v e d  a n d  m o d e l e d  s e v e r a l  t i m e s :  b y  R o b e r t s  a n d
W h i t e h u r s t  ( 1 9 7 5 ) ,  N e w t o n  a n d  E m e r s o n  ( 1 9 7 7 ) ,  B r i n k s  ( 1 9 8 4 ) ,  a n d  W a l t e r b o s  
( 1 9 8 6 ) .  T h e  r e s u l t s  o f  t h e i r  m o d e l i n g  a r e  n o t  g i v e n  a s  v e l o c i t y  a n d  
d e n s i t y  m a p s .  H o w e v e r ,  a l l  a u t h o r s  p r e d i c t  t h a t  t h e  o u t e r  r e g i o n s  o f  M 3 1  
a r e  w a r p e d  a n d  R o b e r t s  a n d  W h i t e h u r s t  a c t u a l l y  c o m p u t e  a  t m a x  = 3 0 °  a n d  a  
wm a x  = ^ "* t h e ^r  " i n d i v i d u a l l y  s m o o t h e d "  m o d e l .  T h i s  w a r p  i s  
c a m o u f l a g e d  d u e  t o  t h e  h i g h  i n c l i n a t i o n  o f  t h e  d i s k .  F i g u r e  1 3 a  
r e p r o d u c e s  t h e  v e l o c i t y  f i e l d  p u b l i s h e d  b y  E m e r s o n  ( 1 9 7 6 )  w h i l e  t h e  
d e n s i t y  m a p  o f  R o b e r t s  a n d  W h i t e h u r s t  ( 1 9 7 5 )  i s  s h o w n  i n  F i g u r e  1 3 b .  A 
f i r s t  l o o k  a t  F i g u r e s  1 3 a , b  s h o w s  n o  h i n t  o f  a  w a r p .  E m e r s o n  ( 1 9 7 6 )  
m o d e l e d  h i s  o b s e r v a t i o n s  u s i n g  a  t o t a l l y  f l a t  d i s k  1 n  o r d e r  t o  s h o w  h o w  
t h e  m a p s  o f  t h e  g a l a x y  c o u l d  b e  m a t c h e d  w i t h o u t  e v e n  t a k i n g  i n t o  a c c o u n t  
a n y  w a r p i n g .
T h e  d i r e c t i o n  o f  t h e  o p t i c a l  s p i r a l  a r m s  o f  M 3 1  c a n n o t  b e  c l e a r l y  
s e e n  f r o m  F i g u r e  5 h .  T h i s  p r o v i d e s  u s  w i t h  a n  o p p o r t u n i t y  t o  d e m o n s t r a t e  
t h e  S S P  a m b i g u i t y .  A s s u m e  t h a t  t h e  a r m s  f o l l o w  a  c c w  d i r e c t i o n  o u t w a r d s ,  
t h e r e f o r e  t h e  s . e .  i s  c l o s e r  t o  t h e  o b s e r v e r .  I f  t h i s  t u r n s  o u t  t o  b e  t h e  
w r o n g  a s s u m p t i o n ,  a l l  w e  h a v e  t o  d o  1 s  c h a n g e  t h e  s h a p e  a n d  t Q t o  ( 1 8 0 ° -  
t Q ) .  T h e  d e m o n s t r a t i o n  b e c o m e s  e v e n  m o r e  i n t e r e s t i n g  a s  s o o n  a s  w e  
r e a l i z e  t h a t  t h e  S P  a m b i g u i t y  a l s o  e x i s t s  i n  t h i s  s y s t e m .  We h a v e
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c o n s t r u c t e d  two e q u a l l y  good models  wi th  At = ± 6 " ,  aw = 4 “ , Vc = 230  km/s ,  
Rc -  5 :  one o b l a t e  wi th  t Q = 1 6 0 “ , and a n o t h e r  p r o l a t e  wi t h  t Q = 2 1 0 “ .
Our  r e s u l t s  on  M 31 a r e  t a b u l a t e d  i n  §V a f t e r  t h e  SSP a m b i g u i t y  1s 
r e s o l v e d ,  h o w e v e r ,  s i n c e  t h e  w i d e l y  a c c e p t e d  d i r e c t i o n  o f  t h e  a r m s  o f  t h e  
g a l a x y  i s  cw o u t w a r d s  ( i . e . ,  t h e  s . e .  I s  away f r om t h e  o b s e r v e r ) .
R e s o l v i n g  t h e  SSP a m b i g u i t y  r e s u l t s  i n  t Q -  2 0 “ a nd  a p r o l a t e  mode l  o r  t 0 
= 3 3 0 “ and  a n  o b l a t e  m o d e l .  The c o n t o u r  maps  f r om t h e  p r o l a t e  model  a r e  
shown i n  F i g u r e s  1 3 c , d .  I n  t h i s  m o d e l ,  wmax = 2 0 “ , b u t  no I m p o r t a n t  
f e a t u r e s  a r e  l o s t  f r om t h e  maps  I f  we o n l y  u s e  wmax = 5 “ t h a t  was 
s u g g e s t e d  by R o b e r t s  a n d  W h i t e h u r s t  ( 1 9 7 5 ) .
9. 1C 342
1C 342 was  o b s e r v e d  by RSR 1n 1973 .  More r e c e n t l y ,  Newton  
( 1 9 8 0 a , b )  h a s  p u b l i s h e d  h i g h e r  r e s o l u t i o n  o b s e r v a t i o n s  and  a  t l l t e d - r i n g  
mode l  o f  t h e  g a l a x y ,  c l e a r l y  i n d i c a t i n g  t h a t  a wa r p  e x i s t s  1n I t s  o u t e r  
r e g i o n s .  | T h e  RSR o b s e r v a t i o n s  d i d  n o t  r e v e a l  a t w i s t  i n  t h e  v e l o c i t y  
c o n t o u r s  w h i l e  a  t w i s t  i s  o b v i o u s  i n  N e w t o n ' s  ( 1 9 8 0 a )  o b s e r v a t i o n s . )  We 
d e t e r m i n e d  t h e  f o l l o w i n g  p a r a m e t e r s  f r om m o d e l i n g :  At = ± 3 ° ,  aw = H 5 ,  Rc
=■ 3 ,  a n d  a c e n t r a l  d i s k  o f  8 r i n g s .  The b e s t  o b l a t e  model  h a s  t Q = 270°  
a n d  t h e  b e s t  p r o l a t e  mode!  h a s  t Q = 3 0 0 ° .  F i g u r e s  1 4 a , b  a r e  r e p r o d u c t i o n s  
o f  N e w t o n ' s  ( 1 9 8 0 a , b )  o b s e r v e d  ma p s :  F i g u r e s  1 4 c , d  p r e s e n t  o u r  b e s t  
p r o l a t e  m o d e l ;  F i g u r e s  1 4 e , f  show o u r  b e s t  o b l a t e  m o d e l ;  a nd  F i g u r e  14g i s  
a  r e p r o d u c t i o n  o f  t h e  v e l o c i t y  map f r o m  N e w t o n ' s  m o d e l .  The o b s e r v e d  
a s y m m e t r y  o f  t h e  w e s t e r n  s i d e  c a n n o t  be  r e p r o d u c e d  by t h e  m o d e l s .  We h a v e  
c l a s s i f i e d  o u r  r e s u l t s  a s  SP a m b i g u o u s ,  b u t  o n e  m i g h t  a r g u e  t h a t  t h e  
p r o l a t e  model  1s  b e s t  ( a s  I s  a l s o  p r e d i c t e d  f r om t h e  d i r e c t i o n  o f  t h e  
o b s e r v e d  t w i s t )  b e c a u s e  no o b l a t e  model  shows  t h e  h i g h - v e l o c i t y  c o n t o u r s
171
t w i s t i n g  i n  t h e  c o r r e c t  d i r e c t i o n  (cw)  o n  t h e  SW a nd  NE s i d e s .
!0- NGC Z8Q5
O b s e r v e d  by Bosma e t  a l . ( 1 9 8 0 ) ,  NGC 2805 i s  e x t r e m e l y  d i s t u r b e d  
a nd  i t s  " c i r c u l a r  v e l o c i t y "  r o t a t i o n  c u r v e  i s  n o t  known.  Our  m o d e l i n g  i s  
b a s e d  on  t h e  s o u t h e r n  s i d e  o f  t h e  g a l a x y .  We f i r s t  d e t e r m i n e d  i t s  
I n c l i n a t i o n  ( i Q = 4 1 “ ) f r o m  t h e  b / a  r a t i o  o f  t h e  a x e s .  T h e n ,  Vc , Rc / R 0 , 
a n d  t h e  e x t e n t  o f  t h e  c e n t r a l  d i s k  w e r e  k e p t  f i x e d ,  a nd  t h e  PAw was 
d e t e r m i n e d  f o r  t h e  t wo  s h a p e s .  Once t h e  PAw' s  w e r e  a p p r o x i m a t e l y  known,  
we w e n t  ba c k  t o  d e t e r m i n e  t h e  r o t a t i o n  c u r v e  p a r a m e t e r s .  F i n a l l y ,  we 
I t e r a t e d  b e t w e e n  t h e  r o t a t i o n  c u r v e  p a r a m e t e r s  a nd  A t ,  a w .  We r e p e a t e d  
t h e  p r o c e d u r e ,  w i t h  t h e  new v a l u e s  f o r  A t ,  a w ,  Vc . The d e t e r m i n a t i o n  o f  
t h e  r o t a t i o n  c u r v e  was  b a s e d  on  t h e  p r o p e r t i e s  d e s c r i b e d  i n  § I I f 4 .  We 
f i n d  t h a t  t Q = 6 0 u , A t  = + 3 “ , aw = 3 ° ,  Vc = 60 k m / s ,  Rc = 4 ,  t h e  c e n t r a l  
d i s k  i s  made o f  12 r i n g s ,  and  t h e  s h a p e  c a n  o n l y  be  o b l a t e .  Of  c o u r s e ,  
o u r  maps  ( F i g u r e s  1 5 c , d )  do  n o t  r e p r o d u c e  t h e  o b s e r v e d  a s y m n e t r y  ( i n  
F i g u r e  15a t h e  z e r o - v e l o c i t y  c o n t o u r  p o i n t s  NW a t  b o t h  e n d s  o f  t h e  m i n o r  
ax i s ) .
11. NGC 3198
NGC 3 1 9 8  was o b s e r v e d  by  Bosma ( 1 9 8 1 a )  and  m o d e l e d  a s  a f l a t  
d i s k .  Our  m o d e l s  u s e  an  e x t e n d e d  c e n t r a l  d i s k ,  a nd  r e p r o d u c e  a  z e r o -  
v e l o c i t y  c o n t o u r  t h a t  b e n d s  a t  l a r g e  r a d i i  ( n o r t h  a t  t h e  w e s t e r n  s i d e  o f  
t h e  m i n o r  a x i s ) ,  a nd  a s l i g h t  t w i s t  i n  t h e  cw d i r e c t i o n .  B e c a u s e  o f  t h e  
SP a m b i g u i t y ,  t wo  e q u a l l y  s a t i s f a c t o r y  m o d e l s  we r e  f o u n d .  B o t h  h a v e  Vc = 
150 k m / s ,  Rc = 3 ,  a nd  a c e n t r a l  d i s k  o f  12 r i n g s .  The o b l a t e  model  h a s  t Q 
= 6 0 ° ,  a nd  t h e  p r o l a t e  model  t Q = 7 5 ° .  The t w i s t i n g  a nd  w a r p i n g  a n g l e s
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a r e  g i v e n  i n  T a b l e  6 .  A f t e r  a t max = 12" t h e  warp  se ems  t o  h a v e  a 
c o n s t a n t  t  = 6"  i n  t h e  l a s t  3 r i n g s .  The v a l u e  t max = 12" s e e ms  t o  h e l p  
t h e  o u t e r  v e l o c i t y  c o n t o u r  be nd  a b r u p t l y ,  b u t  i t  s h o u l d  n o t  be t a k e n  a s  a 
g l o b a l  f e a t u r e .
NGC 6946
O b s e r v e d  by RSR i n  1973 ,  NGC 6946  e x h i b i t s  an  a s y r m i e t r y  b e t w e e n  i t s  
n o r t h e r n  and  s o u t h e r n  s i d e s .  We b a s e d  o u r  m o d e l i n g  o f  NGC 6 9 4 6  on  i t s  
n o r t h e r n  s i d e .  A model  was  c o n s t r u c t e d  in wh i c h  t h e  z e r o  o r d e r  c o n t o u r  
b e n d s  i n  t h e  ccw d i r e c t i o n  on  b o t h  e n d s  o f  t h e  m i n o r  a x i s .  I t s  p a r a m e t e r s  
a r e  t Q - 5 0 " ,  a t  = O ' ,  aw = 2 " ,  Rc = 3 ,  and a c e n t r a l  d i s k  o f  15 r i n g s .  
B e c a u s e  a t  -  0 " ,  t h e r e  a r e  t wo i m p o r t a n t  p r o p e r t i e s  o f  t h i s  m o d e l :  a )  We
c a n n o t  t e l l  i t s  s h a p e  (SP a m b i g u i t y ) ,  b)  The warp  may be  s t e a d y - s t a t e ,  
h i g h  r e s o l u t i o n  o b s e r v a t i o n s ,  h o w e v e r ,  may o v e r t u r n  b o t h  o f  t h e s e  
p r o p e r t i e s  ( a s  N e w t o n ' s  1 9 8 0 a , b  h i g h e r  r e s o l u t i o n  o b s e r v a t i o n s  d i d  i n  t h e  
c a s e  o f  IC 3 4 2 ) ,  i f  t h e y  r e v e a l  a t w i s t  i n  t h e  o u t e r  r e g i o n s  o f  NGC 6 9 4 6 .
1 3 .  NGC 3 7 1 8
O b s e r v e d  and  m o d e l e d  by S c hwa r z  ( 1 9 8 6 ) ,  t h i s  g a l a x y  i s  v e r y  
i n t e r e s t i n g  b e c a u s e  i t s  d i s k  i s  compos e d  o f  two c o m p o n e n t s .  A d i s k  i n  t h e  
c e n t r a l  r e g i o n  a t  an  i n c l i n a t i o n  o f  a l m o s t  90"  ( e d g e - o n ) ,  a n d  a n  o u t e r ,  
w a r p e d  d i s k .  S c h w a r z ' s  model  i n d i c a t e s  a  maximum w a r p  o f  - 4 4 ° ,  a  maximum 
t w i s t  o f  - 15" i n  t h e  i n n e r  r i n g s ,  and  a  s t e a d y - s t a t e  t w i s t  ( I . e . ,  
a t  ■= 0 " )  i n  t h e  o u t e r  r i n g s .  Our  b e s t  model  h a s  Vc -  255  k m / s ,  Rc = 3 ,  t Q 
= 1 2 5 " ,  fit = i : i ,  aw = 3 : 4  and  a n  o b l a t e  s h a p e .  E q u a l l y  g o o d  maps a r e  
p r o d u c e d  by S c h w a r z ' s  d e t a i l e d  d a t a  f o r  t h e  w a r p i n g  a nd  t w i s t i n g  a n g l e s  
t h a t  a r e  l i s t e d  i n  T a b l e  6 a f t e r  t h e y  w e r e  t r a n s f o r m e d  t o  t h e  g a l a x y ' s
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f r a m e  o f  r e f e r e n c e .  B e c a u s e  t h e  wa r p  i s  s t r o n g  (w = 4 2 : 4 )  b u t  n o t  v e r yJ ma x
much t w i s t e d  ( t max = 1 4 : 5 ) ,  we b e l i e v e  t h a t  t h e  d i s k  may be  i n d e e d  c l o s e  
t o  a t t a i n i n g  a s t e a d y - s t a t e  w a r p e d  s t r u c t u r e .  S c h wa r z  ( 1 9 8 5 )  a l s o  
c o n c l u d e d  t h a t  t h e  d i s k  i s  i n  s t e a d y - s t a t e .  The s t r o n g  w a r p i n g  o f  t h e  
r i n g s  s eems  t o  c o n s p i r e  w i t h  t h e  s m a l l  t w i s t i n g  i n  r e s o l v i n g  t h e  SP 
a m b i g u i t y  f o r  t h i s  g a l a x y .
1 4 .  NGC 3 0 7 9
R e c e n t l y  o b s e r v e d  by I r w i n  e t  a l .  ( 1 9 8 7 )  a nd  I r w i n  ( 1 9 8 8 ) ,  t h i s  
g a l a x y  i s  e x t r e m e l y  d i s t u r b e d .  I t s  r o t a t i o n  c u r v e  i s  a s y m m e t r i c  b e t w e e n  
t h e  n o r t h e r n  a nd  s o u t h e r n  s i d e ,  a nd  t h e  z e r o - v e l o c i t y  c o n t o u r  o f  t h e  
i n t e n s i t y - w e i g h t e d  mean i s o v e l o c i t y  map shows  t h e  mos t  c o m p l i c a t e d  b e n d i n g  
among a l l  g a l a x i e s  o f  o u r  s a m p l e .  The d i s t u r b a n c e s  i n  t h e  o u t e r  r e g i o n s  
c a n ,  h o w e v e r ,  be r e p r o d u c e d  t o  a  c e r t a i n  d e g r e e  by a t i l t e d - r i n g  m o d e l .
We b a s e d  o u r  m o d e l i n g  on t h e  a p p e a r a n c e  o f  t h e  n o r t h e r n  s i d e  o f  NGC 
3 0 7 9 .  A f a i r l y  good  f i t  t o  t h e  o b s e r v a t i o n s  was a c h i e v e d  u s i n g  a  model  
w i t h  t Q = 1 2 0 ' ,  Vc = 195 k m / s ,  Rc = 6 ,  a nd  no  t w i s t  ( i . e . ,  a t  = 0 ) .
Wi t h  a t  = 0 ,  o n e  m i g h t  be  t e m p t e d  t o  c a t e g o r i z e  t h e  war p  a s  s t e a d y -  
s t a t e .  I t  i s  u n l i k e l y  t h a t  t h i s  i s  t h e  c a s e ,  h o w e v e r ,  b e c a u s e  o f  t h e  
o v e r a l l  d i s t u r b e d  a p p e a r a n c e  o f  t h e  g a l a x y  a nd  b e c a u s e  t h e  w a r p i n g  a n g l e s  
r e q u i r e d  by o u r  b e s t - f i t  model  p r o d u c e d  an  u n s m o o t h ,  c o m p l i c a t e d  
s t r u c t u r e .  O u t s i d e  o f  t h e  c e n t r a l  d i s k  composed  o f  3 r i n g s ,  t h e  w a r p i n g  
a n g l e s  r a p i d l y  i n c r e a s e  t o  a  v a l u e  o f  3 4 “ , t h e n  t h e y  s l o w l y  d r o p  t o  0 ° ,  a t  
t h e  1 7 t h  r i n g ;  t h e  l a s t  3 r i n g s  a r e ,  a g a i n ,  d i s t u r b e d  a t  w = 1 0 ° .  The 
s h a p e  c a n n o t  b e  d e t e r m i n e d ,  b e c a u s e  o f  t h e  SP a m b i g u i t y  ( a t  = 0 ° ) .
174
15. NGC 628
We w e r e  u n a b l e  t o  o b t a i n  a  s a t i s f a c t o r y  model  o f  NGC 6 2 8 ,  a  g a l a x y  
t h a t  h a s  b e e n  o b s e r v e d  by B r i g g s  ( 1 9 8 2 ) .  We i n c l u d e  NGC 628 I n  o u r  s a m p l e  
a s  a n  e x a m p l e  o f  a  s p i r a l  g a l a x y  w h e r e  l a r g e - s c a l e ,  o v a l  d i s t o r t i o n s  ( s e e  
Bosma 1981b ;  B r i g g s  1982)  d o m i n a t e  t h e  e n t i r e  d i s k ,  a nd  f o r  w h i c h  no 
c i r c u l a r l y  s y m m e t r i c ,  t i l t e d - r i n g  model  c a n  p r o d u c e  good r e s u l t s .  A model  
t h a t  a l l o w s  f o r  e l l i p t i c a l  o r b i t s  may e x p l a i n  t h e  k i n e m a t i c a l  p r o p e r t i e s  
o f  NGC 6 2 8 .
V .  D I S C U S S I O N
T a b l e s  3 t h r o u g h  6 t a b u l a t e  t h e  p a r a m e t e r s  o f  t h e  t i l t e d - r i n g  
m o d e l s  t h a t  h a v e  b e e n  d i s c u s s e d  i n  § § 1 1 1 a nd  IV,  a b o v e .  T a b l e  3 p r e s e n t s  
a l l  t h e  p a r a m e t e r s  t h a t  w e r e  h e l d  f i x e d ,  i n  a l m o s t  a l l  c a s e s ,  d u r i n g  o u r  
p r e s e n t  m o d e l i n g .  Th e s e  i n c l u d e  t h e  p o s i t i o n  a n g l e  y o f  t h e  b l u e - s h i f t e d  
s i d e  o f  t h e  m a j o r  a x i s ,  t h e  i n c l i n a t i o n  a n g l e  i Q o f  t h e  c e n t r a l  ( and  
r e f e r e n c e )  d i s k  t o  t h e  l i n e  o f  s i g h t ,  t h e  o r i e n t a t i o n  o f  t h e  s o u t h e r n  e d g e  
o f  t h e  g a l a x y ,  a nd  t h e  v a l u e s  Vc a nd  Rc / R 0 u s e d  f o r  t h e  r o t a t i o n  c u r v e .  
A l s o  t a b u l a t e d  a r e  t h e  d i r e c t i o n  o f  t h e  o b s e r v e d  s p i r a l  a r m s ,  t h e  
o r i e n t a t i o n  o f  t h e  u p p e r  h e m i s p h e r e ,  and  t h e  d i r e c t i o n  m e a s u r e d  cw o r  ccw 
on t h e  s k y  o f  t h e  t w i s t  o f  t h e  o b s e r v e d  v e l o c i t y  map,  i f  a n y ,  r e l a t i v e  t o  
t h e  d i r e c t i o n  o f  t h e  s p i r a l  a r m s .  F i n a l l y ,  t h e  r e f e r e n c e  c o l u m n  l i s t s  t h e  
a r t i c l e s  f r o m  w h i c h  t h e s e  f i x e d  p a r a m e t e r s  w e r e  t a k e n .
I n  T a b l e  4 ,  we t r a n s l a t e  t h e  p a r a m e t e r s  u s e d  In o t h e r  a u t h o r s '  
m o d e l s  i n t o  o u r  own t e r m i n o l o g y .  The s e  i n c l u d e  t h e  p o s i t i o n  a n g l e  t Q a t  
w h i c h  t h e  p o s i t i v e  w a r p  s t a r t s  a nd  t h e  c o r r e s p o n d i n g .  I m p l i e d  s h a p e ;  t h e  
e x t e n t  o f  t h e  c e n t r a l  d i s k ;  and  t h e  d i r e c t i o n  t h e  r i n g s  t w i s t  f o r  e a c h  
m o d e l .  S i n c e  m o s t  a u t h o r s  u s e  v a r y i n g  i n c r e m e n t s  f o r  t h e  t w i s t i n g  and
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w a r p i n g  a n g l e s ,  we show in l a b l e  4 o n l y  t h e i r  v a l u e s  a t  t h e  o u t e r  e d g e s  
( r i n g  N) o f  t h e  m o d e l s .  T a b l e  5 i s  a n a l o g o u s  t o  T a b l e  4 ,  b u t  t h e  
t a b u l a t e d  p a r a m e t e r s  h a v e  be e n  d e r i v e d  f r o m  o u r  own b e s t - f i t  m o d e l s .  I t  
a d d i t i o n a l l y  c o n t a i n s  o u r  i n c r e m e n t e d  v a l u e s  o f  a t  a nd  aw a nd  t h e  
p r e d i c t e d  s h a p e  ( b a s e d  on  t h e  CT r e s u l t s )  o f  t h e  p o t e n t i a l  w e l l  o f  e a c h  
g a l a x y .
I n  T a b l e  6 we d e t a i l  t h e  s t r u c t u r e  o f  t h e  wa r p  t h a t  h a s  b e e n  
d e d u c e d  f o r  t h r e e  g a l a x i e s  i n  w h i c h  c o n s t a n t  t w i s t i n g  and  w a r p i n g  
i n c r e m e n t s  w e r e  n o t  u s e d .  The s t r u c t u r e  g i v e n  f o r  NGC 3079 a nd  NGC 3198 
h a s  b e e n  d e t e r m i n e d  f ro m  o u r  p r e s e n t  m o d e l i n g  t e c h n i q u e s ;  t h e  s t r u c t u r e  
g i v e n  f o r  NGC 3718 i s  S c h w a r z ' s  ( 1 9 8 5 )  b e s t - f i t  model  t r a n s f o r m e d  t o  t h e  
g a l a x y ' s  f r a m e .
The a g r e e m e n t  b e t w e e n  m o d e l s  and  o b s e r v a t i o n s  o f  t h e  15 s t u d i e d  
g a l a x i e s  r a n g e s  f r om e x c e l l e n t  t o  p o o r .  Most  o f  t h e  a b o v e  g a l a x i e s  h a v e  
HI d i s k s  w i t h  a r e l a t i v e l y  s i m p l e  s t r u c t u r e  a nd  t h e  m o d e l s  a r e  s u f f i c i e n t  
t o  a n a l y z e  t h e i r  k i n e m a t i c s .  O t h e r s ,  l i k e  NGC ? 8 0 5 ,  3 0 7 9 ,  a nd  6 9 4 6 ,  a r e  
c o m p l i c a t e d  s y s t e m s  w h e r e  l a r g e  s c a l e  d i s t u r b a n c e s  d o m i n a t e ,  a nd  t h e i r  
k i n e m a t i c s  a nd  d y n a m i c s  a r e  n o t i c e a b l y  d i f f e r e n t  f r o m  wha t  c a n  be  
p r e d i c t e d  by a ny  s i m p l e  t i l t e d - r i n g  m o d e l .  We a l s o  e x p e c t  t h a t  many 
s p i r a l  g a l a x i e s ,  s i m i l a r  t o  NGC 6 2 8 ,  w i l l  be d o m i n a t e d  by n o n - c i r c u l a r  
m o t i o n s  ( o v a l  d i s t u r b a n c e s )  w h e r e  a ny  k i n e m a t i c a l  war p  t h a t  m i g h t  e x i s t  
be c o me s  t o t a l l y  u n i m p o r t a n t .  In w h a t  f o l l o w s ,  o u r  d i s c u s s i o n  i s  d i v i d e d  
i n t o  f i v e  c a t e g o r i e s :  a )  HI r a d i o  o b s e r v a t i o n s ;  b)  S t r u c t u r e  a nd
p r o p e r t i e s  o f  k i n e m a t i c a l  w a r p s ;  c )  S t r u c t u r e  o f  k i n e m a t i c a l  t w i s t s  a nd  
s h a p e s  o f  t h e  p o t e n t i a l s  o f  g a l a x i e s ;  d)  S h a p e  o f  t h e  p o t e n t i a l  and  Da r k  
M a t t e r  H y p o t h e s i s ;  a nd  e )  O t h e r  ( e d g e - o n  o r  b a r r e d  s p i r a l ,  e l l i p t i c a l )  
g a l a x  i e s .
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a) HI radio observations
Hi gh  r e s o l u t i o n  r a d i o  o b s e r v a t i o n s  o f  g a l a x i e s  c a n n o t  a l o n e  r e v e a l  
t h e i r  t r u e  s t r u c t u r e  a nd  k i n e m a t i c a l  and  d y n a m i c a l  b e h a v i o r ,  b u t  d e t a i l e d  
m o d e l i n g  i s  a l s o  n e e d e d ,  b e f o r e  c o n c l u s i o n s  a r e  d r a w n .  Wi t h  r e s p e c t  t o  
k i n e m a t i c a l  m o d e l i n g ,  more  o b s e r v a t i o n s  i n  t h e  21 cm l i n e  s h o u l d  be  
o b t a i n e d  e s p e c i a l l y  i n  t h e  o u t e r  r e g i o n s  of  g a l a x i e s  b e c a u s e  a w a r p e d  
s t r u c t u r e  i s  m o s t  l i k e l y  t o  r e v e a l  I t s e l f  t h e r e .  P e r h a p s  e v e n  t h e  o u t e r  
r e g i o n s  of  g a l a x i e s  l i k e  NGC 5 0 3 3 ,  5 0 5 5 ,  2841 t 7 3 3 1 ,  a nd  6 9 4 6  s h o u l d  be  
o b s e r v e d  a g a i n  w i t h  h i g h e r  s p a t i a l  r e s o l u t i o n .  On l y  t h e n  c a n  t h e  
k i n e m a t i c a l  m o d e l i n g  o f  t h e s e  g a l a x i e s  be  i m p r o v e d .  T h i s  I s  n o t  a 
d i f f i c u l t  t a s k  t o  u n d e r t a k e  g i v e n  t h a t  t h e  k i n e m a t i c s  o f  t h e s e  s y s t e m s  
a p p e a r  t o  be r e l a t i v e l y  u n c o m p l i c a t e d .  High r e s o l u t i o n  o b s e r v a t i o n s  w i l l  
a l s o  p r o v i d e  i n f o r m a t i o n  t h a t  i s  n e e d e d  t o  c r i t i c a l l y  a n a l y z e  f u t u r e  
t h e o r e t i c a l  s t u d i e s  i n  wh i c h  t h e  t i m e - d e p e n d e n t  s e t t l i n g  o f  w a r p e d ,  HI 
d i s k s  i s  m o d e l e d  d y n a m i c a l l y  i n  a s e l f - c o n s i s t e n t  m a n n e r .
b) Structure and properties of warps
D e t a i l e d  r a d i o  o b s e r v a t i o n s  a nd  k i n e m a t i c a l  m o d e l i n g ,  p e r f o r m e d  
o v e r  t h e  l a s t  15 y e a r s ,  h a v e  c l e a r l y  e s t a b l i s h e d  t h a t  n e u t r a l  h y d r o g e n  i s  
n o t  d i s t r i b u t e d  i n  f l a t ,  d i s k - l i k e  s t r u c t u r e s  i n  n o r ma l  s p i r a l  g a l a x i e s .  
Warps  a r e  e v i d e n t  i n  t h e  o u t e r  r e g i o n s  o f  t h e  d i s k s  o f  m o s t  g a l a x i e s .  
T i l t e d - r i n g  m o d e l s  o f  s e v e r a l  g a l a x i e s  r e v e a l ,  i n  a d d i t i o n ,  t h a t  t h e  w a r p s  
a r e  c o m p l i c a t e d ,  t w i s t e d  s t r u c t u r e s  a n d ,  i n  some c a s e s ,  d i s t u r b e d .  Our  
t i l t e d - r i n g  m o d e l i n g  shows  t h a t  c o m p l i c a t e d  s y s t e m s - - ! i k e  NGC 3 0 7 9 - -  
p r o b a b l y  h a v e  c o m p l i c a t e d  w a r p e d  s t r u c t u r e s ,  w h i l e  o t h e r s - - 1 1 k e  mos t  
g a l a x i e s  i n  o u r  s a m p l e - - s h o w  s m o o t h l y  wa r p e d  s t r u c t u r e s  t h a t  m o n o t o n i c a l l y
1 1 1
v a r y  i n  o r i e n t a t i o n  f r o m  t h e  c e n t e r  o f  t h e  d i s k  t o  I t s  o u t e r  e d g e .  On t h e  
o t h e r  h a n d ,  we h a v e  c o n s t r a i n e d  t h e  v a r i a t i o n  o f  t w i s t s  t o  be  s moo t h  i n  
o r d e r  t o  c o n s t r u c t  m o d e l s  t h a t  a r e  c o n s i s t e n t  w i t h  t h e  r e s u l t s  o f  t h e  
" p r e f e r r e d  o r i e n t a t i o n "  t h e o r y .
L x a m i n a t i o n  o f  T a b l e  5 r e v e a l s  s e v e r a l  t r e n d s  e x h i b i t e d  by t h e  
w a r p s  o f  o u r  m o d e l s :
a )  The r a d i i  o f  t h e  u n w a r p e d  c e n t r a l  d i s k s  i n  o u r  m o d e l e d  g a l a x i e s  
r a n g e  a n y w h e r e  f r o m  10/£ t o  7bt of t h e  e n t i r e  d i s k .  Al mos t  h a l f  or t h e  
m o d e l e d  g a l a x i e s  a p p e a r  t o  ha ve  q u i t e  e x t e n d e d  c e n t r a l  d i s k s  - -  b e i n g  
c o mp o s e d  h e r e  o f  f r o m  12 t o  l b  r i n g s  ( o u t  o f  20)  - -  s u g g e s t i n g  t h a t  t h e  
g a s  s e t t l i n g  p r o c e s s  h a s  b e e n  s u b s t a n t i a l l y  c o m p l e t e d  i n  many d i s k  
s y s t e m s .  T h i s  f r a c t i o n  i s  p r o b a b l y  e x a g g e r a t e d ,  h o w e v e r ,  b e c a u s e  m o s t  o f  
t h e  g a l a x i e s  l i s t e d  a s  h a v i n g  l a r g e  c e n t r a l  d i s k s  a r e  e i t h e r  o b s e r v e d  a t  
low r e s o l u t i o n ,  d i s t u r b e d ,  o r  n o t  v e r y  s t r o n g l y  w a r p e d .
b )  T w i s t i n g  i n c r e m e n t s  r a n g e  f r o m  0" up  t o  11H5 and  w a r p i n g  
i n c r e m e n t s  r a n g e  f r o m  0: 'b up t o  5 ^ 3 .  L a r g e  v a l u e s  o f  t h e  w a r p i n g  and  
t w i s t i n g  i n c r e m e n t s  t e n d  t o  be a s s o c i a t e d  w i t h  s m a l l  c e n t r a l  d i s k s ,  b u t  
t h e  c o n v e r s e  i s  n o t  n e c e s s a r i l y  t r u e .
c )  I f  t h e  maximum t w i s t i n g  a n g l e s  l i e  a b o v e  - 3 0 ' ,  t h e n  t h e  t w i s t s  
a r e  s t r o n g  e n o u g h  t o  r e s o l v e  a ny  a m b i g u i t y  i n  t h e  s h a p e  o f  t h e  g a l a x i e s ,  
u n l e s s  t h e  d i s k  h a s  h i g h  i n c l i n a t i o n  r e l a t i v e  t o  t h e  p l a n e  o f  t h e  s k y .  I t  
s h o u l d  b e  n o t e d  t h a t  l a r g e  t w i s t i n g  a n g l e s  a r e  n o t  n e c e s s a r i l y  a s s o c i a t e d  
w i t h  l a r g e  w a r p i n g  a n g l e s .
d )  The t w i s t i n g  a n g l e s  d e r i v e d  f o r  t h e  l a s t  f i v e  g a l a x i e s  l i s t e d  
I n  T a b l e  6 a r e  e i t h e r  z e r o ,  w i t h i n  t h e  a c c u r a c y  o f  o u r  m o d e l i n g ,  o r  v e r y  
s m a l l .  I t  i s  r e a s o n a b l e  t o  s u g g e s t  t h a t  t h e  d i s k s  i n  t h e s e  g a l a x i e s  a r e
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v e r y  c l o s e  t o  a c h i e v i n g  a s t e a d y - s t a t e  o r i e n t a t i o n .  P o s s i b l e  e x c e p t i o n s  
a r e  NGC 3 0 7 9 ,  b e c a u s e  i t  i s  d i s t u r b e d ,  a nd  NGC 6 9 4 6 ,  b e c a u s e  i t  was 
o b s e r v e d  a t  low s p a t i a l  r e s o l u t i o n .
G u i d e d  by t h e  a b o v e  d i s c u s s i o n ,  we c l a s s i f y  t h e  w a r p s  of  g a l a x y  
d i s k s  i n t o  t h r e e  d i s t i n c t  t y p e s  a c c o r d i n g  t o  t h e  m a g n i t u d e  o f  t h e  maximum 
t w i s t i n g  a n g l e s  t h e y  e x h i b i t :
1. s t r o n g l y  t w i s t e d  warps ( t  , > io } : T h e i r  m a i n  p r o p e r t y  i sFTluX ~
t h a t  t h e y  a r e  s t r o n g  e n o u g h  f o r  t h e  SP a m b i g u i t y  t o  be  r e s o l v e d .
T h e r e f o r e ,  t h e  g r o s s  g e o m e t r i c  s h a p e  o f  t h e  u n d e r l y i n g  p o t e n t i a l  w e l l  c a n  
be  d e t e r m i n e d .  F o r  t h e  g a l a x i e s  o f  o u r  s a m p l e  w h i c h  b e l o n g  t o  t h i s  t y p e ,
we f i n d  t h a t  t h e  maximum w a r p i n g  a n g l e s  r a n g e  f r om 10“ t o  4 0 “ . Fo r
g a l a x i e s  t h a t  h a v e  maximum w a r p i n g  a n g l e s  more  t h a n  ~ 2 0 " ,  we a l s o  o b s e r v e  
t h a t  t h e y  e x h i b i t  e x o t i c  f e a t u r e s  i n  t h e i r  s u r f a c e  d e n s i t y  d i a g r a m s  (HI 
s p i r a l  a r m s ,  b r i d g e s ,  o r  w i n g s ) .
2 .  M o d e r a t e l y  t w i s t e d  w a r p s  ( 1 0 '  < t  < 3 0 " ) :  T h e s e  w a r p s  a r emax -
c e r t a i n l y  r e a l .  In  m o s t  c a s e s ,  h o w e v e r ,  t h e y  a r e  n o t  s t r o n g  e n o u g h  f o r  
t h e  SP a m b i g u i t y  t o  be r e s o l v e d .  F o r  t h e  g a l a x i e s  i n  o u r  s a m p l e  w h i c h  
b e l o n g  t o  t h i s  t y p e  we f i n d  t h a t  t h e  maximum w a r p i n g  a n g l e s  r a n g e  f r o m  4°  
up t o  4 4 " .
3 .  weakly t w i s t e d  warps  ( t  .  < JO"): T h e s e  w a r p s  a r e  v e r y  weak3 ma x ~
and  may n o t  be  r e a l  1n some c a s e s .  I f  t h e y  a r e  r e a l ,  t h e  s m a l l  t w i s t i n g  
a n g l e s  s u g g e s t  t h a t  t h e y  a r e  a l m o s t  i n  s t e a d y - s t a t e .  The s h a p e  o f  t h e  
p o t e n t i a l  w e l l  c a n n o t  be d e t e r m i n e d .  F o r  t h e s e  g a l a x i e s  i n  o u r  s a m p l e ,  a  
t y p i c a l  v a l u e  o f  t h e  maximum w a r p i n g  a n g l e  i s  -  10" .
The l a r g e s t  w a r p s  t h a t  we h a v e  f o u n d  do  n o t  s e e m t o  e x c e e d  a b o u t  
40"  r e l a t i v e  t o  t h e  o r i e n t a t i o n  o f  t h e  c e n t r a l  d i s k .  A p u r e l y  k i n e m a t i c a l  
model  c a n n o t  be  e x p e c t e d  t o  e x p l a i n  t h i s  b e h a v i o r ,  b u t  t h e  b e h a v i o r  m i g h t
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h a v e  b e e n  e x p e c t e d  f r o m  d y n a m i c a l  a r g u m e n t s .  Q u a l i t a t i v e l y  s p e a k i n g ,  f o r  
a  h i g h l y  i n c l i n e d ,  g a s e o u s  d i s k  u n d e r  t h e  i n f l u e n c e  o f  a s p h e r o i d a l ,  n o n ­
t u m b l i n g  p o t e n t i a l ,  t h e  s e t t l i n g  t i m e s  b e t w e e n  t h e  i n n e r  a nd  o u t e r  r e g i o n s  
s h o u l d  d i f f e r  by s e v e r a l  o r d e r s  o f  m a g n i t u d e .  In  a d d i t i o n ,  f o r  d i s k s  a t  
h i g h  i n c l i n a t i o n s  s i g n i f i c a n t  i n f l o w  o f  m a t t e r  i s  o b s e r v e d  i n  d y n a m i c a l  
c a l c u l a t i o n s  (Habe  and I k e u c h i  1985;  S t e i m a n - C a m e r o n  a nd  D u r i s e n  1988 ;
C h r i s t o d o u l o u  1 9 8 9 ) .  One m i g h t  e x p e c t ,  t h e r e f o r e ,  t h a t  a d i s k  t h a t  i s  
s e t t l i n g  t o w a r d  i t s  p r e f e r r e d  o r i e n t a t i o n  f rom a h i g h  i n c l i n a t i o n  w i l l  n o t  
d e v e l o p  a s m o o t h  w a r p .
c )  Structure of twists and shapes of the potentials of galaxies
T a b l e s  5 and  6 i n d i c a t e  t h a t  mos t  o f  t h e  w a r p s  o f  t h e  s t u d i e d  
g a l a x i e s  a r e  t r a n s i e n t ,  e i t h e r  o b l a t e  o r  p r o l a t e  ( t h e i r  d e f i n i t i o n s  w e r e  
g i v e n  in § I I c ) ,  b u t  a f ew g a l a x i e s  seem t o  p o s s e s s  a l m o s t  s t e a d y - s t a t e  
w a r p s ,  i . e . ,  t h e  w a r p e d  r e g i o n s  a r e  n o t  s i g n i f i c a n t l y  t w i s t e d .  The t w i s t s  
o f  t h e  t r a n s i e n t  w a r p s ,  i n  m o s t  c a s e s ,  a l l o w e d  u s  t o  d e t e r m i n e  t h e  s h a p e  
o f  t h e  o v e r a l l  p o t e n t i a l s  o f  t h e  g a l a x i e s .
Some t w i s t s  w e r e  f o u n d  t o  be  v e r y  s t r o n g ,  e x t e n d i n g  a s  much a s  180" 
o v e r  t h e  r a d i u s  o f  t h e  d i s k .  F o r  t h o s e  s t r o n g  t w i s t s ,  i t  i s  p o s s i b l e  t o  
d i s t i n g u i s h  b e t w e e n  an  o b l a t e  a nd  a p r o l a t e  s h a p e  o f  t h e  g a l a x y  p o t e n t i a l .  
O t h e r  t w i s t s  w e r e  f o u n d  t o  be  w e a k ,  s p r e a d i n g  o u t  f o r  j u s t  a f e w  d e g r e e s  
o v e r  t h e  r a d i u s  o f  t h e  d i s k .  In t h e s e  c a s e s ,  d e t e r m i n a t i o n  o f  t h e  s h a p e  
o f  t h e  p o t e n t i a l  was n o t  p o s s i b l e ,  a nd  t wo  e q u a l l y  g o o d  m o d e l s  w e r e  f o u n d ,  
( o n e  o b l a t e  a nd  a n o t h e r  p r o l a t e )  due  t o  t h e  SP a m b i g u i t y .  T a b l e  5 shows  
t h a t  t h e  two s t r o n g e s t  t w i s t s  a r e  t h o s e  o f  NGC 5055 ( t max = 1 7 0 " )  a nd  o f  M 
83 ( t max -  1 7 2 " 5 ) .  A l t h o u g h  t h e  s t u d i e d  s a m p l e  o f  g a l a x i e s  i s  n o t  
s t a t i s t i c a l l y  c o m p l e t e ,  o u r  r e s u l t s  s u g g e s t  t h a t  t max = 180" i s  t h e
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maximum v a l u e  t h a t  o n e  s h o u l d  e x p e c t  t o  f i n d  f o r  t h e  t w i s t s  o f  t h e  w a r p s  
o f  n o r ma l  s p i r a l  g a l a x i e s .
I f  a wa r p e d  d i s k  i s  f o u n d  t o  be m o d e r a t e l y  o r  s t r o n g l y  t w i s t e d  ( a s  
i s  t h e  c a s e  f o r  mos t  g a l a x i e s  i n  t h i s  s t u d y ) ,  t h e n  t h e  p r e s e n t l y  o b s e r v e d  
wa r p  i s  p r o b a b l y  a  t r a n s i e n t  phenomenon  t h a t  d e v e l o p s  a s  t h e  d i s k  s e t t l e s  
t o w a r d  i t s  p r e f e r r e d  o r i e n t a t i o n  w i t h  d i f f e r e n t i a )  p r e c e s s i o n  s t i l l  a t  
w o r k .  I f  t h e  war p  i s  s m o o t h l y  v a r y i n g  a nd  w e a k l y  t w i s t e d  ( a s  t h a t  o f  NGC 
6 9 4 6  u n d e r  t h e  p r e s e n t  q u a l i t y  o f  o b s e r v a t i o n  o r  t h a t  o f  NGC 3 7 1 8 ) ,  t h e n  
i t  i s  p r o b a b l y  c l o s e  t o  a s t e a d y - s t a t e  o r i e n t a t i o n .  A s t e a d y - s t a t e  warp  
s u c h  a s  t h i s  c a n  be  m a i n t a i n e d  i f  t h e  h a l o  o f  t h e  g a l a x y  i s  t u m b l i n g  
( T o h l i n e  and  D u r i s e n  1982;  S i mo n s o n  and  T o h l i n e  1983 ;  S t e i m a n - C a m e r o n  a nd  
b u r i s e n  1984 ;  Habe a n d  I k e u c h i  1 9 8 8 ) ,  o r  i f  i t s  s ymme t r y  a x i s  i s  t i l t e d  
r e l a t i v e  t o  t h e  r o t a t i o n  a x i s  o f  t h e  d i s k  ( Deke l  and S h l o s m a n  19 8 3 ;  Toomre 
1 9 8 3 ;  S p a r k e  1 9 8 4 ) .  I f  t h e  warp  i s  a s y m m e t r i c  and u n t w i s t e d  ( e . g . ,  NGC 
3 0 7 9 ) ,  t h e n  i t  p r o b a b l y  i s  t h e  r e s u l t  o f  a v e r y  r e c e n t  i n t e r a c t i o n  b e t w e e n  
t h e  g a l a x y  a nd  a n e a r b y  c o m p a n i o n ,  o r  o f  a r e c e n t  i n t e r n a l ,  l a r g e - s c a l e  
d i s t u r b a n c e .
We c o n f i r m  t h e  h y p o t h e s i s ,  l a i d  o u t  by CT, t h a t  t h e  d i r e c t i o n  o f  
t h e  t w i s t s  t h a t  a p p e a r  i n  t h e  i s o v e l o c i t y  c o n t o u r  d i a g r a m  o f  a n  HI d i s k  
p r o v i d e s  a c l u e  a s  t o  t h e  t r u e  s h a p e  o f  t h e  u n d e r l y i n g  g a l a x y  p o t e n t i a l .  
F o r  e x a m p l e ,  i f  t h e  t w i s t  t u r n s  i n  t h e  same d i r e c t i o n  a s  t h e  o p t i c a l  
s p i r a l  p a t t e r n ,  t h e n  t h e  g r a v i t a t i o n a l  p o t e n t i a l  i s  p r o l a t e - 1 i k e . T h i s  
c o n c l u s i o n ,  h o w e v e r ,  i s  o n l y  v a l i d  u n d e r  t h e  f o l l o w i n g  c o n d i t i o n s :  1) t h e
s p i r a l  a r ms  a r e  t r a i l i n g  r e l a t i v e  t o  t h e  d i r e c t i o n  o f  r o t a t i o n  o f  t h e  
g a l a x y  a nd  2 )  t h e  t w i s t  i s  s u f f i c i e n t l y  s t r o n g  f o r  t h e  SP a m b i g u i t y  t o  b e  
r e s o l v e d .
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F i n a l l y ,  i t  i s  I m p o r t a n t  t o  n o t e  t h a t  m o d e l s  c a n  be c o n s t r u c t e d  i n  
w h i c h  r i n g s  t w i s t  i n  o n e  d i r e c t i o n  w h i l e  t h e  i s o v e l o c i t y  c o n t o u r s  t w i s t  i n  
t h e  o p p o s i t e  d i r e c t i o n  ( s e e ,  f o r  e x a m p l e ,  t h e  o b l a t e  m o d e l s  f o r  NGC 5 0 3 3 ,  
5055  i n  CTS) .  Ho w e v e r ,  f o r  a l l  t h e  g a l a x i e s  f o r  w h i c h  we h a v e  b e e n  a b l e  
t o  u n a m b i g u o u s l y  d e t e r m i n e  t h e  b e s t  model  ( e i t h e r  o b l a t e  o r  p r o l a t e ) ,  t h i s
m o d e l ' s  t w i s t i n g  a n g l e s  a l w a y s  a r e  i n  t h e  d i r e c t i o n  o f  t h e  o b s e r v e d
t w i s t .  Thus t h e  b e s t  m o d e l s  f o r  NGC 2841 o r  M83 i m p l i e d  o b l a t e  s h a p e s ,  
w h i l e  t h a t  t h e  b e s t  m o d e l s  f o r  NGC 5033 a nd  5055 I m p l i e d  p r o l a t e  s h a p e s .  
Wi t h  t h i s  in m i n d ,  we p r e d i c t  t h a t  t h e  s h a p e s  of  a l l  t h e  SP a m b i g u o u s  
m o d e l s  w i l l  u l t i m a t e l y  be  r e s o l v e d  i n  s u c h  a  way t h a t  t h e y  c o r r e s p o n d  
e x a c t l y  w i t h  t h e  " p r e d i c t e d "  s h a p e s  l i s t e d  i n  T a b l e  5.  T h a t  i s ,  a s  b e t t e r  
o b s e r v a t i o n s  become a v a i l a b l e ,  we w i l l  f i n d  t h a t  NGC 300 a nd  NGC 7331 h a v e  
o b l a t e  h a l o s  w h i l e  IC 342 ,  NGC 31 9 8 ,  and  NGC 628 h a v e  p r o l a t e  h a l o s .
From t h e  12 g a l a x i e s  i n  o u r  s a m p l e  f o r  w h i c h  t h e  s h a p e  o f  t h e  h a l o
c a n  be p r e d i c t e d ,  a b o u t  40%  show t h e  s i g n a t u r e  o f  a  p r o l a t e  h a l o .  T h i s  
r e s u l t  s e e ms  t o  q u e s t i o n  t h e  common b e l i e f  t h a t  d a r k  h a l o s  m u s t  be  o b l a t e  
s p h e r o i d a l  s t r u c t u r e s ,  a l t h o u g h  we do  n o t  p r e s e n t l y  know w h e t h e r  t h e  r o u g h  
e q u a l i t y  b e t w e e n  o b l a t e  a nd  p r o l a t e  s h a p e s  i s  o n l y  r e s t r i c t e d  among t h e  
g a l a x i e s  o f  o u r  s a m p l e  o r  i s  s t i l l  v a l i d  i n  u n i v e r s a l  s c a l e s .  An 
i n t e r e s t i n g  q u e s t i o n ,  d e s e r v i n g  f u r t h e r  i n v e s t i g a t i o n ,  i s :  What
m e c h a n i s m s  c a n  be  r e s p o n s i b l e  f o r  s h a p i n g  t h e  d a r k  m a t t e r  i n  g a l a x i e s ?
d) Shape of the potential and Dark Matter Hypothesis
Unde r  t h e  Dark  M a t t e r  H y p o t h e s i s ,  d e t e r m i n a t i o n  o f  t h e  s h a p e  o f  a 
g a l a x y ' s  o v e r a l l  p o t e n t i a l  r e v e a l s  t h e  g r o s s  g e o m e t r i c  s h a p e  o f  t h e  d a r k  
h a l o  i n  w h i c h  t h e  l u m i n o u s  c o m p o n e n t s  a r e  e mb e d d e d .  Unde r  a n y  t h e o r y  o f  
g r a v i t y  w i t h  a n o n - N e w t o n i a n  d y n a m i c a l  law ( s e e  a l l  r e f e r e n c e s  i n  § 1 ) ,
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t h i s  s u b j e c t  p r e s e n t s  r e n e w e d  i n t e r e s t ,  s i n c e  t h e  m o d i f i e d  t h e o r i e s  o f  
g r a v i t y  i m p l i c i t l y  c a r r y  t h e  a s s u m p t i o n  t h a t  t h e r e  i s  no mo r e  m a t t e r  t h a n  
t h e  l u m i n o u s  m a t t e r  i n  g a l a x i e s .  Our  r e s u l t s  s u g g e s t  t h a t  n a t u r e  a l l o w s  
f o r  p r o l a t e  mas s  d i s t r i b u t i o n s  o f  g a l a x i e s ,  a nd  s u p p o r t  t h e  I d e a  t h a t  d a r k  
h a l o s  r e a l l y  e x i s t .  On t h e  o t h e r  h a n d ,  t h e o r i e s  o f  m o d i f i e d  g r a v i t y  
( b e s i d e s  t h e  t h e o r e t i c a l  p r o b l e m s  t h e y  f a c e ,  s e e  F e l t e n  1984)  a r e  n o t  
f l e x i b l e  e n o u g h  t o  a l l o w  f o r  p r o l a t e  mass  d i s t r i b u t i o n s ,  a s  t h e  l u m i n o u s  
m a t t e r  o f  s p i r a l  g a l a x i e s  i s  d i s t r i b u t e d  i n  a d i s k - l i k e ,  d e f i n i t e l y  o b l a t e  
s t r u c t u r e .  F o r  t h a t  r e a s o n ,  t h e  r e s u l t s  of  t h i s  work a r g u e  t h a t  t h e o r i e s  
o f  m o d i f i e d  d y n a m i c s  s h o u l d  be r u l e d  o u t .  ( T h i s  was  a l s o  t h e  p r i n c i p a l  
c o n c l u s i o n  o f  CTS. )
I t  i s  v e r y  i m p o r t a n t  t o  e m p h a s i z e  t h a t ,  a l t h o u g h  o u r  c o n c l u s i o n  i s  
d e r i v e d  u n d e r  t h e  a s s u m p t i o n  t h a t  t h e  w a r p s  o f  s p i r a l  g a l a x i e s  a r e  
t r a n s i e n t  f e a t u r e s  i n  s e t t l i n g  d i s k s ,  i t  i s  n o t  i n v a l i d a t e d  i f  o n e  d e c i d e s  
t o  a d o p t  S p a r k e ' s  ( 1 9 8 4 )  i d e a  a nd  a s s ume  t h a t  w a r p s  a r e  i n s t e a d  l o n g - 1 1 v e d  
modes  o f  o s c i l l a t i o n  o f  t h e  d i s k s .  In  t h i s  c a s e ,  a s  S p a r k e  p o i n t s  o u t ,  
d i s c r e t e  modes  e x i s t  o r  a r e  i m p o r t a n t  o n l y  i f  a g a l a x y  d i s k  i s  s u r r o u n d e d  
by a f l a t t e n e d ,  m a s s i v e  h a l o  ( s e e  a l s o  H u n t e r  and Toomre 1 9 6 9 ;  Toomre 
1 9 8 3 ;  S p a r k e  a nd  C a s e r t a n o  1 9 8 8 ) .  S i m i l a r l y ,  a n o t h e r  a l t e r n a t i v e  
m e c h a n i s m ,  p r o p o s e d  by P e t r o u  ( 1 9 8 0 ) ,  t h a t  r e s u l t s  1n c o n s t a n t  p r e c e s s i o n  
o v e r  t h e  e n t i r e  g a l a x y  d i s k ,  r e q u i r e s  t h e  e x i s t e n c e  o f  a  d a r k  h a l o  ( s e e  
CTS f o r  d e t a i l s ) .
e) Edge-on or barred spiral and elliptical galaxies
A t i l t e d - r i n g  a p p r o a c h  h a s  a l s o  b e e n  u s e d  t o  s t u d y  t h e  e d g e - o n  
s p i r a l  g a l a x i e s  NGC 4 5 6 5 ,  4 6 3 1 ,  a nd  5 9 0 7 ,  t h e  e l l i p t i c a l  g a l a x i e s  NGC 4278  
a n d  Cen A (NGC 5 1 2 8 ) ,  a nd  t h e  S e y f e r t - t y p e ,  b a r r e d  s p i r a l  NGC 5 7 2 8 .  Our
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m o d e l s  i n d i c a t e  t h a t  t h e  o b s e r v e d  s u r f a c e  d e n s i t y  maps o f  t h e  e d g e - o n  
g a l a x i e s  ( s e e  S a n c i s i  1976 ;  W e l i a c h e w ,  S a n c i s i ,  a nd  G u e l i n  1978)  c a n  be  
r e p r o d u c e d  by u s i n g  v e r y  s t r o n g  w a r p s .  Byrd (19 78)  h a s  a r g u e d  t h a t  t h e s e  
w a r p s  may be i l l u s i o n a r y ,  r e s u l t i n g  f r om p r o j e c t i o n  e f f e c t s .  We h a v e  a l s o  
c o n s t r u c t e d  m o d e l s  t h a t  show i l l u s i o n a r y  w a r p s ,  b u t  t h e y  a l l  s eem t o  be  
wa s h e d  o u t  i n  t h e  l o w - d e n s i t y  r e g i o n s  and t h e y  a r e  c e r t a i n l y  n o t  a s  
s h a r p l y  d e f i n e d  a s  t h e  o b s e r v e d  w a r p s  o f  e d g e - o n  g a l a x i e s .  We a r g u e ,  
t h e r e f o r e ,  t h a t  t h e  w a r p s  o f  e d g e - o n  s p i r a l  g a l a x i e s  a r e  r e a l .
Our  r e s u l t s  f o r  NGC 4278  a nd  NGC 5728 I n d i c a t e  t h c t  t h e  HI d i s k s  i n  
t h e s e  s y s t e m s  c a n n o t  be  r e p r e s e n t e d  v e r y  w e l l  by a  c i r c u l a r l y  s y m m e t r i c  
t i l t e d - r i n g  m o d e l .  T h a t  was  a n t i c i p a t e d  s i n c e  t h e  d i s k s  o f  t h e s e  s y s t e m s  
a r e  d o m i n a t e d  by n o n - c i r c u l a r  m o t i o n s  ( a s  i n  NGC 4 2 7 8 ,  s e e  Ra i mond e t  a l . 
1981 a nd  Knapp 1982)  o r  b a r - l i k e  d i s t u r b a n c e s  ( a s  i n  NGC 5 7 2 8 ,  s e e  R u b i n  
1 9 8 0 ,  Schor tmer  e t  a l .  1 9 8 8 ) .  We w i l l  p r e s e n t  o u r  d e t a i l s  o f  k i n e m a t i c a l  
m o d e l i n g  f o r  t h e s e  g a l a x i e s  s e p a r a t e l y  ( C h r i s t o d o u l o u  1 9 8 9 ) ,  b u t  p o i n t  o u t  
t h a t  f u l l y  d y n a m i c a l  c a l c u l a t i o n s  wou l d  be u s e f u l  i n  a n a l y z i n g  t h e  
s t r u c t u r e  and d y n a m i c s  o f  t h e s e  g a l a x i e s .
Our  m o d e l i n g  o f  Cen A ( s e e  C h r i s t o d o u l o u  1989 f o r  d e t a i l s )  h a s  
p r o d u c e d  an i n t e r e s t i n g  a nd  p o t e n t i a l l y  c o n t r o v e r s i a l  r e s u l t .  B a s e d  on  
o b s e r v a t i o n s  o f  B l a n d  e t  a l .  ( 1 9 8 7 ) ,  we f i n d  t h a t  t h e  d u s t  l a n e  i s  
c o mp o s e d  o f  two o r t h o g o n a l  d i s k s  a nd  t h a t  t h e  o u t e r  d i s k  i s  s t r o n g l y  
w a r p e d  (wmax = 2 3 “ ) b u t  n o t  t w i s t e d .  T h i s  r e s u l t  s u g g e s t s  t h a t  t h e  o u t e r  
d i s k  o f  Cen A i s  1n a  w a r p e d  s t e a d y - s t a t e  o r i e n t a t i o n ,  c o n t r a r y  t o  t h e  
comnon b e l i e f  t h a t  t h e  d u s t  l a n e  i s  d o m i n a t e d  by d i f f e r e n t i a l  p r e c e s s i o n  
o f  o r b i t s  a nd  i s  s e t t l i n g  t o w a r d  t h e  p r e f e r r e d  p l a n e .
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VI. SUMMARY
The m a i n  p o i n t s  o f  t h i s  work c a n  be s u m m a r i z e d ,  a s  f o l l o w s :
1) A t i l t e d - r i n g  model  ( § I I a , b , d , f )  c a n  s u c c e s s f u l l y  r e p r o d u c e  t h e  
o b s e r v e d  c h a r a c t e r i s t i c s  o f  s e v e r a l  s p i r a l  g a l a x i e s  (§ IV) whos e  
d i s k s  p o s s e s s  r e l a t i v e l y  s i m p l e  s t r u c t u r e  a nd  k i n e m a t i c s .
2)  The war p  o f  a g a l a x y  d i s k  c a n  be t r a n s i e n t  ( t w i s t e d )  o r  s t e a d y -  
s t a t e  ( u n t w i s t e d )  - -  § I I c .
3)  The o r i e n t a t i o n  o f  a  g a l a x y ' s  d i s k  ( § 11d3) w i t h  r e s p e c t  t o  t h e
o b s e r v e r ' s  l i n e  o f  s i g h t  mus t  be known i n  o r d e r  f o r  t h e  SSP
a m b i g u i t y  t o  be  r e s o l v e d  ( § 1 1 e ) .  We h a v e  d e m o n s t r a t e d  t h e  SSP 
a m b i g u i t y  f o r  M 31 ( § I V ) . | I f  s p i r a l  a rms  a r e  u l t i m a t e l y  f o u n d
t o  be  l e a d i n g  p a t t e r n s  i n  some g a l a x i e s ,  t h e  h a l o  s h a p e s  d e r i v e d  
i n  t h i s  I n v e s t i g a t i o n  w i l l  h a v e  t o  be  a l t e r e d . ]
4 )  I f  t h e  t w i s t i n g  i n  a model  i s  w e a k ,  t h e  r e s u l t s  a r e  s t i l l  
a m b i g u o u s ,  b e c a u s e  o f  t h e  SP a m b i g u i t y  ( § I I e ) .  E x a m p l e s  a r e  
M31,  NGC 3 0 0 ,  3 0 7 9 ,  6 9 4 6 ,  7 3 3 1 ,  a nd  IC 3 4 2 .  We h a v e  
d e m o n s t r a t e d  t h e  SP a m b i g u i t y  f o r  NGC 3 0 0 ,  7331 ,  a nd  IC 342 
< § I V ) .
b)  The t w i s t i n g  o f  t h e  war p  o f  a g a l a x y  may be  c a m o u f l a g e d .  I . e . ,
e v e n  t h o u g h  t h e  warp  i s  s t r o n g l y  t w i s t e d ,  t h e  o b s e r v e d  v e l o c i t y  
map may j u s t  show a weak t w i s t  ( § 1 1 1 ,  § I V ) .
6 )  We p r o p o s e  a new,  c o m p a c t  t e r m i n o l o g y  a nd  s y s t e m  o f  m e a s u r i n g
a nd  r e f e r e n c i n g  a l l  r e l e v a n t  p a r a m e t e r s  o f  t h e  t i l t e d - r i n g  
m o d e l ,  d e r i v e d  f r o m  o b s e r v a t i o n  o r  m o d e l i n g  ( § 1 1 1 ) .
7)  Our  r e s u l t s  show t h a t  t h e  k i n e m a t i c a l  s t r u c t u r e  o f  a  w a r p e d  d i s k  
c a n  o f t e n  be  d e t e r m i n e d ,  b u t  d y n a m i c a l  i n f o r m a t i o n  c a n n o t  a l w a y s  
be e x t r a c t e d  f r o m  a t i l t e d - r i n g  model  (§ 1 1 e , § I V ) .
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8)  T h r e e  t y p e s  o f  w a r p s  a r e  i d e n t i f i e d  (§V) a c c o r d i n g  t o  t h e
m a g n i t u d e  o f  t h e  maximum t w i s t i n g  a n g l e :  s t r o n g l y  t w i s t e d
( t max > 3 0 " ) ,  m o d e r a t e l y  t w i s t e d  (10"  < t max ^ 3 0 " ) ,  a n d  w e a k l y  
t w i s t e d  ( t max < 10" )  w a r p s .
9 )  Our  r e s u l t s  s u g g e s t  an u p p e r  l i m i t  o f  40"  f o r  t h e  w a r p s  
a nd  - 180" f o r  t h e  t w i s t s  of  n o r ma l  s p i r a l  g a l a x i e s  ( § V ) .
10)  In r e l a t i o n  t o  t h e  d y n a m i c s  o f  s p i r a l  g a l a x i e s ,  s t r o n g l y  t w i s t e d  
w a r p s  a r e  e x p e c t e d  t o  s i g n i f y  t h e  c o n t i n u i n g  e v o l u t i o n  o f  t h e  
d i s k s  t o w a r d  a  p r e f e r r e d  o r i e n t a t i o n ,  w h i l e  w e a k l y  t w i s t e d  w a r p s  
s i g n i f y  r a t h e r  t h e  n e a r  e nd  o f  s u c h  an e v o l u t i o n  ( § V ) .
11)  E x t r e m e l y  d i s t u r b e d  s y s t e m s  c a n n o t  be  m o d e l e d  s a t i s f a c t o r i l y  by 
a c i r c u l a r l y  s y m m e t r i c  t i l t e d - r i n g  model  (NGC 3 0 7 9 ,  6 2 8 ,  6 9 4 6 )
—  § IV.
12)  In a  number  o f  c a s e s ,  we w e r e  a b l e  t o  d e t e r m i n e  t h e  s h a p e  o f  t h e  
g a l a x y ' s  p o t e n t i a l  w e l l  u n a m b i g u o u s l y  ( § I V ) .  NGC 5033  and  5055  
a r e  g a l a x i e s  w i t h  a  p r o l a t e  s h a p e ,  w h i l e  NGC 2 8 0 5 ,  2 8 4 1 ,  3 7 1 8 ,  
M33,  a nd  M83 h a v e  an o b l a t e  s h a p e .  Fo r  a l l  g a l a x i e s  w i t h  t w i s t s  
i n  t h e  o b s e r v e d  v e l o c i t y  m a p s ,  we we r e  a b l e  t o  p r e d i c t  - -  b u t  
n o t  n e c e s s a r i l y  c o n f i r m  - -  t h e  s h a p e  o f  t h e  u n d e r l y i n g  p o t e n t i a l  
w e l l  u s i n g  t h e  h y p o t h e s i s  s t a t e d  by CT ( T a b l e  5 ,  § V ) .
13)  The e x i s t e n c e  o f  p r o l a t e  p o t e n t i a l s  i n  g a l a x i e s  a r g u e s  s t r o n g l y  
a g a i n s t  t h e o r i e s  t h a t  m o d i f y  N e w t o n i a n  d y n a m i c a l  l a w s  ( § V ) .  By 
t h e  same t o k e n ,  i t  p r o v i d e s  s t r o n g  s u p p o r t  f o r  t h e  i d e a  t h a t  
d a r k  h a l o s  e x i s t  and  t h a t  t h e y  d o m i n a t e  t h e  d y n a m i c s  o f  t h e  
o u t e r  r e g i o n s  o f  s p i r a l  g a l a x i e s .
14)  H i g h e r  r e s o l u t i o n  r a d i o  o b s e r v a t i o n s  a r e  n e e d e d ,  e s p e c i a l l y  o f  
t h e  o u t e r  r e g i o n s  o f  g a l a x i e s ,  b e f o r e  k i n e m a t i c a l  m o d e l i n g  c a n
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be i m p r o v e d  a nd  b e f o r e  d e t a i l e d  c o m p a r i s o n s  w i t h  r e s u l t s  f r o m  
d y n a m i c a l  c a l c u l a t i o n s  c a n  be  made .  Dyna mi c a l  m o d e l i n g  i s  a l s o  
n e e d e d  t o  r e s o l v e  q u e s t i o n s  c o n c e r n i n g  t h e  s i z e  a nd  d u r a t i o n  o f  
t r a n s i e n t  w a r p s ,  t h e  t w i s t e d  s t r u c t u r e  o f  t h e  wa r p e d  l a y e r s ,  
s t a b l e  p o l a r  o r b i t s ,  a nd  t h e  i m p o r t a n c e  o f  s e l f - g r a v i t y  o f  t h e  
l u m i n o u s  m a t t e r  ( § V) .
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A P P E N D I X  A 
NOMENCLATURE
a )  S y mbo l s
Rq - t o t a l  r a d i u s  o f  t h e  d i s k .
Vc -  maximum r o t a t i o n a l  v e l o c i t y .
Rc -  r a d i u s  a t  w h i c h  Vc i s  r e a c h e d .
N = number  o f  c o n c e n t r i c ,  c i r c u l a r  r i n g s .  
aR = R0 / N = r i n g  w i d t h ,  
n - number  o f  a r i n g ,  1 * n ■; N.
Rn - o u t e r - e d g e  r a d i u s  o f  r i n g  "n"  = naR.
-  a n g u l a r  momentum v e c t o r  o f  t h e  r e f e r e n c e  d i s k .
J n - a n g u l a r  momentum v e c t o r  o f  t h e  n t h  r i n g .
wn = w a r p i n g  a n g l e  o f  r i n g  " n " ,  m e a s u r e d  b e t w e e n  J n a nd  J j .
m = r i n g  number  a t  w h i c h  t h e  w a r p  s t a r t s ,  2 -- m • N.
S(R)  = s u r f a c e  d e n s i t y  p r o f i l e  o f  t h e  u n w a r p e d  d i s k .
SQ =- s u r f a c e  d e n s i t y  o f  t h e  r e f e r e n c e  d i s k .
t n = w - t  = t w i s t i n g  a n g l e  o f  r i n g  " n"  m e a s u r e d  f r o m  PAw.
1Q -  i n c l i n a t i o n  o f  t h e  c e n t r a l  d i s k  t o  t h e  p l a n e  o f  t h e  s k y  = a n g l e
m e a s u r e d  b e t w e e n  J j  a nd  t h e  o b s e r v e r ' s  l i n e  o f  s i g h t ,  0 U < i 0 < 9 0 “ . 
«d = t w i s t i n g  a n g l e ,  m e a s u r e d  f ro m  t h e  p r o j e c t e d  m a j o r  a x i s .  
y - p o s i t i o n  a n g l e  on  t h e  s k y ,  m e a s u r e d  f ro m  N o r t h ,  d u e  E a s t  t o  t h e  b l u e -
s h l f t e d  s i d e  o f  t h e  m a j o r  a x i s  o f  t h e  g a l a x y ' s  c e n t r a l  d i s k .
t Q = p o s i t i o n  a n g l e  o f  t h e  w a r p  (PAw) = W(n.
q = a n g l e  a t  w h i c h  t h e  n t h  r i n g  r e a c h e s  g r e a t e s t  l i n e a r  h e i g h t  i n  t h e
u p p e r  h e m i s p h e r e  = 9 0 “ + u .
a  = p r o j e c t e d  m a j o r  a x i s  o f  t h e  c e n t r a l  d i s k .
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b = p r o j e c t e d  m i n o r  a x i s  o f  t h e  c e n t r a l  d i s k .
s . e .  - s o u t h e r n  e dge  o f  t h e  g a l a x y .
i = i n c l i n a t i o n  o f  a r i n g  t o  t h e  l i n e  o f  s i g h t .
u - t w i s t i n g  a n g l e  o f  a  r i n g  i n  t h e  p l a n e  o f  t h e  s k y .
b)  D e f i n i t i o n s
S t a n d a r d  m o d e l :  a n  u n w a r p e d  d i s k ,  compos e d  o f  N c o p l a n a r  r i n g s .
R e f e r e n c e  d i s k :  t h e  i n n e r m o s t  r i n g  s e g m e n t  o f  t h e  s t a n d a r d  m o d e l .
Up p e r  h e m i s p h e r e :  t h e  h e m i s p h e r e  i n t o  w h i c h  p o i n t s .
W a r p i n g  a n g l e  wn : t h e  a n g l e  b e t w e e n  t h e  v e c t o r s  J j  and J n .
C e n t r a l  d i s k :  a n  e x t e n d e d  r e f e r e n c e  d i s k  c ompos ed  o f  t h e  i n n e r m o s t
c o p l a n a r  r i n g s .
Warp n o d e :  l o c a t e d  i n  t h e  c e n t r a l  d i s k ,  t h e  a s c e n d i n g  l i n e  o f  n o d e s  o f
t h e  f i r s t  w a r p e d  r i n g  ( r i n g  " m" ) .
PAw , P o s i t i o n  a n g l e  o f  t h e  w a r p ,  t Q: t h e  t w i s t i n g  a n g l e  wm o f  t h e  f i r s t
w a r p e d  r i n g  ( r i n g  number  m ) .
T w i s t i n g  a n g l e  t n : t h e  t w i s t i n g  a n g l e  o f  t h e  n * h r i n g  r e f e r e n c e d  t o
t h e  p o s i t i o n  a n g l e  o f  t h e  w a r p .
T w i s t i n g  a n g l e  wn : t h e  a n g l e  on t h e  r e f e r e n c e  d i s k  t h a t  l o c a t e s  t h e
a s c e n d i n g  l i n e  o f  n o d e s  o f  t h e  n^^1 r i n g  m e a s u r e d  f r o m  t h e  b l u e -  
s h i f t e d  s i d e  o f  t h e  p r o j e c t e d  m a j o r  a x i s .
P o s i t i v e  w a r p :  t h e  s i d e  o f  t h e  wa r p  t h a t  i s  l o c a t e d  i n  t h e  u p p e r
h e m i s p h e r e .
SSP a m b i g u i t y  = S o u t h e r n  e d g e - s h a p e - p o s i t i o n  a n g l e  o f  t h e  wa r p  a m b i g u i t y :  
A s i t u a t i o n  t h a t  a r i s e s  when two m o d e l s  o f  t h e  same g a l a x y  h a v e .
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s i m u l t a n e o u s l y ,  a d i f f e r e n t  s o u t h e r n  e d g e ,  s h a p e ,  a nd  t Q, y e t  
t h e y  p r o d u c e  e x a c t l y  t h e  same p r o j e c t e d  i ma g e s  on t h e  s k y .
SP a m b i g u i t y  = S h a p e - p o s i t i o n  a n g l e  o f  t h e  wa r p  a m b i g u i t y :  A s i t u a t i o n
t h a t  a r i s e s  when two m o d e l s  o f  t h e  same g a l a x i e s  a r e  i n d i s t i n g u i s h ­
a b l e  f ro m  one  a n o t h e r  when p r o j e c t e d  on t h e  s k y  d e s p i t e  t h e  f a c t  




ORIENTATION OF S . E . :  
Ne a r  F a r
BLUE-SHIFTED E a s t  ( 0 ^  y < 180“ ) i ‘ 1 8 0 “ - 1'
EDGE: West  ( 1 8 0 “ < Y < 3 6 0 " )  1 8 0 “ - 1 '  r
Orientation of the Southern Edge
DIRECTION OF SPIRAL ARMS:
CW CC W
BLUE-SHIFTED E a s t  ( 0 “ < y < 1 8 0 “ ) n e a r  f a r
EDGE: West  ( 1 8 0 “ < ? < 3 6 0 “ ) f a r  n e a r
NOTES: a )  N e a r  o r  f a r  r e f e r  t o  t h e  s o u t h e r n  e d g e  a s  s e e n  by t h e
o b s e r v e r  r e l a t i v e  t o  t h e  c e n t e r  o f  t h e  d i s k .
b)  B l u e - s h i f t e d  e d g e  = n e g a t i v e  r a d i a l  v e l o c i t i e s  o f
t h e  s u p e r i m p o s e d  c o n t o u r  map on t h e  o p t i c a l  p h o t o  
g r a p h  o f  t h e  g a l a x y .



















Bosma's (1981a) Models Transformed to our Terminology
NGC 5033
Bosnia:  t Q = 3 2 8 . 7  ( 2 1 U 3 )  T h i s  p a p e r :  t Q = 3 1 5 ”
1(“) w ( " ) t f “) w n t r
62.0 0 0 0 0 0
63.0 0 1.0 0 0 0
63.0 0 1.0 0 0 0
63.2 0 1.2 0 0 0
65.0 -2 .0 3.5 0 1.1 0
66.5 -4 .0 5.8 -8.3 3.3 -14.0
66.5 - 4 . 0 5.8 -8.3 5.6 - 2 7 . 3
67.0 - 7 . 5 8.4 - 2 3 . 9 7.8 - 4 0 . 7
67.0 -12.0 11 . 9 - 3 6 . 6 10.0 -54.0
NGC 5055
Bosma:  t Q = 268115 I h i s  p a p e r :  t Q -  260
i n « ( “ ) « ( “ > t ( “ ) w ( ' ) tr
5 5 . 0 0 0 0 4 . 1 - 2 7 . 1
5 5 . 0 - 5  0 4 . 1 0 5 . 1 - 3 6 . 7
5 8 . 0 - 3 . 0 3 . 9 - 4 7 . 8 8 . 3 - 6 5 . 2
5 2 . 0 + 5 . 0 5 . 0 - 1 4 0 . 3 1 1 . 4 - 9 3 . 8
5 5 . 0 + 1 1 . 0 9 . 0 - 1 7 5 . 3 1 3 . 5 - 1 1 2 . 9




















Bosma:  t Q = 9 0 ? 8
i { “ ) « < “ ) w( ° ) tr;
6 8 . 2 0 0 0
6 8 . 2 2 . 0 1 . 9 0
7 0 . 0 0 1 . 8 8 9 . 2
7 4 . 0 2 . 0 6 . 1 7 0 . 8
7 6 . 0 6 . 0 9 . 7 5 2 . 0
7 8 . 2 1 0 . 0 1 3 . 8 4 3 . 9
7 8 . 2 1 2 . 8 1 5 . 8 3 6 . 4
8 1 . 8 1 2 . 8 1 8 . 4 4 5 . 1




1 . 7 0
5 . 6 2 2 . 8
8 . 3 3 6 . 6
1 1 . 7 5 3 . 4
1 2 . 8 5 8 . 9
1 5 . 0 7 0 . 0
NGC 7331
Bosma:  t Q = 8 9 ; 6  ( 9 0 ^ 4 )
i ( u ) a ( ’) w ( “ ) t r
7 5 . 0 0 0 0
7 5 . 0 3 . 0 2 . 9 0
7 5 . 0 3 . 0 2 . 9 0
7 6 . 0 3 . 0 3 . 1 - 1 8 . 2
7 7 . 5 1 . 5 2 . 9 - 5 9 . 2
8 0 . 0 0 5 . 0 - 8 9 . 6
T h i s  p a p e r :  t Q = 300°  ( 2 4 0 ° )




1 . 0 - 5 . 0
2 . 3 - 1 8 . 3
4 . 0 - 3 5 . 0
a)  The t 0 v a l u e s  i n  p a r e n t h e s e s  r e p r e s e n t  t h e  p o s i t i o n  a n g l e s  
o f  t h e  w a r p  f o r  t h e  o b l a t e  m o d e l s  o f  NGC 5033  a n d  7 3 3 1 .
F o r  t h e  o b l a t e  m o d e l s  t h e  s i g n  o f  t h e  t  v a l u e s  m u s t  be 
c h a n g e d  t o  p l u s .
b) F o r  a l l  r a d i i  b e t w e e n  t h o s e  l i s t e d  t h e  v a r i a t i o n  o f  a l l  
a n g l e s  i s  s moo t h  a nd  t h e  d i f f e r e n t  v a l u e s  c a n  be  o b t a i n e d  
by  l i n e a r  I n t e r p o l a t i o n .
TABLE 3
Fixed Parameters
Galaxy *C> V c}
. Spira l  Arms: 
s . e .  Vc (kms_1) Rc / Ro uPPer Hemisphere9
Direc tion  
of Twist Reference
NGC 5033 173 62 near 220 0.10 cw: c lose cw: same Bosma (1981a)
NGC 5055 279 55 near 213 0.05 ccw: away ccw: same Bosma (1981a)
NGC 300 108 45 near 94 0.20 cw: c lose ccw: opposite RCC
NGC 7331 347 75 near 250 0.15 ccw: away cw: opposite Bosma (1981a)
NGC 2841 328 68 f a r 300 0.15 cw: c lose ccw: opposite Bosma (1981a)
M 83 45 24 f a r 180 0.15 ccw: away cw: opposite RLW
M 33 21 55 f a r 107 0.10 ccw: away cw: opposite** RWL
M 31 218 77 f a r 230 0.25 cw: c lose Roberts & Whitehurst 
(1975)
IC 342 219 25 f a r 191 0.15 cw: c lose cw: same Newton {1980at b)
NGC 2805 110 41c near 60c 0 . 20c cw: c lose ccw: opposite Bosma e t  a l .  (1980)
NG1 3198 36 70 near 150 0.15 cw: c lose cw: same Bosma (1981)
NGC 6946 62 30 f a r 208 0.15 ccw: away ---------------------- RSR
NGC 3718 337 90 f a r 255 0.15 ccw: away cw: opposite Schwarz (1985)
NGC 3079 345 75 near 195 0.30 ccw: away Irwin (1986)
NGC 628 195 15 near 200 0.30e ccw: away ccw: same Briggs (1982)
NOTES: a) The loca t ion  of the  upper hemisphere is  given r e l a t i v e  to  the  observer .
b) The d i r e c t io n  of the  observed tw is t  in the  i so v e lo c i ty  map is  given r e l a t i v e  to  the  d i r e c t io n  of
the  s p i r a l  arms.
c) Determined values fo r  NGC 2805 ( t h i s  paper ).
d) No t w i s t  according to  RWL, but cw tw is t  from observa t ions  of Reakes and Newton (1978).
e) Estimated value fo r  NGC 628 ( t h i s  paper ).
TABLE 4 
Other Authors '  Models
Galaxy
Direction
t 0 ( ° ) :  shape Central  Disk/R0 of Twist ing3 t ^ O  wn C ) Reference
NGC 5033 328.7: p ro la t e  
211.3: ob la te





NGC 5055 268.5: p ro la t e 0.25 ccw: same -173.9 13.1 Bosma (1981a)
NGC 300 60: ob la te 0.45 ccw: same +38.0 30.0 RCC
NGC 7331 89.6: p ro la te  
90 .4 :  ob la te





NGC 2841 90.8: ob la te 0.20 ccw: same +45.1 18.4 Bosma (1981a)
M 83 0 : ob la te 0.15 cw: same +141.0 37.0 RLW












M 31 35.4: p r o la t e  





4.0 Roberts & Whitehurst  (1975)
1C 342 294.8: p ro la te  
245.2: ob la te





NGC 3198 1.00 0 0 Bosma (1981a)
NGC 3718 125.2: ob la te 0.35 cw: same + 14.5 42.4 Schwarz (1985)
NOTE: a) The d i r e c t i o n  of tw is t in g  of the  r ings  p ro jec ted  onto the sky is  a lso  given r e l a t i v e  





Galaxy t 0 ( c ) Centra l  Disk/RQ M ' )  t Nn wn( )
Shape
P r ed ic te d 9 Determined
NGC 5033 315 0.50 -6 1.0 -54 10.0 p r o l a t e p r o l a t e
NGC 5055 260 0.10 -10 1.1 -170 19.8 p r o l a t e p r o l a t e
NGC 300 80/120 0.40 +2.5 2 .0 +27.5 24.0 ob la te N0b
NGC 7331 240/300 0.60 +4/-5 0.5 +28/-3S 4.0 o b la te N0b
NGC 2841 40 0.25 +5 1.0 +70 15.0 o b la te o b la t e
M 83 30 0.20 + 11.5 1.6 +172.5 25.6 o b la te o b la t e
M 33 180 0.45 +4.5 3.6 +45 40.0 o b la te o b la t e
270c 0.50 + 3.3 5.3 +30.2 53.0 o b la te o b la te
M 31 330/20 0.75 +6 4.0 +24 20.0 -------------- N0b
IC 342 275/320 0.60 + 3 1.5 121 12.0 p r o la te N0b
NGC 2805 60 0.60 13 3.0 +21 24.0 o b la te o b la te
NGC 3198 60/75 0.60 — — +6 18.0 p r o la te N0b
NGC 6946 50 0.75 0 2.0 0 10.0 ------ N0b
NGC 3718 125 0.35 1.1 3.4 +13.2 44.2 ob la te o b la t e
NGC 3079 120 0.15 0 — 0 10.0 ------ N0b
NGC 628 ---- ------ ---- — ---- — p r o la te N0d
<T>
NOTES: a) The p r e d i c t i o n  1s based on the  d i r e c t i o n  of the  observed t w i s t  in  the  1soveloc1ty map,
I f  any; see column (8 ) in Table 3.
b) Determinat ion of shape 1s not p o s s i b l e  due to  th e  SP ambiguity .
c) Model based on obse rv a t io n s  of Reakes and Newton (1978).
d) No good model was found fo r  NGC 628.
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TABLE 6
S t r u c t u r e  o f  Warp f o r  NGC 3 0 7 9 ,  3 1 9 8 ,  a n d  3718
NGC 3 07 9 a NGC 3198 NGC 3 7 18c
Number w ( ° ) w ( " ) t ( ‘ ) w D t r )
1 0 0 0 0 0
2 0 0 0 0 0
3 0 0 0 0 0
4 4 0 0 0 0
5 9 0 0 0 0
6 15 0 0 0 0
7 24 0 0 0 0
8 34 0 0 7 . 4 0
9 30 0 0 1 4 . 8 + 0 . 4
10 25 0 0 2 1 . 9 + 0 . 8
11 18 0 0 2 8 . 2 + 1 . 7
12 15 0 0 3 3 . 4 + 3 . 0
13 12 1 0 3 8 . 8 + 4 . 3
14 9 2 ±2 4 1 . 7 + 6 . 1
15 6 4 + 4 4 2 . 6 + 8 . 5
16 3 6 ±6 4 3 . 4 + 11 .1
17 0 9 i l 2 b 4 4 . 0 + 1 3 . 6
18 10 12 1 6 4 3 . 3 + 1 4 . 2
19 10 15 ±6 4 2 . 4 + 1 4 . 5
20 10 18 16 4 2 . 4 + 1 4 . 5
NOTES: a)  F o r  NGC 3 0 7 9 ,  t  = 0" f o r  a l l  r i n g s .
b)  F o r  NGC 3 1 9 8 ,  t h e  t w i s t i n g  o f  t h e  r i n g s  i s  n o t  s m o o t h  i n
o r d e r  t o  g e n e r a t e  a  l o c a l  d i s t u r b a n c e  s e e n  a t  t h e  o u t e r
v e l o c i t y  c o n t o u r s .
c )  The  t a b u l a t e d  v a l u e s  f o r  NGC 3718  a r e  c a l c u l a t e d  f r o m
S c h w a r z ' s  ( 1 9 8 5 )  p u b l i s h e d  d a t a .
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F i g u r e  5 - -
F i g u r e  6 - -
F i g u r e  7 - -
FIGURE CAPTIONS
The r e l a t i o n s h i p  b e t w e e n  t h e  two c o o r d i n a t e  s y s t e m s  t h a t  we
u s e  i n  t h e  f r a m e  o f  t h e  m o d e i - g a l a c t i c  d i s k .  A l l  t h e
d i f f e r e n t  q u a n t i t i e s  and a x e s  a r e  e x p l a i n e d  i n  t h e  t e x t .
The r e l a t i o n s h i p  b e t w e e n  t h e  two c o o r d i n a t e  s y s t e m s  t h a t  we
u s e  t o  p r o j e c t  t h e  m o d e l - g a l a x y  o n t o  t h e  p l a n e  o f  t h e  s k y .
A l l  t h e  d i f f e r e n t  q u a n t i t i e s  and a x e s  a r e  e x p l a i n e d  1n t h e  
t e x t .
S c h e m a t i c  d i a g r a m  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  o r i e n t a t i o n  o f  
t h e  s o u t h e r n  e d g e  o f  a g a l a x y .  N i s  n o r t h ,  E i s  e a s t ,  a s  i n  
t h e  o p t i c a l  p h o t o g r a p h s  of  g a l a x i e s ,  a nd  t h e  n e g a t i v e  v e l o c i t y  
( - V)  i n d i c a t e s  t h e  b l u e - s h i f t e d  s i d e  o f  t h e  g a l a x y .
T h i s  s i m p l e  c o m b i n a t i o n  o f  F i g u r e s  1 a nd  2 i s  u s e d  t o  i n d i c a t e  
t h e  r e l a t i o n s h i p  b e t w e e n  t h e  p a r a m e t e r s  ( i ,  a )  i n  t h e  p l a n e  o f  
t h e  s ky  a nd  ( w . u )  i n  t h e  f r a m e  o f  t h e  d i s k .
O p t i c a l  p h o t o g r a p h s  of  g a l a x i e s :  ( a )  NGC 5 0 3 3 ,  ( b )  NGC 5 0 5 5 ,  
( c )  NGC 3 0 0 ,  ( d )  NGC 7331 ,  ( e )  NGC 2 8 4 1 ,  ( f )  M83,  ( g )  M33,  ( h )  
M3I ,  and  ( i )  NGC 3 0 7 9 .  N o r t h  i s  a t  t h e  t o p  a n d  e a s t  i s  on t h e
l e f t  o f  t h e  p a g e ,  e x c e p t  F i g u r e s  5b a nd  5c { N o r t h  i s  o n  t h e
r i g h t  a nd  e a s t  i s  a t  t h e  t o p )  a nd  F i g u r e  5h ( N o r t h  i s  a t  t h e  
t o p  b u t  e a s t  i s  on t h e  r i g h t ) .
NGC 5 0 3 3 .  ( a , b )  O b s e r v e d  (Bosma 1 981a )  i s o v e l o c i t y  a nd
s u r f a c e  d e n s i t y  ma ps .  ( c , d )  Our  r e s u l t s ,  f o r  t h e  b e s t  
( p r o l a t e )  t i l t e d - r i n g  m o d e l ,  ( e )  B o s m a ' s  ( 1 9 8 1 a )  r e s u l t  f r o m  
mode 11n g .
NGC 5 0 5 5 .  ( a - e )  As i n  F i g u r e  6 .  ( f , g )  Our  r e p r o d u c t i o n  o f
t h e  v e l o c i t y  f i e l d  o f  B o s m a ' s  model  f o r  t h e  g a l a x y .
2 0 3
F i g u r e  8  - -
F i g u r e  9 - -
F i g u r e  10 -
F i gu r e  11 -
F i g u r e  12 -
F i g u r e  13 -
F i g u r e  14 -
F i g u r e  l b  -
NGC 300 .  ( a . b )  O b s e r v e d  (RCC) i s o v e l o c i t y  and s u r f a c e  d e n s i t y
ma ps .  ( c , d )  Our  r e s u l t s  f o r  t h e  b e s t  p r o l a t e  m o d e l .  ( e , f )
The b e s t  o b l a t e  m o d e l ,  ( g )  RCC' s  r e s u l t  f r o m  m o d e l i n g .  
D e m o n s t r a t i o n  o f  t h e  SP a m b i g u i t y .
NGC 7331 .  ( a - g )  As i n  F i g u r e  8 ,  b u t  f r o m  Bosma*s  ( 1 9 8 1 a )
o b s e r v a t i o n s .  The b e s t  p r o l a t e  model  ( c , d )  i s  n o t  a t  a l l
d i f f e r e n t  f rom t h e  b e s t  o b l a t e  mode)  ( e . f ) ;  d e m o n s t r a t i o n  o f
t h e  SP a m b i g u i t y .
NGC 2 8 4 1 .  ( a - b )  O b s e r v e d  (Bosma 1 981a )  i s o v e l o c i t y  and
s u r f a c e  d e n s i t y  ma ps .  ( c . d )  Our  r e s u l t s  f o r  t h e  b e s t  ( o b l a t e )  
m o d e l .  ( e )  Bos ma ’ s ( 1 9 8 1 a )  r e s u l t  f r o m  m o d e l i n y .
M 8 3 .  ( a , b )  RLW’ s o b s e r v e d  maps .  ( c . d )  Our b e s t  ( o b l a t e )  
m o d e l ' s  c o n t o u r  ma ps .  ( e . f )  Our  model  w i t h  s m a l l  w a r p i n g  t h a t  
d o e s  n o t  show HI s p i r a l  a r m s .  ( g , h )  Rl W' s  r e s u l t s  f r o m  
m o d e l i n g .
M 33 .  ( a )  O b s e r v e d  (RWL) v e l o c i t y  map.  ( b )  RWL's model
d e n s i t y  map.  ( c , d ) Our  b e s t  ( o b l a t e )  m o d e l .
H 31 .  ( a )  O b s e r v e d  ( Eme r s on  1976)  v e l o c i t y  map.  ( b )  O b s e r v e d
( R o b e r t s  a nd  W h i t e h u r s t  1975)  d e n s i t y  map.  ( c , d )  Our  b e s t
p r o l a t e  model  (SP a m g i b u i t y  a p p e a r s  f o r  M 3 1 ) .
1C 342 .  ( a - g )  As i n  F i g u r e  9 b u t  f r o m  N e w t o n ' s  ( 1 9 8 0 a , b )
o b s e r v a t i o n s  and  m o d e l i n g .  D e m o n s t r a t i o n  o f  t h e  SP 
a mbi gu  i t y .
NGC 2 8 0 5 .  ( a . b )  O b s e r v e d  maps (Bosma e t  a l .  1 9 8 0 ) .  ( c . d )  Our
b e s t  ( o b l a t e )  m o d e l ,  t h a t  was  b a s e d  on  t h e  S o u t h e r n  s i d e  o f  
t h e  g a l a x y .  ( C o v e r  up t h e  u p p e r  h a l f  o f  e a c h  map f o r  a d i r e c t  
c o m p a r i  s o n . )
‘2 0 1
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Thank you for your enquiry about reproduction of material from our publi­
cations, as follows:-
M.N.R.A.S., U6, 1976, p. 321. EMERSON, D.T.
M.N.R.A.S., 191, 19B0. p. 169. NEWTON, K.
M.N.R.A.S., 191, 19B0, p. 615. NEWTON, K.
The Society is happy for material to be reprinted from its publications, 
on the following conditions:-
a) that the written permission of the authors has been obtained.
b) that a full reference is given to the source of the material, either in caption 
or in a list of references; if the latter, the words Royal Astronomical Society 
should be included in the picture caption.
Permission is therefore granted, subject to the other conditions being complied 
with.
The current addresses of Drs. Newton and Emerson are as follows:-
Dr K. Newton, Dr D. Emerson,
5 Cherwell Close, Department of Astronomy,
Abingdon. University of Edinburgh,
Oxon. 0X143 37D, Royal Observatory,
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P r o p g f u o n  L t b O f A I O r y
Ca - a  ̂ j1* <r ■ v. JPL4B0C 0a* O’". ■* O’ 
Pa?̂ cJ«̂ a Ca ‘o'-a 9l*09
(8’8> 3** *3?'
May 8, 19S7
R efer to :  335.7-87-96
D im itr is  CSiristodoulou 
L o u is ian a  S ta te  U n iv e rs ity  
□ epartrren t o f  P h y sics  and Astronomy 
Baton Rouge, L o u is ian a  70803-4001
Dear S i r ,
I re c e iv e d  your l e t t e r  d a te d  A p ril 8 , 1987, and I g ra n t you p e rm issio n  to  
p u b lis h  ccsrparisona between your m odels and th e  o b s e rv a t io n s , by rep ro d u c in g  
v e lo c i ty  and s u r fa c e  d e n s i ty  d ia g ra n s  in  your p ap er co -a u th o re d  w ith  J .  E. 
T oh lin e  and T. Y. Steiman-Cameron in  The A stro p h y s ic a l J c u rn a l .
S p e c i f ic a l ly ,  yrxi a re  p e rm itte d  to  u se  F ig u re s  2 , 3, 5, 7, 9 , and 11 from 
o u r  paper p u b lish e d  in  The A strophys i c a l  Jo u rn a l (B ogstad, D. H ., L o ck h art, 
I .  A ., and W right, M. C. H ., 1974, 193, 309), F ig u re s  2 , 4 , 15, and 16 frem  
o u r  p ap er p u b lish e d  in  The A s tro p h y s ic a l Jo u rn a l (ftogstad , D. H ., W righ t,
M. C. H ., and L o ck h art, I .  A ., 1976, 1204, 7b3 ), F ig u re s  1, 2 , 4, 5 and 7
from our paper p u b lish e d  in  The A stro p h y s ic a l J o u rn a l (Bogstad, D. H ., 
C ru tc h e r , R. M ., and Chu, K ., 1979, 229, 5011, and F ig u re s  2, 3, 4, and 5 
from o u r p ap er p u b lish e d  in  A stroncnr/ and A stro p h y sic s  ( to g o ta d , D. H ., 
S h ostak , G. S . ,  and R o ts, A. H ., 1973, 2 i ,  111).
I  was u n ab le  t o  f in d  any c o p ie s  o f  th e  o r ig in a l  p a p e rs , so  I w i l l  n o t be
a b le  to  send them to  you a s  re q u e s te d .
S in c e re ly
D. H. Rogstad 
S u p erv iso r
C oncurren t Systems and 
A p p lic a tio n s
■JU-;
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N a tio n a l R e s e a r c h  C o u n c i l 
Canada
Consail national da rechetches 
Canada
H ent> erfl institute 
oi A stro p h y s ic s
Institul H e r rb e rg  
d a s tro p h y s iq u e
C a n a d aK1A0A6
June 20.  1989
Dr.  D i m i t r i s  C h r l s t o d o u lo u  
Dep t ,  of  P hys ics  
L o u i s i a n a  S t a t e  U n i v e r s i t y  
Baton Rouge 
L o u i s i a n a ,  70803 
U.S.f t .
Dear Dr.  C h r 1 s t o d o u l o u :
The pho tog raph  of  t h e  g a l a x y ,  NGC 3079,  **i1ch you r e c e iv e d  from me 
was t a k e n  from a Palomar  O b se r v a t o ry  Sky Survey P l a t e .  P l e a s e  f e e l  f r e e  
t o  use 1t In any p u b l i c a t i o n s  you may r e q u i r e  1t f o r .
S1nee r e l y
Dr.  Jud1 th  Irw1 n
J l / c k
Tele* 063-37 IS 
Tile* 053-3715
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T E L E P H O N E  0 0 2  B B S  8 ? S D
Hr. Dloltrl* Chriatodoulou 
Department of Physics end Astronomy 
Louisiana Stat* University 
Baton Rouge, Louisiana 70603-4001
D*ar Mr. Chrlatodoulou,
Thank you for your letter of Scptambar 28th, concerning 
permission to reproduce diagrams from my paper in M.N.R.A.S. I 
hereby give you permission to uaa any of my diagrams. In 
particular Figures 1, 2 and 5 from M.N.R.A.S. 176, 321. 1976. I 
regret that I no longer have the originals of these figures.
Although I am not sure, I believe that the R.A.S. retains 
copyright over articles published in M.N.R.A.S. Please check with 
the editor of Monthly Notice*. If you have not already done so. In 
ease you need additional permission from M.N.R.A.S. In order to 
reproduce these figure*.
Oc tober 13, 1987
Your* sincerely
DTE:mt
□ P 1 H A T I D  • >  A S S O C '*  T » □  U N lV C B B lT lC a  IN C
U f v D i f f  C O N T R A C T  W I T H  t H k  P4JRT l O S A L  f  D U N O * f lO N
~ 7 ?
)r£y>
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U N I V E R S I T Y  O F  C A M B R I D G E  
I N S T I T U T E  O F  A S T R O N O M Y
The O btcrvaionei. Madinfley Road. Cambridge CB3 OH A. England 
Telephone 0223-3J7J.. Telen *17297 ASTRON G
Enquinet 0223-337J48 Telegram) Observer Cambridge UK
J 7
hM Clujl't* & u /»**-
/'Ut< —
p / c - u  'Tic*.. Clt*4l4»
J  rt><n j***-
t ^ 4 - t  « y *  ^  9  * * ■ < - * .  2  y  / C  aCL*M U e A - * l _  Ji o ^ > p y
AtW-@£* k  ***■ K e*-/
^  4 * * ^  jA * “  H~j m/f*.« k t 1
/\A<cw f l *  <i4*^
/ ,  / . r e J i  ^  ^  V  ^  / ' j
F » u  * .
2  It', i
L e t t e r  G
UK ATOMIC ENERGY AUTHORITY
HARWELL
B u ild in g  521
Harw ell Laboratory
United Kingdom Atomc Enetgy Authority 
Oxlordshire OX 11 ORA
Telex 83135
Telephone Abingdon (0235) 24i«i
Ext  5030
25 S ep tem b er 1987
Mr D C h r le to d o u lo u
D e p a rtm e n t o f  P h y s ic s  end A strom ony
L o u is ia n a  S t a t e  U n i v e r s i t y
BATON ROUGE
L o u i s i a n a  70803-4001
USA
Dear Mr C h r i s t o d o u l o u
1 am w r i t i n g ,  a s  you r e q u e s t e d ,  t o  g i v e  you p e r m i s s i o n  t o  r e p r o d u c e  t h e  f o l o v l n g  
f i g u r e s  i n  y o u r  p u b l i c a t l o n s  :
F i g u r e s  6 ,  10 and P l a t e  1 f rom ' N e u t r a l  Hy drogen  I n  I C 3 4 2 - 1 .  The La rg e  S c a l e  
S t r u c t u r e ’ ( N e w to n ,  K. , M . N . R . A . S . 19 80 ,  191 , 196)
F i g u r e  1 and P l a t e s  I ,  2 ,  4 f rom ' N e u t r a l  Hydrogen  I n  I C 3 4 2 - 2 .  The D e t a i l e d  
S t r u c t u r e '  (N ew to n ,  K - ,  M . N . R . A . S . 19 80 ,  191 , 6 1 5 ) .
I h a v e  l o c a t e d  t h e  l i n e  d r a w i n g s  from P a p e r  1 ( c o p i e s  a t t a c h e d ) .  I t h i n k  t h e  
p l a t e s  s h o u l d  copy  q u i t e  w e l l  f rom t h e  M .N .R .A .S .  p u b l i c a t i o n s ,  b u t  i f  you w ant to  
t r y  to  l o c a t e  t h e  o r i g i n a l s ,  you c o u l d  w r i t e  t o :
P e r m i s s i o n  t o  r e p r o d u c e  M.N.R.A.S  f i g u r e s
Dr J  E B a ld w in  
M u l l a r d  R ad io  A s t ro nom y O b s e r v a t o r y  
C a v e n d i s h  L a b o r a t o r y  
M a d l n g l e y  Road 
Cambr idge  CB3 0HE
Good l u c k  w i t h  y o u r  p r o j e c t
Y our s  s i n c e r e l y
K Newton
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O B S E R V A T O I K E  O E  M A R S E I L L E
a  A l u i  L t  - I 1 1 4 *  C I D E I  4
IM /H  /tf
Mr. D i m i t r i s  Chr istafloulau 
L o u i s i a n a  S t a t e  U n i v e r s i t y  
D e p a r t m e n t  of P h y * i c *  and A s t r o n o m y  
B a t o n  R o u g e , LI 7 0 8 0 3 - A 0 0  I
Dear Mr, C h r i i t o d O u l O u ,
T h i n k  you for your l etter of Ap ri l g r e g a r d i n g  your wort on 
w a r p s  and the r e q u e s t  for the f i g u r e s .  My r e s p o n s e  is as f o l l o ws :
1. I h e r e b y  g i v e  you p e r m i s s i o n  to r e p r o d u c e  the f o l l o w i n g
f i g u r e s  : a' f r o m  the A s t r o n o m i c a l  Jo u rn al  t B o S  m a , 1 9 B 1 . A.J. 06,
1791) : F i g u r e s  A, 3, 6 , 7, B , lit IB, 13t 1A , 15. lit 17, and IB
b I f r o m  A s t r o n o m y  and A s t r o p h y s i c s  ( Bo s ma  et al. 1900 , A E> A B9i
3(*5 * : F i g u r e s  2, 7 a n d  0.
5. I d o u b t  that r e p r o d u c t i o n  f r c m  the p u b l i s h e d  f i g u r e s  will 
r e n d e r  c o p i e s  w h i c h  a r e  by t h e m s e l v e s  p u b l i s h a b l e .  I t h e r e f o r e  
d e c i d e d  to g i v e  you o n  loan  my o w n  c o p i e s  of n e a r l y  all the 
f i g u r e s  C o n c e r n e d .  Vou m a y  us e  t h e m  for i n c l u s i o n  in your p ap er  
and vour th es is ,  but a f t e r  that I w o u l d  1 |i» them b a c h . C o p i e s  of 
th e se  f i g u r e s  a r e  very ra re , and s o m e  of the m ar e  the u n i q u e  cop y 
left. I trust you will r e s p e c t  my wi s h and r e t u r n  the f i g u r e s  
e v e n t u a l l y .
3. Pe N G C  2805, 1 do not h a / e  a cop y of F i g u r e  2 of that p a p e r .  I
s u g g e s t  you r e p r o d u c e  it f r o m  the j ou rnal d i r e c t l y .  S i n c e  it is a 
line d r a w i n g  that s h o u l d  not be that d i f f i c u l t .  LJe did not g i v e  
i he r o t a t i o n  c u r v e  b e c a u s e  we c o u l d  ..at d e r i v e  it : the g a l a x y
w as  c o n s i d e r e d  too d i s t o r t e d .  E v e n  now, I wondi-r why yo u  w a n t  to 
i n c l u d e  it in your  s t u d y  ! any m o d e l  will b e  very s c h e m a t i c .  I 
w o u l d  g u e s s  it h a s  a r i s i n g  r o t a t i o n  cu r ve , w i t h  a r e l a t i v e l y  
r a p i d  r i s e  out to 1 a r c m i n ,  and a s l o w e r  r i s e  t h e r e a f t e r .  The 
i n c l i n a t i o n  is ve ry  u n c e r t a i n  but s h o u l d  be of o r d e r  E 0 - 3 0  deg.
a. L i a  A t h a n a s s o u l a  a md m y s e l f  a r e  very i n t e r e s t e d  in y o u r  
m o d e l s .  In fac t,  L ia  h a s  b e e n  a s k e d  to d i s c u s s  d y n a m i c a l  e v i d e n c e  
for d a r k  m a t t e r  at the I .A .u . S y m p o s i u m  130 in B a 1 a t c n f u r e d  , 
H u n g a r y ,  in J u 1n this yea r.  S h e  a n d  I w o u l d  a p p r e c i a t e  v er y  m uc h  
to r e c e i v e  a p r e p r i n t  of yflur p a p e r ,  if p o s s i b l e  b e f o r e  Juin. 
U a r p *  a r e  p h e n o m e n a  w h i c h  tell u s  s o m e t h i n g  o n  dark  m a t t e r ,  and 
w e  w o u l d  like to k n o w  w h a t  you a r e  up to in this r e s p e c t .
G o o d  luck w, i,h your  pa p er  a nd your t h e s i s  work .
S i n c e r e l y  yours.
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